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GAPOOOOO BraverO OO OO

g od

20070 120 40

gobobobooogooon

gboooooooboobooobOobooboboooboobooobooboomoooboon
gboooobooooooobooooboooooooooooobooobooooooobobooobooboon
goooobooooooboooobooooboooooooooooooobooooooobooo
gboboooooooooooooboooooobooooboooboooooboooooooooaon
000000o0o00U0o00o000000 (CoOo0DULo0O00)0D0DUOOO0DOoDUDDOOOOO
gboooOoOoOo0ooboooooooboobo0obobOoobooboboOo0obO0oobo0o0n0oDb0og TeX
gooooboooobooooooobooooboooooboooobboooobooobbobbooo
gbooooboboobooboobooooboooobooboooooboooo

1 0o0ooobouooobogon

1.1 00b0bOoooooboo

GOO00O0O0FO000 000 GL(n, F)O FOO 000000 0000000000GO
0 GL(n, F)0ODOO0O0OO0O0R:G—GL(n, F)O GO F-O000000-0 ROOODOOOO
00000FOO0D0DO0O0O000ROOO0OO0O0OO0OOOOFOOO p>000000000000
0000000000000GOO0x000000(zx)0¢00000000000000

1.2 0000

000000 GoUoooooooog [z,2,---,2,) 0000000 FG:G — GL(n, F)
O
1 zy=xp* x5

[ 17
J J 0 sci;éxk*:vj

FG(xk)z{a(’-c)} o :z{
000000000 FGOO FOO GOOOOODOOO0D0O00000030000G ={1,z,22}00

00[wo, 21, 72)=[1,2,22) 0000 0w = zo*24, T = T1#7;_1, T = Ta*Ti+1 (i = 0,1,2mod 3)

00 00 1 010
00 FG(xo) = 10 |,FG@)=|10 0 |,FGx)=|0 0 1 |Ooooooo
01 010 100

o O =
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1.3 00O00Oog

DDRDDDDDDDDDDPDDDRL&DDDDDEMGGJ%QH’¥:<Rﬁm R?))
2(T

R
O0OO00O0O0OR= ro ooooo0 ROOODODOODOODOOOUODOxODODODOO

2
o000 pPOOCOOOODOOOOUOOOOUOOOR==RMeR 0000000000 FGO

gboooooooboooobooooooboooooooooooboooboooooooobooooboboon
1-1000000000000000000000000000DO0DO0DO0ODO0O0O0 KG)OODO
0000000000 0oU0o0o (G)DoUooooouoo

14 00000

RODDOOO0O0O0O0GOOOO0O0O0O00O0 ygO xelz):=TrR(x) (x€ G, TrM 0000
00 MOOOODOOO0)000000 GOOOO0000000000RO000D00000O
0 FOOOOpO0O00O000p00000000 Gy:={z€G|pfo(z)})002000000
0 R(z)0000 {ey,--+,6,}) CFODDD00010 o(z) 00000000000 00000
000010 o(z)000 A00000G, 000000000 ¢g0 @r(z):i=Ar+--+As 0
00000000000000 0 GO Brawer 100000000000000000000
00000000000 In(G) 00000000000000000000 Brawer000000
000 IBr(G) 000000

1.5 0000

gbboobooooooooboobooboooooooobooobboebbObOOODOOOn
obooo

2a 3a 3b 4a ba 5b

Char. | la

X1 1 1 1 1 1 1 1

Ysa 5 1 2 -1 -1 0 0

Xsb 5 1 -1 2 -1 0 0 A 1evs
Ysa 8 0 -1 -1 0 A A 2
X8b 8 0 -1 -1 0 A" A

Yo 9 1 0 0 1 -1 -1

X10 10 -2 1 1 0 0 0

0000300 Brauver OO OO

Char. ‘ la 2a 3a 3b 4a ba 5b

©1 1 1 x % 1 1 1

P3a 3 -1 * % 1 A AF A VB
©3b 3 -1 * % 1 A A 2
o 4 0O * * -2 -1 -1

©9 9 1 * * 1 -1 -1

obooooo
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1.6 0O0OOOO
600000000000D0000 3-BrawerOOOODOOOO

Char. | la 2a 3a 3b 4a 5a 5b
X1 1 1 1 1 1 1 1
X5a 5 1 2 -1 -1 0 0
Y5b 5 1 -1 2 -1 0 0
X8a 8 0 -1 -1 0 A A"
X8b 8 0 -1 -1 0 A" A
Xo 9 1 0 0 1 -1 -1 A=118
X10 10 —2 1 1 0 0 O
1 1 1 * * 1 1 1
©3a 3 -1 * * 1 A AF
©3b 3 -1 * * 1 A* A
©4 4 0 * *x -2 -1 -1
P9 9 1 * * 1 -1 -1

Gy 0000000 O00O0ODoOooo
® X1 =1,

® X5a = X5b = Q1+ a4,

® X8a = ¥1 + P3q T Pa,

® X8y = Y1 1+ ¥3p + ¥a,

® X9 = o,

® X10 = P3q + P3p + P4

1.7 ODGOp-0000O

{Ri,--, Ry} 0 GODOODO0O0D0D0OO0OO0O{S, --,S¢}0 G0OO00O0
0p-00000000000000000000y; =g, :=¢s, 10000x;,00G, 000

uG)
Xz':zdij@j dij:DDDDD
Jj=1

00000000 {di;h<i<koy.1<j<icy 0 GO p-000000000000000000000
00000000 p-000000000000

Char. | ¢ R 2 1)
X1 d11 d12 ax dii(c)
X2 do1 da2 e doy ()
Xk | deer deeyz 0 dreie)

lednog3-000000OO0ODO0ObOO0O0

Char. | ¢1 Y30 @36 P4 P9
X1 1 0 0 0 0
X5a 1 0 0 1 o0
X5b 1 0 0 1 0
X8a 1 1 0 1 0
X8b 1 0 1 1 o0
Xo 0 0 0o 0 1
X10 0 1 1 1 0
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1.8 3—-00000000

gboobooogoboooobooowrooooboooobooooboooobooon
000000000000000000000000000000T1Px(G) = {n1,M3a,M3b, N4, Mo }
ooooboooooboo

® 71 := X1+ X5a + X5b + X8a + X8b,
® 734 ‘= X8a T X10, 73b ‘= X8b T+ X10,

® 74 = X5q + X5b + X8a + X8b + X10, 79 := Xo-
Oo0o0o0ooooooooooooono

Char. | la 2a 3a 3b 4a b5a 5b
m 27 3 -1 2 2

0 0
N3a 18 -2 0 0 0 A A"
N3t 18 -2 0 0 0 A A
e 3 0 0 0 -2 1 1
7o 9 1 0 0 1 -1 -1

1.9 00000

20000 xq, xo OOoonbooooobooo

(Xa> Xp) = ﬁ > Xa(@)xe(g™h)

geqG

000000000000000000 x, x; 00000 (x,x;) =46, 00000000000

Brawer 100 G, 0000000 000000000000000 Brauer 00 o, 000000
k(G)

00 n; 00000(p;,n;)=06; 000000000000000000000 (7= dijxs
=1

00 dy = (xi,n;) 000000000000

2 JOooooon

l9000obuooobooobooobuooboboobobooobooobooobobooon
goboobooboobobooooobooooboobooooag

2.1 00000000 (OOO)
gooboobgooboobobbobboobooboobooboobobob
e U |G|0 pU0D0O0O0D0UODOOODDOOOOUODOOODOOOUDOOOODOOO

e U0 |GIUDOO»*0000D0UDOU0OUD prIU00O0DD0OUOUDODOOODOD
gboooooooo

e 000 HOODODD (DO GUOODODDOOC®DOOOOODDOD
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e Braver U0 00000 nO000O0OOO n®eO0OO0O0OODOODOO

200000 Hy, HbOOOO p0 GOODOODO Sylowp-000000001 ®I5 00
oooooooog

gbooooboooboooboooboooboooooboooboobooboobooobooboooo
gbooooboobooooobooooboobooogooo

22 FGUOODOOO

goobooooooobobooooboobobooooboooboboobOobOooboobooDbOoon
FGOOOO FG(G)OOODOOOOOOO (FG)-0 F-000000000000000000
0000 F-O0000000000000000 (FG)p=4A41¢---6A, 0000000000 4
O0GOp-00000O0000000000DOO FGODOOGEOLOOO P-ODODOOOODDOO
gooooooooooooobooooboooboobooooooboooboobDooboOoboo
0o0000ooooOOoO0O0 ROOCOOORODODODOD A;,0000000000 BraverO0O ¢gr
000000 A, 00000000000IBr(A)0 AUDOOO0OOO BrawerDOOOOOOOO
gooo

23 ODUOoooboboboooon

(G)

000000000000000000000000000000 x; =Y dije; 0000
cm>ODDDDDDDDDBmmmMJ%DDD1DDDDDD/ummmﬁémDDDDDD
000000000000000 wO0O0OOOOO 4,0000000000000000000
00000000000000000000000000000000000000000000
0 FOOOp00000000000Lr(4) 00000 ADDOODOOOOOO0OOIPH(A)D
A00DD0DOODOOOOOOCOCOOO0O000000000000000C F-O00000000000
000000000000000000000000000000000 F-OO000000000
00000000000000000000000000000 x,2€G0000000 w, 0
wy (@) = D 00000000000 X0 x' 000 p-000000000« 000
0p—0 200w (z)=wy(r) mod pD000D00000000000D000 w, 000000
000000000000000000000000000000000000000GO0000
p0000000000MOO0000000000C000000000000000mMOnnd
0000 10000000000000000000
60000000000000000000000000000000

Char. | la 2a 3a 3b 4a 5a 5b

Wy 1 45 40 40 90 72 712
Wy |19 16 -8 —18 0 0
Wy, |19 -8 16 —18 0 0 PRI
Wyee |1 0 =5 =5 0 94 9A* 2
Wy |1 0 =5 -5 0 9A* 9A
Wo 1 5 0 0 10 -8 -8
Wy |1 -9 4 4 0 0 0




AC2007

00002000000 be, by 0000OIrr(bo) = {X1, X5a> X5b> X8a> X8> X120} O Irr(b1) = {xo}
goobooooooobobooooooooooooonooooooobooooooobooobooon
Oo00ooooooo

Char. | o1 @3a ©36 @4 | P9
X1 1 0 0 0 0
X5a 1 0 0 1 0
X5b 1 0 0 1 0
X8a 1 1 0 1 0
X8b 1 0 1 1 0
X10 0 1 1 1 0
X9 0 0 0 0 1

ggbogobobboobboaobodgbouoobuoobooboobobobobbobooon

3 MOC-system [ [0 00

000000DDoO0O0000000000000000000 MOC-system 00000 system
goobobbbooooobbbbtoooooobbbboooooobo

MOC (MOdular Characters)[1] 0 01993 OO O G. Hiss, C. Jansen, K. Lux, R. Parker 0 O O
000000 Brawer 000000000000 000000MOCODD Irr(A), IBr(A), IPr(A)
0zZOOOOODODOOODOOOODOOO Basic Set 0 System of atom 0000000 Z-O00O
000000000000 0oDo0ooo0ooo0oo0ooooooooooooooOooog C
O000000000DO000DoOOo GAPOODOOOODOO

3.1 z-O0OOooOoOd

0000 ADDOD0 AQDU0OO03000000000000000000 Irr(A) = {x1, X2, " » Xk}
00 Brauer 00000 IBr(A) = {¢1,92, -, ¢}, 0000000000 IPr(A) = {m,m2, - ,m}
gooood

