sk
Computational Method and Weber’s Class Number Problem
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2. Overview

Let Vi, = Q(cos(2w/2"%?)) for n € N so that
Vo = Q Vi = Q(v2), i = Q(V2+y2),
Va=Q (24 V2 ﬂ)

The speaker proposes to call V;, the n-th Viete field.

The ring O, of integers of V, is
Z[2 cos(2m/2™12)]. Weber showed O, is a
PID (principal ideal domain) for n = 1, 2 and 3.
Then, he asked if O,, is always a PID. Later, Bauer
and Masley showed Oj is also a PID. and Linden
showed Os is also a PID.

The class number h,, of V,, measures how far is
O, from being PID. It vanishes (i.e., h, = 1) if O,
is a PID.

Although computation of h, has reached a cer-
tain wall, Washington found a qualitative method
for divisibility of h,, (n — o0) by an arbitrary given
prime number [.

Recently K.Horie initiated a project for giving
an affirmative answer to Weber’s problem. After he
made a break-through, K.Horie, M.Horie, Fukuda,
and Komatsu made significant contribution.

They proved a certain explicit proporition of
prime numbers are coprime with every h,, (n > 1).

At the time of Hokuriku Conference on Num-
ber Theory in 2008, Professor Komatsu invited the
speaker to this problem.

The speaker found a certain method from compu-
tational number theory gives impressive results. He
combines lower bounds on units and the method of
group ring via geometry of numbers This approach
is now generalized to Z, extensions with p = 3,5, ...
by Morisawa.

The purpose of this talk is to explain how lower
bounds on units are applied in Weber’s problem.