00000 000000006(A)0 Z00000 NOD (frr(A))y 0000 Braver 1000
OOIBr(A) 0 z-00000 NOO (IBr(4))y 000000000000 IPr(A) 0 2-00000
NDOO (IPr(A)), 000000

3.2 Basic Set

700 (IBr(A)), O Z-00 BS = {¢1,---¢y} DOND O (IBr(4))y, 00000000000
BSOODO Brauer 000000 BasicSet 000000000000O0Z0O0O (IPr(A4)), O Z-O
0 PS={¢,--¢}00NDOD (IPr(4)), 00000000000PSO0000000000D0
Basic Set OO OOOOOOO

0000 IBr(A) = {1, -}, IPr(A) ={m,---n} 0000000 BasicSet 000000
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3.3 BasicSetOQOQOdQOQO

O000BS = {¢1, - ¢}, PS={G,---¢}00000 Z0OO (IBr(A)), O (IPr(A)), 0 Z-00
000000x1-00

<¢17<1> <¢1742> e <¢17Cl>

(2,C1)  (d2,C2) - (¢2,Q)
U := (BS,PS) = : : . :

(GnG) (BnG) o (6,G)

000000 '00000000000000 BS,PSO0BasicSet00000000000O0
0000000000 UO0O0OU0ooO0oOouUBS=IBr(A),PS=1Pr(A) 000000

3.4 System of atom

700 (IBr(A)), 0 Z-00 BA = {1, --¢4} 0000 0IBr(A) 0 (BA),0O0000000BA
000 Brauer 000000 System of atom 0000000000000 ZOO (IPr(A)), O Z-
00 PA={y,-y}00000IPr(A)0 (PA),00000000PAOOODODDOOOOO
O System of atom OO0 OO0 OO0OO0OO

O00O00IBr(A) ={¢1, -}, IPr(A) = {n1,---m} 0000000 System of atom 0000
00000000y ePAN(IPr(A))y 000y eIPr(4) 000000

3.5 BSOPAOOOOOOODOOODOODOO

l
¢0000000000¢=>) n (% €PA,n;>0)0000000¢ =Y ,ny 000
=1
(0<n,<n;)0¢000000000

000¢0000000000000¢000 ¢ 000003 : Brawer000((,9), <00
000 —-¢,¢),<0000¢000000000000

00000000000 00000000000000000000000000000000
000000000000000000000000000000000000000TeXOO
000000000000000

Appendix

Oo000O00O0 GAPUOOOOOOOOOCOOODOOOOO TeXOOODOOOOOOOOO
0000000000000000000000 e00000ODO 3-00000O GAPOOODOOO
O000D TeXOOOOOODODOOO

GAP4, Version: 4.4.9 of 6-Nov-2006, 1686-pc-linux-gnu-gcc

gap> p:=3;;

gap> MAX_mul:=20;;

gap> ALL_MAXIMAL_SUBGROUP_CONTAIN_NORMALIZER:=false;;

gap> #EHHH
gap> Read("BrauerCT.gd");



AC2007

This is BrauerCT.gd : Time-stamp: <07/12/02 22:28:42 waki>.

gap> Read("BrauerCT2.gi");

This is BrauerCT.gi : Time-stamp: <07/12/03 17:21:30 waki>.

gap> G:=AlternatingGroup(6);

AltC [1..61)

gap> mx:=MaximalSubgroupClassReps(G);

[ Group([ (1,2,3), (2,3,4), (1,2)(5,6) 1),
AltC[1..51)),
Group([ (3,6)(4,5), (3,5)(4,6), (1,2)(3,5,4,6), (1,3,6)(2,4,5) 1),
Group([ (2,3)(4,5), (2,3)(4,6), (1,2)(4,6), (1,4,3,6)(2,5) 1),
PSL(2,5) ]

gap> List(mx,Size);

[ 24, 60, 24, 36, 60 ]

gap> ct:=CharacterTable(G);

CharacterTable( Alt( [ 1 .. 6] ) )

gap> ctH:=CharacterTable(mx[1]);;

gap> ctK:=CharacterTable(mx[2]);;

gap> ctlL:=CharacterTable(mx[3]);;

gap> ctM:=CharacterTable(mx[4]);;

gap> ctX:=CharacterTable(mx[5]);;

gap> nnG:=["G","A","\\chi","\\varphi"];;

gap> nnH:=["H","B","\\theta","\\vartheta"];;

gap> nnK:=["K","C","\\phi","\\psai"l;;

gap> nnL:=["L","D","\\zeta","\\eta"];;

gap> nnM:=["M","E","\\xi","\\mu"];;

gap> nnX:=["X","F","\\sigma","\\tau"l;;

gap> bAs:=SetBlocksInCharacterTable(ct,p,MAX_mul,nnG);;

gap> bBs:=SetBlocksInCharacterTable(ctH,p,MAX_mul,nnH);;

gap> bCs:=SetBlocksInCharacterTable(ctK,p,MAX_mul,nnk);;

gap> bDs:=SetBlocksInCharacterTable(ctL,p,MAX_mul,nnL);;

gap> bEs:=SetBlocksInCharacterTable(ctM,p,MAX_mul,nnM);;

gap> bFs:=SetBlocksInCharacterTable(ctX,p,MAX_mul,nnX);;

gap> GetProjectiveCharacters(bAs, [bBs,bCs,bDs,bEs,bFs]);

gap> DisplayProjectiveCharactersInBlock(bAs[1],"P");

+++ Block A2a of defect 2 has 9 proj. characters. +++

Irr: 123457 : Indec. Flag

-—t-——++-++-+-+- -
1: [ . 11111]
2: [ .11122]
3: [ . 1121 2]
4: [111222]
5: [ . 1122 3]
6: [11111.]
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7: 0. .. 112]
8: [ . . .1 .1]
9: [ . . . . 11]
gap> DisplayCharactersId(bAs[1].P);
No. : Deg. : Id.
e o
36: (T(P(6),2)).A2a
54: (T(P(6),4)).A2a
54: (T(P(6),5)).A2a
63: (T(P(6),6)).A2a
72: (T(P(6),7)).A2a
27: ((P(1))°G) .A2a
36: ((P(4))°G).A2a
18: ((P(2))"°G).A2a
9: 18: ((P(3))7G).A2a
gap> DisplayProjectiveCharactersInBlock(bEs[1],"P");

0 N O O W N

+++ Block E2a of defect 2 has 20 proj. characters. +++
Irr: 123456 : Indec. Flag

e e
1: [ . 211 44]
2: [ . 2226 6]
3: [12227T7]
4: [ . 23388]
5: [1 1 1]
6: [ 2 11 4 4]
7: [ 11 2 4 4]
8: [ 11 . 4 4]
9: [ 2. 226 6]
10: [ 22 2 6 6]
11: [ 222 . 6 6]
12: [212277]
13: [221277]
14: [222177]
15: [ 2 . 338 8]
16: [ 33 2 8 8]
17: [ 332 . 8 8]
18: [ . .o 1 1]
199: [ . . 1. 11]
20: [ .. .111]:
gap> DisplayCharactersId(bEs[1].P);
No. : Deg. : Id.
S o

1: 36: (((T(P(6),2)).A2a)_M).E2a
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2: 54: (((T(P(6),4)).A2a)_M) .E2a

3: 63: (((T(P(6),6)).A2a)_M) .E2a

4: 72: (((T(P(6),7)).A2a)_M).E2a

5: 9: ((P(6))_M).E2a

6: 36: (TC(((T(P(6),2)).A2a)_M).E2a,2)).E2a
7: 36: (T((((T(P(6),2)).A2a)_M).E2a,3)).E2a
8: 36: (T(C(((T(P(6),2)).A2a)_M).E2a,4)) .E2a
9: 54: (T((((T(P(B),4)).A2a)_M) .E2a,2)) .E2a
10: 54: (T((((T(P(6),4)).A2a)_M).E2a,3)).E2a
11: 54: (T((((T(P(6),4)).A2a)_M).E2a,4)).E2a
12: 63: (T((((T(P(6),6)).A2a)_M).E2a,2)).E2a
13: 63: (T((((T(P(6),6)).A2a)_M).E2a,3)).E2a
14: 63: (T((((T(P(6),6)).A2a)_M).E2a,4)).E2a
15: 72: (T(C((T(P(6),7)).A2a)_M) .E2a,2)) .E2a
16: 72: (TCCC(T(P(6),7)).A2a)_M) .E2a,3)) .E2a
17: 72: (TCC((T(P(6),7)).A2a)_M) .E2a,4)) .E2a
18: 9: (T(((P(6))_M) .E2a,2)).E2a

19: 9: (T(((P(B))_M) .E22a,3)).E2a

20: 9: (T(((P(6))_M).E2a,4)).E2a
gap> TestPIM(bAs[1],MAX_mul);
3 th proj. char. in P is indec. because it is in PA.
4 th proj. char. in P is indec. because it is in PA.
gap> TestPIM(bEs[1],MAX_mul);
1 th proj. char. in P is indec. because it is in PA.
2 th proj. char. in P is indec. because it is in PA.
3 th proj. char. in P is indec. because it is in PA.
4 th proj. char. in P is indec. because it is in PA.
gap> DisplayProjectiveCharactersInBlock(bAs[1],"PS");
+++ Block A2a of defect 2 has 4 proj. characters. +++
Irr: 123457 : Indec. Flag
B s S L e
1: [11111.]
2: [ .11111]:
3: L. .. 1.1 : (%
4: [ . . . .11 + (%)
gap> DisplayProjectiveCharactersInBlock(bEs[1],"PS");
+++ Block E2a of defect 2 has 4 proj. characters. +++
Irr: 123456 : Indec. Flag

B T T
1: [ 1. . . 111 + ()
2: [ .1 . . 11] : (%)
3: L. .1 .11] ¢+
4: [ .. .1 11] @ (%)
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gap> TryToSubstractIndecProjectiveCharacters(bAs([1],2,3,MAX_mul);
0

gap> WriteAllResultsByTeX(bAs, [bBs,bCs,bDs,bEs,bFs],"A6.tex");
% This file is generated by WriteBlocksInCharacterTableByTeX.
FileName is DecOfGmod_3.tex

% This file is generated by WriteBlocksInCharacterTableByTeX.
FileName is DecOfHmod_3.tex

% This file is generated by WriteBlocksInCharacterTableByTeX.
FileName is DecOfKmod_3.tex

% This file is generated by WriteBlocksInCharacterTableByTeX.
FileName is DecOfLmod_3.tex

% This file is generated by WriteBlocksInCharacterTableByTeX.
FileName is DecOfMmod_3.tex

% This file is generated by WriteBlocksInCharacterTableByTeX.
FileName is DecOfXmod_3.tex

gap> Exec("platex A6.tex");

gap> Exec("xdvi A6.dvi &");

gap>

Decomposition numbers of GG

3.6 Characteristic 3

There are 2 conjugacy classes of cyclic groups 3a and 3b of order 3 in G. The orders of
centralizers of these cyclic groups are 9 and 9. In G, there are 1 blocks with defect 0, one block
A1, of defect 1, and one block Az, of defect 2. The index of simple projective character is { 6
and 6}.

Lemma 1. The block Ay, contains the following irreducible characters

Ve =1 X1, X2, X35 X4, X5 X7]
The next lemma is just obtained by GAP.

Lemma 2. There are the following projective characters in Az, .

(9~1G).A2a =[ 1, 1, 1, 1, 1, 0.Vqa,,
(X6 @ x2). Az =] 0, 1, 1, 1, 1, 1].Va,,
(@2 ) Aza =[ 0, 0, 0, 1, 0, 1.Va,
(b3 ).Aza =[ 0, 0, 0, 0, 1, 1].Va,,

Theorem 3. The decomposition matriz of Az,. is the following.
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(1) xx|1 0 0 0
x2|1 1 0 O
x3|1 1 0 O
x4a|1 1 1 0
xs |1 1 0 1
x7|0 1 1 1
Proof: This is immediate from lemma 2 O

Decomposition numbers of H
3.7 Characteristic 3

There are 1 conjugacy classes of cyclic groups 3a of order 3 in H. The order of centralizer of
this cyclic group is 3. In H, there are 2 blocks with defect 0, and one block Bj, of defect 1. The

indices of simple projective characters are { 4 and 5}.

Lemma 4. The block By, contains the following irreducible characters

Vi, ="' 01,062,065
The next lemma is just obtained by GAP.

Lemma 5. There are the following projective characters in Big,.

6 =] 1, 0, 1.Vg,
0 =] 0, 1, 1.Vg,
Theorem 6. The decomposition matriz of Big. is the following.
(1) 6111 0
0,10 1
031 1
Proof: This is immediate from lemma 5 O

Decomposition numbers of K
3.8 Characteristic 3

There are 1 conjugacy classes of cyclic groups 3a of order 3 in K. The order of centralizer of
this cyclic group is 3. In K, there are 2 blocks with defect 0, and one block C, of defect 1. The

indices of simple projective characters are { 2 and 3}.
Lemma 7. The block C1, contains the following irreducible characters

Vcla. = t[ ¢la¢4a¢5]

The next lemma is just obtained by GAP.
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Lemma 8. There are the following projective characters in Ciq.

o =[ 1, 0, 1.Ve,
¢4 :[ Oa ]-7 1]'Vcla,
Theorem 9. The decomposition matriz of C14. is the following.
(1) ¢1|1 0
¢4 |0 1
¢s |1 1
Proof: This is immediate from lemma 8 O

Decomposition numbers of L

3.9 Characteristic 3

There are 1 conjugacy classes of cyclic groups 3a of order 3 in L. The order of centralizer of
this cyclic group is 3. In L, there are 2 blocks with defect 0, and one block D1, of defect 1. The
indices of simple projective characters are { 4 and 5}.

Lemma 10. The block D1, contains the following irreducible characters
Vb, ="' (1€, ¢
The next lemma is just obtained by GAP.

Lemma 11. There are the following projective characters in D1, .

G =[ 1, 0, 1].Vp,
(2 :[ 0, 1, 1]-VD1a
Theorem 12. The decomposition matrix of Dig. is the following.
(1) ¢ |1 0
G0 1
G111
Proof: This is immediate from lemma 11 O

Decomposition numbers of M
3.10 Characteristic 3

There are 2 conjugacy classes of cyclic groups 3a and 3b of order 3 in M. The orders of
centralizers of these cyclic groups are 9 and 9. In M, there are one block F1, of defect 1, and
one block E», of defect 2.

Lemma 13. The block E», contains the following irreducible characters

VEza = t[ 51’§2a€3a€47§5a§6}
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The next lemma is just obtained by GAP.

Lemma 14. There are the following projective characters in Ey,.

(Xear)-F2e =[ 1, 0, 0, 0, 1, 1].Vg,,
((Xepr) - Eoa ®&2).Eoy =[ 0, 1, 0, 0, 1, 1].Vg,,
((X6rr)-B2a ® &3). B2 =[ 0, 0, 1, 0, 1, 1].Vg,
((Xepr) Eoa ®&4).Ere =[ 0, 0, 0, 1, 1, 1].Vg,,
Theorem 15. The decomposition matrix of Eo,. is the following.
(1) &1 0 0 0
&0 1 0 0
&0 0 1 0
& 10 0 01
Gl 1101
G111 1 1
Proof: This is immediate from lemma 14 O

Decomposition numbers of X

3.11 Characteristic 3

There are 1 conjugacy classes of cyclic groups 3a of order 3 in X. The order of centralizer of
this cyclic group is 3. In X, there are 2 blocks with defect 0, and one block F}, of defect 1. The
indices of simple projective characters are { 2 and 3}.

Lemma 16. The block F1, contains the following irreducible characters
VFla :t[ 0170—430—5}
The next lemma is just obtained by GAP.

Lemma 17. There are the following projective characters in Fy,.

6'\2[ :[ 1, 0, 1]'VF1a
oa :[ 0, 1, 1]’VF1a
Theorem 18. The decomposition matrixz of Fi,. is the following.
(1) g1 1 0
oa |0 1
05 1 1
Proof: This is immediate from lemma 17 O
oo

[1] http://www.math.rwth-aachen.de/ MOC/CoMoChaT/
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Asir00 0000000000000 0O0

gooo
goboboooobbodd

1 0000

0000000 (vertex operator algebra, VOA) O O OO OOOOOOOOOOO
gooooooooooboooobooooooooonooobooood
goog200000

l.oobogobouogbogboobbooboobogbooboobboon
gbbbuoooobbboodobbboooobbbuoobo

2.000000000 commutant O OO0 0OO0OO0O0O0O0O0O0OOOO0OO
goboobodgg

000000000000000000000000000000000000
00000000000000000000000000000000000

ooooooooooooooooooooo AYooooooooooooon
000000000000000000000000wW-000000000000
000000 wW-00000000000000000000000000000
0D000000000000000000000000000000 0 Chongying
Dong, Ching Hung Lam 000000 3| 000000000000000000
000 [4, Chapter 14], [8] D000

000000000000000000000000000000000000
0000000000000 Asi00000Asr000000000000000
000000000000000000000000000000000000

2 sl,0000¢ VermalOO V(£,0)

coooooOos,OODODOoOoO[,|00bDooooO0(, 0000000 Killing
formO {h,e, f} O sly 0 Chevalley D0 OO0 O

[hve] = 2e, [h>f] = —2f, [67]?] = h,
(h,h) =2, (e f)=1, (2.1)
<h,€>:<h,f>:<€,6>:<f,f>:0
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noooA’ 000000000 s,L,000000000000
sly = sly ® C[t, 7] & CC (2.2)
00000000000CO0000000000s,00000000000
het", ext", fot", C (neZ)
00000s,000000000000
la®@t™ b t"] = [a,b] ® "™ + m(a, b)dpminoC (2.3)
(000 a,be{hye f}, mneZzZ)DODOOO
[sl5,C] =0 (2.4)

0o0o0000CcCcO0s,0000000

(e COO0000D0D00V(4,0)00s,0000¢VermaOOOOOOV(4,0)00
sl,b0OOOOOO0O0O000001eV(,00000000e®t"0 V(4000000
000000 V(4,0)00000000e(r)000000000000000 100
002000000000

(1) a(n)1=0;n>0,ac€ {h,e f}0
(2)C-1=0;00000CO010/000000000O
O00000a(m)0b(n)D000000O000OO0O[f,9] = fg—gf; f,9€ EndV(£,0)
00 (2.3) 000
[a(m),b(n)] = [a,b](m +n) +m{a,b)ldino (2.5)

00001000

[h(m), h(n)] = m - 2l6m 1 p,

[h(m), e(n)] = 2e(m + n),

[h(m), f(n)] = =2f(m + n), (2.6)
[e(m), f(n)] = h(m +n) +m - Lomino,

[e(m), e(n)] = [f(m), f(n)] =0

0ooooo
V(,0000000000 1000A(m), e(m), f(m);m<0000000000
000000000

h(—=i1) -+ h(=ip)e(=j1) - - e(—dg) f(=ma) - - - f(=m,)1;
W> 20>l 22421 > >m > 1

(2.7)

2
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Ooo0veE0)0000D0o0o0o0000oooooooooooooooooooOd
i+t iyt gt mi o+ my

gbbbuoooobbbuoooobbbuoooobobod
(27) D0O000O00OD0OOO0O0OODOOOOORnOO0O0O0OODODOODOOOOOO
V0, 00000000 000000000V (¢,0),000000000

o0

Z (dim V(é, O)(n))q"

n=0

1
B Hf;(l - qi)g
=1+43¢+9¢* + 22¢° + 51¢* + 108¢° + 221¢°
+429¢" + 810¢® + 1479¢° + - - -
D0000DO00V(,0)0¢000000

V,0)0000D00O0O0OOoooD 200000000000((R5) 0000000
1g0obbboooooobobogo

a(0)b(—1)1 = ([a(0), b(—1)] + b(—1)a(0))1

3 V(,000 VOAOD

O000wveV(000000000000000O0V((0)OODOOOOOO

gd
Y(v,z) = Zvnx’”’l, v, € End V' (£,0)

ne”

0000000000000000200000000000d € {he ff00000

Y(a'(—my)---a"(—m,)1,z)
(@) =y 0 () =g -~ @ (@) =m, 1 (3.1)
(&), (@) (), ).

3
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10 V(,,00000000000
000000000000000000000000000

a(x) = Z a(n)z™"1

gobooo

godn
2a(z)b(z)S = a(z) " b(z) + b(x)a(z)* (3.2)

O0a(2)0 b(z) 00000000
200000 a(z), b(z) 00 a(z)b(x) 100 0000000000000 v e V(£,0)
000000000000000000mO000

a(m)v =0

00000000000 -,0000003%/(x)b(z)vd z00000V((,0)0
000000000000000000000a(z)0 b(z)0000 Sa(z)b(z)200
V(£,0)0000000000000000000

0000 (2),...,a"(z) 000000

= gal(x) (CL2<£L') o ar(l'))g (3.3)

goobooogn
a(x):Za(n)x_"_1DDDDD

neL

0ooo
a(z),b(x) 0000000 mOOOOO

a(z)_mb(z) = ﬁz((%)m‘la(@)b(m)i

00000000 @.1)00Doooo0o000ooooooooo
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O0000000000000000000000000-000000000 P(x)
O00000z0000000000 (0D0O0ODO0OO0OOO)0O Pz~ 00002000
000000 (00000000)0 P(xt*O00000000O0O0O

(- P@)* = - (P(a))

000000000bz)=1;00000000a(z)_mb(z)0 0

a(r)_,l = (%)m_la(x)

0000000a(z)41=a(z)0000
00000v=a(-)b(-1)100000Y(v,2) =Y.
000000000000

ezt "I 0000000

= a(z)_1b(x)_11

= a(z)_1b(x)

= sa(x)b(x)s

= a(z)7b(x) + b(z)a(x)"

= a(@b(j)z™ Yy Y b(j)a(i)e I

000000000Y(a(-1)b(-1)1,2) 0000 21000 (a(—1)b(—=1)1), 00

(a(—=1)b(—=1)1), = > a(i)b(n —i—1)+ Y _b(n—i— 1)a(i)
<0 >0

0000000000

Y(v,z); v € V(£,0) 00O Jacobi identity 00 000000000000000
V(0,000 Y(-,2): V(£,0) — (EndV(£,0)[[z,27]]00000000 100000
(V(£,0),y,1)00AY 000000000 (vertex algebra) 0 000
00000000000000000000000000000000¢+#—20
0000000000000 weeOO

1

Watt = m( — h(=2)1 + %h(—1)21 + 26(_1)f(_1)1)

0000000000000003¢/((+2)000 0w.e D0000D0(V(4,0),Y, 1, war)
ooooooooooooooooAdAlooooooooooooooo (), )9,
Section 6.2])0
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¢(000000000V(,0)00000000000000000000000
00000000 [(4,0)00000000 £ (4,0)=V(4,0)/1(¢,00 0000 AV
0000000000000000/(¢,0)00

e(_1>€+11

000000000000000 ([7)0

4 Asir00000

vueV(0)0neZODODUOOwulOODODODDODODODOODOODDODODODOOOO
gbobobv,u,n0000vu000000000DO0O00O0O0OO00OO0O0O0O0ODOO0O
gbbbooogbbobuooobbbuooouoooobbbuoooobboao
000000000000 0D0O0 Asir0000D000OD00O0D02<L/leZO00
gbooooo

gbobobuoooobbboooooboboooobboooobbbuooonooon
0000000000000 0000000000C0O0000OoooOg vVe,000
gbobobooogbbboooobbbooooboboosguooboon

Expression in Asir

e terms without coefficients:
h(m)1 < [[0,m]],
e(m)l < [[1,m]],
f(m)1 < [[2,m]],

a'(my)---a"(m,)1 < [[p1,m1], ..., [pr,mrl],
where pi is 0, 1, or 2 according as a’ = h, e, or f.

1 < []; empty list.
0 h(-2)1« [[0,-2]], h(—2)e(—1)1 < [[0,-2],[1,-1]].

e terms with coefficients: [ term, coeff ];

0  5h(-2)1 < [[[0,-2]1,5],
4h(—2)e(—=1)1 < [[[0,-2],[1,-11],4],
31 «~ [[]1,3].

e sum of terms with coefficients (each term is of the same weight):
[[ term, coeff 1, ..., [ term, coeff 17;

O 4h(—2)e(—1)1 + 5e(—1)e(—1)f(~1)1
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< [[(((0,-2],([1,-1]1],4],(([1,-1],(1,-1],[2,-1]1],5]].

O00v,u0000000 actionM,L,N) OODOOOO
Function action(M,L,N)
Input: M, L; lists of terms with coefficients, N; an integer.
Output: a list of terms with coefficients.

ve—M wu<=L n<N,

v, < action(M,L,N).

5 0O

O00000ogvEooooog

1
= —h(-1)%1
000000 100000000000w, 000000 V(4,0000000 Vir(w,)
gooooo 1DDDDDDDDDDDDDDDDDVir(wV)D V(£,0) 0000
commutant O WO QOOO

W = {v € V(£,0) | (wy)ov = 0}

wooooooo W(2,3,4,5 00000 w-00000000000 ([1), [2],
[)00000D000

W = Waff — Wy
1

- m( — Ch(—2)1 — h(—1)*1 + 2€e(—1>f(—1)1>

00000003¢/(0+2)—1=2((-1)/((+2)0000
woOoO0O0000000001000000300000

W3 = (?h(=3)1 + 3¢h(—=2)h(—1)1 + 2h(—1)*1
— 60h(—1)e(—=1)f(—1)1 + 30%e(=2) f(—1)1 — 3%e(—1) f(—2)1

000000000000000000000000000wW300000000a
0400000 Wi0OOO0OOO0OOS00000WO0000000OW?3, W wsO0O
bdwbhdobuoobobobuobouobobobuooobobaobdobo
0000000000000 0000000 000000 200000W(2,3,4,5)

21
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D000000w, W3, W4 W>PO0O0O0OOOo0002,3,4, 50000000000
D0000000D000000
00000000000 WW/,3<i<j<50<n<i+j—100w, W3
W4 WS00000000000000000WO000000000000000
D0000000Asr 000000000000000000000000000
oooo
L(n) =wpi1, W'n)=W/, 1;i=2345

ooooww3oooooo0ooooooooooooo

WIW? = —(1620°(€ — 2)(0 + 2)(3¢ + 4) /(16 + 17) )w_31
+ (2886° (0 — 2) (€ +2)*(3¢ + 4)/(16( + 17) )w_1w
+ (360(2¢ + 3) /(160 + 17)) W™

00000000 ooOoww3ooooooowiooooooooooo

WPW* = (12480*(¢ — 3)(€ + 2)(20 + 1)(2¢ + 3)/(64¢ + 107) )w_, W?
— (480%(0 = 3)(20 + 1) (20 + 3)(2¢ + 7)/(64€ + 107)) W?41
— (120(3¢ + 4)(16¢ + 17) /(64¢ 4 107)) W°.

DDDDWE’W“DDDDDDD wPOOoODOOoOOO0oOooooo
DDDDDDDDDDDWQWJDDDDDDDDDDD Wi(m)D Wj(n)DDD

00 [Wiim), Wi(n)] = Witm)Wi(n) — Win)Wim)0DODODOWOOOO

DDDDDDDDDDDDDDDDDWDDDDDDDDDDD

L(=iy) -+ L(=ip)W*(=j1) - - W3 (—j)
Wh(—my) - W (=m, ) W?(—=ny) - - - W?(—ny)1;
ZIZZZ;DZ27 leZ]qZ?)y
le"'ZmTZZJH anZnsZE)
gooooooooooooooooooon

(.1) 000000000000 DODOO0O00ODO0ODOO0O0RODOOOODOOOO
gbbbe¢q"buooobbuoogn

o0

Z(number of vecters of normal form of weight n)q"
n=0

° 1

=1+ ¢*+2¢° + 4¢" + 6¢° + 11¢° + 16¢" + 29¢° + 44¢° + - --
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O0O00000WDO ¢000

oo

> (dim W)g"

n=0
Z:io(_l)rqr(r—&—l)ﬂ —q Z;O:O<_1)rqr(r+1)/2+r
a [1i2, (1 —g¢)?

=14 ¢*+2¢° + 4¢" + 6¢° + 11¢° + 16¢" + 27¢° + 40¢° + - --

000000000000 ()0
0oooooo

o0 [e.9]

Z(number of vecters of normal form of weight n)q" — Z(dim W(n))q"

=2¢°+4¢" + - -

000000OWOOOO0OO080000000009000000000000000
obobob20b000004000000D0000O00DOOODOODODLOODOODn
00000000000000WO000000000000000WOO000
gbgrvbooboobooboobooboobooboobooboobon
gbobobooogbbobuoooobbobooooboobooood
goboboooobboboooobobbon

1. /O00O0O0O0D0O000000 Wiwi 3<i<j<50<n<i+j—1000
oogd

2. WODODODOODO8OD 9000000000 O0000O00

00 WOOV(,0)0000000000000000000V(4,000000
000000 I(4,0)0 e(-1)*'100000000e(-1)"*10WO0000000
0ooo

f(0)6+1e(_1>€+11

0OowOoO0O0O00000000000 (3)0000wo000000000007Z
0000000000000000000000000000000W=W/Z0O
000000¢=23,40000wW000000000000000000000
00 f(0)*e(-1)*11000000¢00000000000¢000000000
000000000000000000/000000000000000000
0000D000000¢=5600000000Asr0000Z00000000
Doowooooo0ooooo ([8)0
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A New Example of Non-Amorphous Association
Schemes on GF(2%)
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munemasalmath. is.tohoku.ac. jp

Let X be a finite set with n elements, and R be a relation on X. Let
I' = (X, R) be a graph with the vertex set X and the edge set R. For a graph
I' = (X, R), the size of the set {y € X | (,y) € R} is called the valency k(z) of
z € X. If this number k() is independent of the choice of # € X, T = (X, R)
is said to be regular of valency k.

Definition 1. T = (X, R) is said to be a strongly regular graph of valency k if
there exist constants A > 0 and g > 0 such that every pair of adjacent (resp.
non-adjacent) vertices has A (resp. 4) common neighbours.

A connected regular graph has its valency as the Perron—Frobenius eigen-
value. We call all the other eigenvalues nontrivial eigenvalues of the graph.
Strongly regular graphs are regular graphs with exactly two nontrivial eigenval-
ues.

Example 1. Let « be a primitive element of the finite field GF(16) of 16 el-
ements. Let T be the graph with vertex set GF(16), where two vertices z,y
are adjacent whenever x — y € (a®). Then T is a strongly regular graph with

(kM ) = (5,0,2).

Example 2 (Brouwer—Wilson—Xiang, 1999). Let ¢ = p° be a prime
power, where p is a prime. Let e be a divisor of ¢ — 1 such that e | p" + 1
for some r < s and q% {p" — 1 for any r < s. Then (GF(g),(a®)) is a strongly
regular graph.

Definition 2. Let {R;}%, be a set of d + 1 relations on X. Let A; be the
adjacency matrix corresponding to R; for i = 0,... ,d. (X, {R;},) is called
an association scheme of class d on X if the following conditions are satisfied:

(l) AO — I,
(i) YL, 4 = J (all 1 matrix),
(iii) for all i € {0,1,... ,d}, PA; = A;.
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(iv) for all 4,5 € {0,1,... ,d}, A;A; is expressed as

d
Ady = Pl A,
k=0

where pfj are nonnegative integers.

We call the algebra A = (Ag, Ay, ..., Aq) generated by Ag, Ay, ..., Aq the
Bose-Mesner algebra for (X, {R;}¢ ;). Since 2 is semi-simple, there exists
uniquely the set {E;}&, of the primitive idempotents of 2l with Ey = n™1J,
that is, 2 has two bases:

A= (Ag, A, ..., Ad) = (Eo, By, ..., Ea).

and the second eigenmatix

We define the first eigenmatix P = (p; ;) o<i<a
0Z;<d
Q= (gi;) 0siga of (X, {R;}¢_,) as follows:
(Ao, A1,...,Aq) = (Fo, Er,... , Eq) P,
(Eo,El,...,Ed) = n_l(Ao,Al,...,Ad)~Q.

The first eigenmatix P and the second eigenmatix ) have the following
forms:

Lk .. kg 1| m my
1 1
P = ) and @ = . ,
: Dij : i,
1 1
where k; 1s the valency of R; and m; = rank ;.
An associaiton scheme is called pseudocyclic if m; = ... = my.

Let {Aj}flzo be a partition of {0,1,...,d} with Ag = {0}. We define
Ry, = UZeAj Ry If (X, {Ry,; };»llzo) forms an association scheme, then we call
(X, {Ra, };»llzo) a fusion scheme of (X, {R;}{_,). If (X,{Ry, };»llzo) is an associ-
ation scheme for any partition {Aj}glzo of {0,1,...,d} with Ag = {0}, then
(X, {R;}4_,) is called amorphous.

There is a simple criterion in terms of P for a given partition {Aj}glzo to
give rise to a fusion scheme (due to Bannai [1], Muzychuk [9]): There exists a
partition {A;}9_, of {0,1,... ,d} with Ay = {0} such that each (A;,Aj)-block
of the first eigenmatrix P has a constant row sum. The constant row sum turns
out to be the (4, ) entry of the 1st eigenmatrix of the fusion scheme.

Example 3. Let ¢ be a prime power and e be a divisor of ¢ — 1. Fix a primitive
element o of the multiplicative group of the finite field GF(¢). Then {a®) is a
subgroup of index e and its cosets are a’(a®) (0 < i < e — 1). We define
Ry = {(z,z)|r € GF(¢)} and R; = {(z,y)lx —y € a'(a®),z,y € GF(q)}
(1 <i<e). Then (GF(q), {R;}{—y) forms an association scheme and is called
the cyclotomic scheme of class e on GF(q).
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In Example 3, the first eigenmatrix P of the cyclotomic scheme
(GF(g),{Ri}5_y) of class e on GF(g) is calculated by the Gaussian periods.
Let o be a primitive element of GF(g¢), and let x denote an additive character
of GF(¢). The Gaussian periods g, ... ,n.—1 are defined by

= Y, x(ap).
pe(ac)

The first eigenmatrix of the cyclotomic scheme (GF(g¢), {R;}¢_,) is given by
the following:

P= ) ;
. PO
1
where ¢ = ef + 1, and
o m n2 - MNe—1
m 2 o
Py = 12 ; m
Ne—1 Mo T - Te-2

We call Py the principal part of the first eigenmatrix P.
The cyclotomic scheme (GF(q),{Ri}5—y) is a pseudocyclic association
scheme.

The next lemma is immediate from the result of [7].

Theorem 1. A pseudocyclic association scheme of class e i1s amorphous if and
only if the principal part Py of the first eigenmatriz P is a linear combination
of I and J, where I is the identity matriz of size e and J s the all 1 matriz of
size e.

Baumert, Mills and Ward [3] gave a necessary and sufficient condition for a
cyclotomic scheme to be amorphous.

Theorem 2 (Baumert—Mills—Ward). Let e be a divisor of ¢ — 1, where ¢ =
p® and p is a prime. Let (GF(q), {Ri}5_o) be the cyclotomic scheme of class
e on GF(q). Then, Py is the linear combination of I and J if and only if
e|p"+1 for somer<s.

Theorem 2 can be restated as follows.

Theorem 3. Let e be a dwisor of ¢ — 1, where ¢ = p* and p is a prime. Let o
be a primitive element of GF(q). Then (GF(¢),{(z,y) |z —y € UieA<ae>o/)})
is strongly regular for all ) # A C {1,... e} if and only if e | p" + 1 for some
r<sandetp” —1 for any r <s.

Clearly, in an amorphous association scheme, every nontrivial relation is a
strongly regular graph. A. V. Ivanov [8] conjectured the converse also holds.

27
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Conjecture 1 (A. V. Ivanov, [8]). If, in an association scheme, the graph
defined by its adjacency matrices are all strongly regular, then it is amorphous.

This conjecture was disproved by van Dam [5]. Since the counterexample
given in [5] was an imprimitive association scheme, it remained as an unsolved
problem to find a primitive non-amorphous association scheme in which every
nontrivial relation is a strongly regular graph.

In order to put this example in a proper context, we consider an association
scheme whose eigenmatrix has principal part Py given by the following:

§1 T2 T2 T2
. T2 Sz 82
. S22 T2 S2
L S22 Sz T2

If such an association scheme exists, then each of its four adjacency matrices
defines a strongly regular graph (provided it is connected), so it gives a coun-
terexample to Ivanov’s conjecture.

Theorem 4. Let Ay, Ay, Az, Ay be the adjacency matrices of an association
scheme whose eigenmatriz has principal part given by (1). Assume that the
valency of Ay is the multiplicity of the eigenvalue r1. Then the size is (30r+4)?
and

ky = 12(67 4 1)(10r + 1) = 12k,

s1 = —4(6r + 1),
r1 = br,

59 =—Tr —1,

ry = 8 4+ 1.

If we want to construct an association scheme satisfying the conditions of
Theorem 4 over a finite field GF(q), then ¢ = (307 4 4)2, hence ¢ = 28#+* for
some nonnegative integer i, and r = 12—5(24h —1). If h = 0, then we obtain

—4 1 1 1
0 1 -1 -1
0 -1 1 -1
0 -1 -1 1

Py =

In this association scheme, the three graphs defined by A,, Az, A4 are discon-
nected, so 1t does not give a counterexample. The case h = 1 corresponds to the
first (and the only previously known) counterexample given by van Dam [5]. Tt
is constructed as follows:

Let o be a primitive element of GF(2!?), and let H be the subgroup of the
multiplicative group of GF(2'?) of index 45. Let

Hy={(x,y) |z —ye(a®al} (j=01,...,44).
We find that

Rz = Ho UH5 UH10,
Rz = His U Hao U Has,
R4 = Hag U Has U Hyp

28



are strongly regular graphs with nontrivial eigenvalues 17, —15. This leads to
a non-amorphous 4-class fusion scheme of the cyclotomic scheme of class 45 on
GF(2'?) with the following first eigenmatrix:

1 3276 273 273 273
1 =52 17 17 17
1 12 —-15 -15 17
1 12 -15 17 =15
1 12 17 —-15 —-15

We have found an example for A = 2, as follows.

Theorem 5 (Ikuta-Munemasa). Let « be a primitive element of GF(22°),
and let H be the subgroup of the multiplicative group of GF(22°) of indexr 75.
Let

Hy={(z,y) |z —y € (@™} (j=0,1,...,74).
We find that

Re = HyUH3sUHgU Hg U Hyo,
Rz = Hos U Hog U Hz U H34 U Hgy,
Ry = H50U Hs3 U Hsg U Hsg U Hego

are strongly reqular graphs with nontrivial eigenvalues 273, —239. The cyclo-
tomic scheme of class 75 on GF(22°) has a non-amorphous fusion scheme of
class 4 with the following first eigenmatriz :

1 838860 69905 69905 69905
1 =820 273 273 273
1 204 —-239 —239 273
1 204 —239 2713 =239
1 204 2713 =239 239

We present a Magma program to verify Theorem 5.

q:=2720;

e:=75;

f:=(q-1) div e;

Z:=Integers();

K<a>:=GF(q);

a"20+a"10+a"9+a"7+a"6+a"5+a"4+at+l eq 0;

b:=a"e;

w:=—1;

chi:=function(a) return w~(Z!Trace(a)); end function;

g:=[ &+[ chi(a~j*b~i) : i in {0..£-1} ]

: j in [0..e-1] 1;

g eq
[541,29,29,-67,29,221,-67,-3,29,-67,221,-3,-67,-3,-3,29,29,29,
-67,29,221,-67,-3,29,-67,221,-3,-67,-3,-3,29,29,29,-67,29,-291,
-67,-3,29,-67,221,-3,-67,-3,-3,29,29,29,-67,29,221,-67,-3,29,
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-67,-291,-3,-67,-3,-3,29,29,29,-67,29,-291,-67,-3,29,-67,-291,
-3,-67,-3,-31;

e:=75;
Z:=Integers();
Ze:=Set(Integers(e));
PO:=function(i,j) return gl[(Z!(i+j))+1]; end function;
R2:={Ze|0,3,6,9, 12};
R3:={Zeli+25:1 in R2};
R4:={Zeli+50:1 in R2};
Ri:=Ze diff (R2 join R3 join R4);
{ [ &+[P0(i,j) : j in R1 1, &+[ PO(i,j) : j in R2 1],
&+[ PO(i,j) : j in R3 1, &+[ PO(i,j) : j in R4 ] ]
: i in Ze }
eq
{
[ -820, 273, 273, 273 1,
[ 204, 273, -239, -239 ],
[ 204, -239, 273, -239 ],
[ 204, -239, -239, 273 ]
};
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1 Introduction

1.1 Standard Definitions from Binary Codes and the
Statements of the problem

Let Fy = GF'(2) be the field of 2 elements. Let V' = F% be the vector space
of dimension n over Fy . A linear [n, k| code C is a vector subspace of V
of dimension k. An element x in C is called a codeword of C. In V' , the
inner product , which is denoted by (x,y) for x,y in V, is defined as usual.
Two codes C; and C, are said to be equivalent if and only if after a suitable
change of coordinate positions of C; all the codewords in both codes coincide.
The dual code C* of C is defined by

Ct={ueV]|(uv)=0 VveC}

The code C is called self-orthogonal if it satisfies C C C*, and the code C
is called self-dual if it satisfies C = C*.

Let
X = (21, %, ..., Ty)

1
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be a vector in V', then the Hamming weight wt(x) of the vector x is defined
to be the number of i’s such that z; # 0. The Hamming distance d on V' is
also defined by d(x,y) = wt(x —y). Let C be a code ,then the minimum
distance d of the code C is defined by

d = Minx,yEC,x#yd()QY)
= Mingec xzowt(x).

Eelement x in C is called a codeword of C.
A vector v in a coset U in V/C is a coset leader if v satisfies
wt(v) < wt(z) for all z € U.

Then the covering radius of C is the weight of a coset leader of greatest
weight.

u * v : the number of common 1’s in the entries of the vectors u,v € V

The inhomogeneous weight enumerator W (X) of a code C is defined by

WC(X) — Zth(v)

veC

n
= Z a, X",
r=0

where a, is the number of the codewords v of weight r in C The homgeneous
weight enumerator of the code C is defined by :

We(z,y) =Y aa™ "y
r=0

A celebrated MacWilliams identity says :

Theorem 1 Let We(X) be the weight enumerator of a binary code, then the
following identity holds :

1-X
1+ X

Wer (X 1+ X)"We( )-

1
) = e
| C|
The homogeneous version of the above theorem is

Theorem 2 1

Woe(z,y) = WWc(ny,:c—y) (1)
The coset weight enumerator of a coset U in a code C is defined to be a
polynomial in X given by

Wy (X) = > X,

zcU
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2 Definition of Jacobi polynomials for Binary
codes.

Jacobi polynomial Jac(C,v | X, Z) for C with respect to v € F4 is defined
by
Jac(C,v | X, Z) = 3 Xz,
ucC

The homogeneous Jacobi polynomial is defined by

Jac(C,v,x,y,u,v)
— Z xn—wt(v)—wt(u)+u*vywt(u)—u*v
ucC

.uwt(v) sV, usv 7

, where x,y,u,v are algebraically independent variables over C. The con-
nection between inhomogeneous Jacobi and homogeneous Jacobi is described
by

Jac(C,v,z,y,u,v)

2" )yt Jacy(C, v, yz, zoyu),

and
Jac;(C,v, X, Z) = Jac(C,v,1,X,1, X 7).

One of our basic theorems is :

Theorem 3 Let C be a binary code of length n and Jac(C,v | X,Z) a
Jacobi polynomial for the code C with any binary vector v € F4, then it
holds that

Jac(CH,v | X, Z)
1 o (1+ X2\
- G+ (T5x)
1-X (1—XZ)(1+X))
1+X' 1+X2)(1-X)"

xJac(C,v |

There is a homogeneous version of the above theorem :

Theorem 4 Let C be a binary linear code of lengthn, then Jac(C, v, z,y, u,v)
satisfies

Jac(C*, v, x,y,u,v)
1
C|

Jac(C, v,z +y,x —y,u+v,u —v)

(2)
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2.1 Reed-Muller codes

Reed-Muller code RM(r,m) is a class of binary linear codes of length 2™ of
: . o~ m

dimension 1;:% ( AL where 1 <r < m.

R(r,m) : r-th order Reed-Muller code of Length 2™

We now give briefly the definition of Reed-Muller codes.

We denote by (1")(resp. (0™)) the all one(resp. zero) vector of length n. We
use the symbol ab to denote the concatenation of two vectors a and b, and
the symbol af to denote the concatenation of ¢ a’s. For example, we see that

(1%) = (111), (1°0*) = (1100)and(1010)* = (10101010)
and so on. We put
xo = (1°7),
Xl — (02m_1 ].Zm—l)7

X2 _ ((02m_2 12m—2)2

X = ((01))"7).

If x and y are two vectors of the same length, then we denote by xy another
vector of identical length obtained from the component-wise product of those
two vectors. We call it the vector product of x and y. Likewise we can define
the vector product of arbitrary number of vectors of the same length.

The r-th order Reed-Muller code R(r,m) of length 2™ is defined to be a
binary linear code spanned by vectors

Xiy Xiy Xy, B <7

and by xq.

We give an example. Let m = 4, then we see that
xo = (1111111111111111),
x; = (0000000011111111)
x5 = (0000111100001111)
x3 = (0011001100110011),

Y

Y

and
x4 = (0101010101010101).

Further we see that
x1x3 = (0000000000001111),

x1x3 = (0000000000110011),
x1x4 = (0000000001010101),

4
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x9x3 = (0000001100000011),
x2x4 = (0000010100000101),

and
x3x4 = (0001000100010001).

Thus the generator matrix of the first order Reed-Muller code of length
21 =16 R(1,4) is given by

11111111111111T171
00000O0OO0OO0OI1TI1ITTI1ITI1T1TTI1T1I1
0000111100001 1T171
0600110011001 100O0171
0101010101O01010O0T1

and the generator matrix of the second order Reed-Muller code of length
21 =16 R(2,4) is given by

1111111111111111
00000O0OO0OO0OI1TI1ITTI1T1T1TT1T11
0000111100001 1T171
0600110011001 100O0171
0101010101O01010O0T1
00000O0OO0OO0OCOOO0OTITTI1TTI1T1
00000O0OO0O0OO0OO0O11O0O0T1T1
00000O0OO0O0OO0OCITOI>1IO01O0T1
0000O0O0O1T1O0O0O0OO0OO0OO0OT1T1
00000101O0O0O0OO0O0O1QO0T1
00010001O0O0O0O1O0O0O0T1

3 Statement of the problems

Let x be a vector in V, then the Hamming sphere S;(x) of radius ¢ with
center x is defined by

Si(x) ={y € V | d(y,x) < t}.

The covering radius ¢(C) of the code C is defined to be the smallest integer
t such that the equation

xeC

holds. The covering radius of a code C is also defined by another way.

Proposition 1 [t holds that

1O = i vit)

A more precise problem is that for a given code C determine all the coset
weight enumerators ( or equally the coset weight distributions ) Wy (X) .
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3.1 Krawtchouk polynomials

Krawtchouk polynomials are the sequence of polynomials Py(x) of degree n
defined by

@ A=y (5)(R0) osksn

where z is a variable and we set

(3)-2ebstemsen oy ()

It is known that it holds that for any triple ¢, j,u € {0,1,---,n}

Pi(u) Pj(u) = ipz('?Pk(u)'

(k)

Here the numbers p;;/ are integers determined as follows. We put

Di={acF; | wia) =i},
then first for a fixed ¢ € D;, the number of pairs a and b :
P =#{<ab>| acD, beD;, a+b=c}
(k)

is proved to be independent of the choice of ¢. As to the formula for p;/ one
may refer MacWilliams and Sloane [19], Ch. 21 section 3. The formula reads

k n—~k
ik || itk
2 2
(4) pl(.’z.) — i+j=k (mod 2)

0
i+j=k+1 (mod?2)

3.2 Distance Matrix

Let C be a binary linear [n,k] code. The 2" x (n+1) matrix B = (Bi(e))eng 0<icn?

is called ,after Delsarte [8], the distance matrix for the code C. Here the en-
tries of B are defined by

Bi(e)=#{ acC |dae) =i} 0<i<n.
More concretely we give

Bo(el) Bl(el) Bg(el) s Bn(el)

Bo(ez) Bi(es) DBa(e) n(e2)
B=1 Byen) Bilen) Bilen) -+ Bulen)
Bo(ey) Bi(es) Ba(esn) -+ B(ex)
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Two formulas in [8] are very useful for our present work. The first one is

) > Bile)By(e) = MY A4(C),

eclF,

Here M =27, r = dimC, and Aj(C) is the number of codewords of weight
k in the code C. The above formula gives us vertical informations on B.
One may remark that

Bi(e) = #{aecC | d(ae) =1}
= #{acC|utfat+e) =i}
= #{bece+C | wtb)=1i}

so that
BO(e)> Bl(e)> B Bn(e)
is the coset weight distribution of the coset e + C. In other words the
polynomial
Bi(e)z'
=0
is the inhomogeneous coset weight enumeraror of the coset e + C, and the
polynomial

Bz’ (e)xn—iyi
=0

is the homogeneous one.

3.3 A Modification of Distance Matrix

We remark that if two vectors e; is congruent to e; modulo C then it holds
that B;(e;) = Bi(ez) for 0 <1i < n, and so that we may rewrite the formula
(5) into

) > Ble)Be) = > plAO)

eEF;/C

Accordingly we may use the shortened distance matrix By :

Bs = (Bi(e))eeF;/c,ogign
or more concretely
By(e1) Bi(e;) Bs(ep) B..(e1)
Bo(eg) 31(82) BQ(GQ) Bn(e2)
Bs =1 Boen) Bi(en) Ba(en) --- Bulew) |’
Bole)) Bi(e) Boler) --- Bu(e)

with t = 2", r = dim C.
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4 Relation between Jacobi polynomials of codes
and coset weight enumerator

We quote

Theorem 5 ([24]) Let C be a binary linear code of length n. We take any
vector v in F3. If v+ C is the coset in F3/C to which v belongs, then we
have

Wv+C (X)
= Y(Jac(C,v | X, Z))
Xt Jac(C,v | X, X72),

where Jac(C,v | X, Z) is the inhomogeneous Jacobi polynomial for the code
C with respect to v.

Jacobi polynomials together with this theorem give us clearer insights for the
horizontal information on the matrix B or Bg.

MacWilliams

transform

Jac(C,v | X, Z)

X0
Wv+C (X)

—

< ——>

Jac(C*+ v

L9

| X, Z)

Wyict (X )
there is no
algebraic
correspondence
such as
MacWilliams

transform

5 A summary of known results

A table of the determination of the covering radius and the complete coset

weight distribution

r\m 3 4 5 6 7 8 9

1 p= p= p=12| p=28 p =56 p =120 240 < p <244
1 |CWD|CWD |CWD | CWD | CWDhard hard hard

2 | p= p= p=61 p=18 [40<p<44 |84 <p<100|171 < p <220
2 CWD |CWD | CWD p.| CWD hard | CWD hard | CWD hard
3 p= p=21 p=8 |20<p<23| 43<p<67 |134<p<167
3 CWD |CWD | CWD p.| CWD hard | CWD hard | CWD hard
4 p=1 p=2 p=2_8 2<p<31l | 62<p<98
4 CWD | CWDp.| CWD p. CWD hard | CWD hard
5 p=1 p=2 p=10 23<p<4l
5 CWD p. CWD hard | CWD hard
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p = p(r,m) : the covering radius of R(r,m)

CWD : Complete coset weight distribution is determined.

CWD p. : It is possible to determine the complete coset weight distribution
References : [1],[14],[15],][20],[22],]26],[29],[30].

6 Preliminary result

When we ask the computer algebra MAGMA in such a way that

> R2:=ReedMullerCode(3,6);

> CD:=CosetDistanceDistribution(R2);

> CD;

the answer of MAGMA is

[ <0, 1>, <1, 64>, <2, 2016>, <3, 41664>, <4, 313131>,
<5, 1166592>, <6, 1768116>, <7, 888832>, <8, 13888> ]

The meaning of the above output is that in the third order Reed-Muller code
of length 26 = 64 the number of coset of weight 0 is 1, the number of the
cosets of weight 1 is 64 and so on. But MAGMA (in my old version) does
not answer the question such as

> R:=ReedMullerCode(2,6);
> CD:=CosetDistanceDistribution(R);
> CD;

When we want to know more concerning the coset distance distribution, we
must explore some algebraic technics. This is our motivation of the previous
sections.

7 How to reduce the runtime

7.1 Group theoretic process I

Our plan to determine the coset weight distributions of RM(2,6) is first to
compute the Jacobi(-Ozeki) polynomials Jac(v, X, Z) for each reference vec-
tors v of weight k. Among these vectors we select rigid vectors, and from
these vectors we get coset weight enumerators of coset weight k. A naive
idea to determine the coset weight enumerators of coset weight k is to use
nested loops of depth k in the programs. The run time increases greatly as
k grows . We give the estimates of runtime on our program below, some of
which were tested in the actual programs.

Run time estimate for our programs.
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k run time (minutes) days
0<k<7 tolerable within a day
8 1840 | 1 day and 7 hours
9 11448 8 days
10 62968 43 days
11 309120 214 days
12 1365280 948 days
13 5461120 3792 days
14 19894080 13815 days
15 ) )
16
17
18

Therefore the naive approach to the computing seems to be unrealistic.

To save the runtime (and also my mathematical life time) we devised the

following process.

We divide 64 coordinates into 16 blocks so that each block consists of
The division is done in a natural order.
Aut(RM (2,6)) the group of automorphisms of the second order Reed-Muller
code of length 64. G acts on the totality of the blocks. We remark that two
vectors vy and vy, which are connected by vo = o(vy) with o € Aut(RM(2,6),

4 coordinates.

satisfy the identity

Jac(RM(2,6),v1,X,Z) = Jac(RM(2,6),vs, X, Z),

and therefore

Our strategy to reduce the runtime is to cutt off the repetition of the com-
putation with the same outputs. When the weight of the reference vector v
is 8, we look at the types of the distribution of non-zero coordinates of vinto

WRM(276)+V1 (X) = WRM(2,6)+V1 (X)

the blocks. The result is

type
number of orbits

type
number of orbits

Here 1% means that non zero coordinates of a v of weight 8 are distributed
into 8 different blocks, and so on. There are four orbits of type 1% under
the action of G. Each orbit has a certain cardinality. For instance an orbit

18 2.16 ] 22.14] 23.12 24 3.1°

4 5 6 3 2 4
32.12 | 32.2 4-1* |4-2-124-22|4-3.

2 1 3 2 1 1

represented by the block distribution

c11,1,1,1,1,1,1,0,0,0,0,0,0,0,01

has the cardinality 30. This implies that we have only to examine only one
case instead of doing 29 other cases with identical outputs. After all we have

|

3.2.13
4

42
1

Consider G =

only to run 41 cases each of which needs small runtime (within 1 minute).

10

3.22.1
2

40
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In the same way we make programs for other reference vectors of weights of
from 9 upto 18.

However When the weights go to more than 12 the runtimes of some cases
increase largely. To shorten the runtimes we devise another technical lemma,
which will be described in the next subsection.

7.2 Group theoretic process Il

In many types of block decomposition of the support vector of the reference
vector it may contain more than three blocks that contain only one non-zero
coordinate. For this case the runtime can be shortened by the following
lemma.

Lemma 1 It holds that (i) if the two reference vectors vy and v have the
same block decomposition with the additional condition that these two con-
tains three (resp. two resp. one) blocks that contain only one non-zero coor-
dinates, then there is an automorphism in G which send vy to v,.

By this lemma we can shorten the runtime to 1/64 (resp. 1/16, resp. 1/4)
compared to original state. In other word we can cut the number of simple
loops by three (resp. two, resp. one) in number. For instance consider the
case

c+1,1,1,1,1,1,1,0,0,0,0,0,0,0,01

we use 8 simple loops, and by the present lemma we may dispense with 3
simple loops. After these shortenings techniques we realize that the runtimes
of finding cosets of weights from 8 upto 18 are largely reduced, and we give
the runtimes in the table below.

coset weight | runtime
8 50 min.
9 120 min.
10 720 min.
11 1 day
12 3 days
13 5 days
14 2 weeks
15 2 weeks
16 2 weeks
17 6 days
18 1 week

8 How to verify the correctness of the com-
putations

We may use the following three features of the distance matrix of the code
RM(2,6) as tests for the correctness of our computations. These features
are also useful in finding unknown cosets of the code.

11
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8.1 Combinatorial consideration

This is a simple fact that the totality of vectors of a fixed weight k& equals the
number 6];1 . For instance the number of the vectors of weight 6 in all the
cosets of of weight 6 of RM (2, 6) is 55996416+ 1166592+ 17498880+312480 =

74974368 which equals the ( 664 ) (See a table in the section 9.)

8.2 Delsarte identities

This is an identity (6) in the section 3.3. Here we give two instances of using
it. We note that for the case C =RM(2,6) the numbers A;(C), different from
0 in the section 3.2 are known to be

42

Ap = Ags = 1, Arg = Ays = 2604, Apy = Agg = 291648, Apg = Ass = 888832, A3, = 1828134,

Also by computation of (4) we have

(24)

piy = TA974368, pile) = 0,plg) =0, ---

and
0 16 24
Pl = 0, P51y = 8008, ity =

When i = j = 6, the right hand side of (6) is 74974368 and the lefthand side
of (6) is, by a table the section 9, 55996416 + 1166592 + 17498880 + 312480 =
74974368.

When i = 6,5 = 10, the righthand side of (6) is 8008 - 2604 = 20852832 and
the lefthand side of (6) is 1166592 + 17498880 + 7 - 312480 = 20852832 (See
a table in Section 9.)

8.3 Partial coincidence
This phenomenon can be well described by the following

Proposition 2 Suppose a binary linear code C is self-orthogonal. If the two
reference vectors vy and va (possibly of different weight) belong to the same
coset vi + C = vy + C, then it holds that vi + C*+ = vy + C*.

The proof is easy, and we leave it for the reader.

A class of codes such as RM (r,m) r < L are self-orthogonal, and therefore
this proposition can be applied to them

By this proposition each coset in RM(2,6) can be naturally regarded
as a coset in RM (3,6). If we can detect which coset of various weights in
RM(2,6) corresponds to a coset of certain coset of coset weight ¢ in RM (3, 6),
the number of the vectors of weight & in these cosets in RM (2, 6) should equal
the number of the vectors of weight k in the cosets of weight /.
Using the Table 1 in the section 9 we observe that the number of all the
vectors of weight 8 of the cosets of various weights in RM (2,6) that lead to
the coset of weight 2 in RM(3,6) is 2 - 2499840 = 4999680 while by Table 3
the number of the vectors of weight 8 in the coset of weight 2 in RM (3,6) is
2480 - 2016 = 4999680.

12
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9 Explicit results

We give some of our results by three tables. The final results should extend
the table of the cosets of weights from 0 to 18. Therefore our present tables
is a portion of the final state. Some explanations of the meanings in the
tables. The leftmost of the tables indicates the weight of the coset. The
next entry in the Tables 1 and 2 shows that the coset in RM(2,6) should
fall into the coset of the indicated weight type in RM(3,6) in the sense of
Proposition 2. Specifically ”lead to 4;” means that the coset in RM (2, 6)
leads to the coset of weight 4 in RM(3,6), which is presented first in the
Table 3. Likewise others are explained. The first non-vanishing entry in the
remaining entries of the row denotes the number of the coset leaders of the
coset. After that the number of the vectors in that coset is presented together
with the weight. "mul” means the number of the cosets with the identical
coset weight distribution. We remark that we are not fully confident on the
multiplicities of the cosets in the tables presented here, since we have not
enought time to check all the tests in the previous section. The complete
tables will appear elsewhere as a part of our research paper.

9.1 Tables

13
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Table 1 Even weight cosets

coset wt | 0 2| 4] 6| 8]10(12| 14 16 18 20 22 mul
coset wt | 64 62 | 60| 58 | 56 | 54 | 52 | 50 48 46 44 42
0 1 2604 1
2 1 155 | 992 | 1457 39928 2016
4 lead towt 4; | 1 7112 | 552 | 1136 | 5669 | 37184 624960
4 lead towt 42 | 1 35 0| 720 | 1024 | 6033 | 35840 10416
6 lead to wt 61 1 0| 6| 75| 340 | 1311 | 7566 | 37306 55996416
6 lead to wt 62 1 11 0| 90| 320 | 1306 | 7680 | 37071 1166592
6 lead to wt 4; 1 112 58| 328 | 1402 | 7580 | 36559 17498880
6 lead to wt 2 1 71 0| 84| 224 | 1884 | 6144 | 38669 312480
8 lead to wt 8 1 0| O] 56| 266 | 1400 | 8512 | 37216 31997952
8 lead to wt 6; 1( 0| 1] 50| 276 | 1410 | 8461 | 37256 895942656
8 lead to wt 6; 11 0| 6| 44| 254 | 1484 | 8398 | 36976 | 2239856640
8 lead to wt 4; 11 0| 8| 32| 282 | 1440 | 8488 | 36864 209986560
8 lead to wt 62 1 012] 32| 242 | 1568 | 8284 | 36736 34997760
8 lead to wt 6; 1 1| 6| 47| 222 | 1563 | 8398 | 36501 559964160
8 lead to wt 4; 1 2| 8| 38| 266 | 1470 | 8360 | 36554 419973120
8 lead to wt 4; 2| 0]12] 48| 220 | 1584 | 8220 | 35904 13124160
8 lead to wt 42 2| 0]24 0| 420 | 1024 | 8888 | 35840 1093680
8 lead to wt 2 21 6| 0] 42| 308 | 1778 | 6272 | 39934 2499840
8 lead to wt 0 8| 0] O 0| 784 0| 14336 0 1395

27| 264 | 1511 | 8768 | 37061 | 6719569920
39 | 208 | 1619 | 8704 | 36853 | 5039677440
31| 238 | 1547 | 8813 | 36821 | 26878279680
33| 224 | 1565 | 8826 | 36701 | 8959426560
27| 234 | 1575 | 8775 | 36741 995491840
29 | 222 | 1593 | 8807 | 36621 | 26878279680
31| 232 | 1547 | 8756 | 36821 | 1119928320
31| 232 | 1547 | 8756 | 36821 | 6719569920
31| 232 | 1547 | 8756 | 36821 | 8959426560
39| 200 | 1619 | 8628 | 36853 | 1119928320
27| 228 | 1575 | 8718 | 36741 | 26878279680
15| 172 | 1787 | 8770 | 35861 335978496
34 | 224 | 1562 | 8692 | 36666 | 10079354880
22| 224 | 1582 | 8808 | 36234 | 1259919360
38 | 224 | 1470 | 8808 | 36554 839946240
46 | 144 | 1862 | 7528 | 39594 52496640
29 | 212 ] 1633 | 8590 | 36351 839946240
44 | 192 | 1628 | 8704 | 36116 52496640
28 | 280 | 1484 | 8372 | 37076 319979520
28 | 280 | 1484 | 8372 | 37076 9999360
44 | 216 | 1500 | 8756 | 36244 157489920
12 | 304 | 1468 | 8424 | 36884 69995520
106 32 | 1842 | 7680 | 38654 1749888

10 lead to wt 67
10 lead to wt 44
10 lead to wt 67
10 lead to wt 61
10 lead to wt 8
10 lead to wt 67
10 lead to wt 69
10 lead to wt 67
10 lead to wt 4;
10 lead to wt 4;
10 lead to wt 61
10 lead to wt 67
10 lead to wt 61
10 lead to wt 4;
10 lead to wt 4;
10 lead to wt 2
10 lead to wt 67
10 lead to wt 69
10 lead to wt 4;
10 lead to wt 49
10 lead to wt 4;
10 lead to wt 44
10 lead to wt 2

[«r IS O N N JU VI O R I L e e e e e e e e
—
SO R OO0 00RO R R R WWNDREOO

14




AC2007 45
Table 2 Odd weight cosets

coset wt | 1 31 6] 7| 911]|13] 15 17 19 21 mul
coset wt | 63 61 | 59 | 57 | 55 | B3 | 51 | 49 47 45 43
1 1 651 | 1953 64
3 1 35 | 360 | 1128 | 1081 | 14168 41664
5 lead to wtb 1 1130|220 | 700 | 2686 | 16863 6999552
5 lead to wt3 1 7128|168 | 808 | 2724 | 16621 624960
7 lead to wtl 1 7| 0] 0] 196 | 588 | 4480 | 9856 89280
7 lead to wt 3 1 1| 6]18| 114 | 690 | 3290 | 17886 17498880
7 lead to wt 5 11 0| 3|21 |123 | 623 | 3449 | 17919 | 279982080
7 lead to wtb 1 0| 1]15| 155 | 591 | 3355 | 18293 55996416
7 lead to wtb 1 1| 0]36] 8| 630 | 3652 | 17424 11665920
7 lead to wt 7 11 0| 0]21)140 | 616 | 3325 | 18260 | 255983616
9 lead to wt7 11 0| 3126 | 594 | 3627 | 18876 | 995491840
9 lead to wt7 1 011|106 | 590 | 3715 | 18700 | 1791885312
9 lead to wtb 11 0112 99| 607 | 3708 | 18656 | 6719569920
9 lead to wtb 11 0120 75| 631 | 3732 | 18480 | 1119928320
9 lead to wt7 1 1114 90| 606 | 3762 | 18513 | 8959426560
9 lead to wtb 11 3113 79| 603 | 3889 | 18271 | 839946240
9 lead to wtb 11 3113 95| 603 | 3713 | 18447 | 4479713280
9 lead to wt3 1 3|17 67| 687 | 3541 | 18799 | 279982080
9 lead to wtb 1 5|11 87| 611 | 3783 | 18249 | 839946240
9 lead to wtb 2| 2118 90| 594 | 3786 | 18106 | 629959680
9 lead to wt3 2| 4120|102 | 574 | 3588 | 18612 52496640
9 lead to wt3 3| 5| T7|105| 749 | 3171 | 18425 39997440

Table 3 Cosets Reed-Muller code RM(3,6)

coset wt 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 mul

coset wt 64 63 62 61 60 59 58 57 56 55 54 53 52 51 50 49
0 1 11160 1749888 22855680 1
1 1 1395 9765 328104 6421464 75876375 64
2 1 155 2480 65813 1573312 22901343 2016
3 1 15 420 12540 351249 6283679 76053456 41664
4 2 56 2100 71576 1566454 22829520 312480
4 16 0 3360 61440 1596848 22794240 651
5 6 298 13090 354510 6264276 76069196 1166592
6 32 2112 72352 1565952 22817472 1749888
6 64 1920 73024 1562112 22834560 18228
7 288 13216 354816 6263040 76059072 888832
8 2304 71680 1569792 22800384 13888
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Classification of Ternary Extremal Self-Dual Codes of Length
28

Akihiro Munemasa
(joint work with Masaaki Harada and Boris Venkov [4])

Abstract

Using the classification of extremal unimodular lattices of rank 28 due to Bacher and Venkov,
we classify ternary extremal self-dual codes of length 28. This is achieved by classifying 3-frames
of each of these lattices up to isometry of the lattice. There are 38 such lattices, and four of
them have no 3-frames. From the remaining 34 lattices, we obtain 6931 codes up to equivalence.

In this report, we document the MAGMA [2] program used to achieve this classification.

1 General purpose routines

The following function classfies a given set Cs up to the equivalence relation defined by a function
f and extract a set of representatives.

uptoequivalence:=function(Cs,f)
rem:=Cs;
Css:={};
while not IsEmpty(rem) do
x:=Random(rem) ;
Include(~Css,x);
rem diff:={ y : y in rem | f(x,y) };
end while;
return Css;
end function;

2 Graph theory routines

Let S be a subset of vertices of a graph Gamma which is left invariant by a group of automorphisms
G. The following function constructs the subgraph and the group of its automorphisms induced by
the set S and the group G, respectively.

graphActionImage:=function(Gamma,S,G)
m:=#S;
VG:=VertexSet (Gamma) ;
D:=sub< Gamma | S >;
VD:=VertexSet (D) ;
DinG:=[ Index(VG!(VD!i)) : i in [1..m] ];
gen:=[ [ Position(DinG,DinG[x]"g) : x in [1..m] ]
: g in Generators(G) 1;
return < D,sub< Sym(m) | gen > >;
end function;

Let G be a group of automorphisms of a graph Gamma, and let k be a positive integer. The
following function constructs a set of representatives of cliques of size k in Gamma, up to the action
of G.
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allCliquesUpToG:=function(Gamma,G,k)
V:=VertexSet (Gamma) ;
if #V 1t k then
return {};
elif #G eq 1 then
return A11Cliques(Gamma,k) ;
else
orbs:=[ { V| x : xin o } : o in Orbits(G) 1;
reps:=[ Random(o) : o in orbs ];
if k eq 1 then
return { { r } : r in reps };
else
M:=[1..#orbs];
orbsU:=[ &join{ orbs[j] : j in {i..#orbs} } : i in M ];
nbs:=[ Neighbours(reps[i]) meet orbsU[i] : i in M ];
Mi:=[ i : i in M | not IsEmpty(nbs[i]) 1;
reps:=[ reps[i] : i in M1 J;
nbs:=[ nbs[i] : i in M1 ];
N:=[1..#M1];
stabs:=[ Stabilizer(G,Index(reps[i])) : i in N ];
GG:=[ graphActionImage(Gamma,nbs[i],stabs[i]) : i in N ];
C:=%join{ { { reps[i] } join { V!x : x in ¢ }
: ¢ in $$(GG[i][1]1,GG[i]1[2],k-1) } : i in N };
C:={ { Index(x) : xin c } : ¢ in C };
f:=func< C1,C2 | IsConjugate(G,C1,C2) >;
C:=uptoequivalence(C,f);
return { { V!x : xinc } : ¢ in C };
end if;
end if;
end function;

3 Group Theory Routines

Let G be a group acting on a set §2, and let X be a sequence of all the elements of Q (for example,
let G be a matrix group, and let X be a sequence of vectors which is left invariant under G as a set).
The following function constructs the standard permutation group obtained from the action of G on
), where the ordering of the elements of 2 is specified by the sequence X.

actionImage:=function(G,X)
n:=#X,;
S:=Sym(n);
H:=sub< S | { S![ Position(X,X[i]"g) : i in [1..n] ]
: g in Generators(G) } >;
return H;
end function;

4 Lattice Routines

Let L be an integral lattice. The following function constructs the even sublattice of L.

EvenSublattice:=function(L)
B:=Segset (Basis(L));
oB:={ b : b in B | Is0dd(Integers()!(b,b)) I};
if IsEmpty(oB) then
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return L;
else
0:=Random(oB) ;
return sub< L | { b+o : b in oB } join
(B diff oB) >;
end if;
end function;

Let L be an odd unimodular lattice. The following function constructs the dual of the even
sublattice of L and the set of shortest vectors (up to sign) of the shadow of L.

s3:=function(L)
LO:=EvenSublattice(L);
LOd:=Dual(LO:Rescale:=false);
dq,f:=L0d/L0;
reps:=[ x : x in dq | not LOd!(x @ f) in L ];
return LOd,&join[ { LOd | u
: u in ShortestVectors(sub< LOd | LO,x @@ f >) }
: x in reps ];
end function;

Let B be a basis of an integral lattice L, and let £ be a 3-frame of L. The following function
constructs a ternary code C such that L is isomorphic to the lattice Lattice(C,"A") and there exists
an isomorphism which maps f to the standard 3-frame of Lattice(C,"A").

LB2code:=function(B,f)
V:=VectorSpace (GF(3) ,#B);
return LinearCode< GF(3),#B
| [ VILGF3)!(b,x) : xinf ] : b in B ] >;
end function;

5 Definitions

According to Bacher and Venkov [1], all the extremal odd unimodular lattices of rank 28 are obtained
as a neighbour of the standard lattice. These are the unimodular lattices of rank 28 with minimum
norm 3. Let S denote the standard lattice of rank 28:

S:=StandardLattice(28);

The following function constructs the neighbour of S with respect to a vector v of S and a positive
integer k.

neighbourZk:=function(v,k)
cmn:=Dual(ext< S | 1/k*v > : Rescale:=false);
return ext< cmn | 1/k*v >;

end function;

The actual data are taken from [1].

vs:=[ S |
[1,2,4,5,7,8,9,57,11,12,13,14,15,16,17,18,19,20,21,22,24,25,27,28,29,30,32,33],
[1,3,4,5,6,7,8,58,10,11,12,13,14,15,17,18,19,20,21,22,23,24,27,29,30,31,32,33],
[1,3,4,5,6,7,8,9,10,12,14,16,17,18,86,20,21,22,23,24,25,26,27,28,29,30,31,32],
[1,2,5,6,8,9,10,12,13,14,15,16,17,18,19,47,21,22,23,24,25,27,28,29,30,31,32,33],
[68,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,24,26,28,30,32,33],
[1,2,3,4,5,6,7,8,9,10,11,12,80,14,82,16,17,18,19,20,25,26,27,29,30,31,32,33],
[1,2,3,4,5,6,7,8,9,10,11,12,14,15,16,18,20,21,22,23,24,25,26,94,28,29,32,33],
[1,2,3,4,7,8,9,10,11,12,13,14,15,45,17,18,19,20,21,22,23,24,25,26,27,28,29,30] ,
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(1,2,3,4,5,61,7,8,9,10,12,13,14,15,16,18,19,20,21,22,24,25,26,27,29,30,31,33],
[1,2,3,4,5,6,60,9,10,11,12,13,14,15,16,17,19,20,21,23,24,25,26,27,28,31,32,33],
(1,2,3,4,76,6,7,8,9,10,11,12,13,14,15,16,17,18,19,21,22,24,25,27,29,31,33,34],
(1,65,3,4,5,6,7,8,9,10,11,12,13,14,15,18,19,20,21,22,23,24,26,27,28,29,30,31],
[66,2,3,4,5,6,7,8,9,10,11,12,13,14,16,17,18,19,20,21,23,24,25,26,27,29,31,33],

(1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,22,26,27,30,32,33,34,106],
(1,2,3,4,5,6,7,8,9,10,11,12,13,14,16,17,18,19,20,21,22,24,27,28,32,33,34,106] ,
5,6,7,8,9

(1,2,3,4,5,6,7,8,9,10,11,12,13,15,17,18,20,22,23,91,25,26,27,28,29,30,31,33],
(1,2,3,71,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,24,25,26,27,28,29,30] ,
(1,2,3,71,5,6,7,8,9,10,11,12,13,14,15,16,17,18,20,21,22,23,24,25,26,27,28,33],
(1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,18,19,20,22,24,25,26,29,30,33,34,106] ,

3950, [y

[1,2,3, ,9,10,11,12,13,15,16,18,19,21,23,24,25,28,29, 30, 105,33,35,36] ,
[1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,19,20,23,26,27,99,29,30,31,33,34,35],
[1,75,3,4,5,6,7,8,9,10,11,12,13,14,15,17,18,22,23,24,26,27,28,30, 104,34, 35,361,
[1,2,3,4,5,6,7,8,10,11,13,16,17,18,20,21,23,24,48,47,27,29,30,31,32,33,35,36] ,
1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,18,19,20,22,25,27,29,30,31,33,35,109] ,
1,77,3,4,5,6,7,8,9,10,11,12,13,14,16,17,21,23,24,25,26,27,29,31,33,45,35,39] ,
[1,4,5,6,12,14,15,16,17,18,20,23,24,26,27,28,29,37,38,46,48,50,51,56,58,59,69,93] ,
1,2,3,4,5,6,7,8,9,89,11,12,13,15,16,17,21,104,26,27,29,30,31,33,34,36,37,39] ,
1,2,3,4,5,6,7,8,9,10,11,12,13,14,17,18,19,21,22,23,25,26,27,28,33,107,35,36] ,
[1,2,3,4,5,6,9,10,11,12,13,16,19,20,23,27,29,33,34,40,41,49,51,52,58,59,92,97],
[1,5,7,8,12,15,16,17,18,19,21,23,27,30,32,33,39,40,42,43,44,47,48,49,52,53,55,56] ,
1,2,3,4,5,6,7,65,9,10,11,12,13,14,17,18,20,21,22,26,27,29,30,31,33,34,35,36] ,
[1,116,4,5,6,7,12,16,17,19,20,21,23,24,27,28,29,30,33,34,35,37,42,45,46,48,49,55] ,
[1,4,5,6,17,19,21,22,23,24,28,29,30,165,33,161,40,43,53,59,61,62,65,71,76,83,93,95],
[1,3,4,108,7,10,12,16,19,20,21,23,27,28,29,30,33,34,35,37,38,39,40,43,47,48,49,54] ,
[1,2,4,7,8,9,102,13,14,15,16,18,22,25,26,28,30,31,32,36,41,44,49,50,51,52,53,56]

1;

4,5,6,7,8,
[1,2,3,4,5,6,7,59,9,10,11,12,13,14,15,18,20,21,23,24,25,26,27,28,29,30,31,32],
4,5,6,7,8
5,6,7,8

ks:=[67,67,67,67,67,67,67,61,67,67,71,67,67,71,71,67,67,67,71,67,73,71,
73,73,73,79,118,79,73,118,106,73,113,197,113,113] ;

6 Construction of a Graph

Lemma 1. Let L be an extremal unimodular lattice of rank 28 having a 3-frame uy,...,uss. Let
Lg be the even sublattice of the lattice L. If u € L§\ L, then
1 3
i=1
for some odd integers \q, ..., Aog.
Lemma 2. Let C be an extremal ternary self-dual code of length 28. Let uq,...,uss be a 3-frame
of L = A3(C) coming from C. Let Lo be the even sublattice of the lattice L. Then L§ has minimum
norm 3. Moreover, For any element w € L§ \ L of norm 3, there exists a unique ig € {1,...,28}
such that
3 . . .
5 ifi=io,
|(ua u;)| = % .
5 otherwise.

For a lattice L, a vector u not necessarily in L, an integer m and a real number ¢, set
Lyc(u)y={v|velL, (v,v)=m, (u,v)=*c}. (2)

Lemma 3. Let L be an extremal unimodular lattice of rank 28. Let S3 be the set of elements of norm
3 in LE\ L. Let uy,us be orthogonal elements of L of norm 3. If there exists a 3-frame containing
uy and ug, then

{ur,us} & Lyz2(u) (Vu € Ss). (3)



AC2007 92

Proof. Immediate from Lemma 2. O

7 The Main Program

Set the number for the lattice to be considered, for example, set
Ln:=35;
for the 35th lattice of [1]. We first define the lattice L, and verify the basic properties.

L:=Coordinatelattice(neighbourZk(vs[Ln] ,ks[Ln]));
L3:={@ {x,-x} : x in ShortestVectors(L) @};
IsIntegral(L);

Determinant (L) eq 1;

Minimum(L) eq 3;

v:=1120;

#L3 eq v;

We construct the set S3 of elements of norm 3 in L§ \ L. For each u in 83, we construct the set
L3)3/2(U) defined in (2)

L0d,S3:=s3(L);
L3r:=[ LOd | Random(p) : p in L3 ];
L323us:={ { i : i in [1..v]
| AbsoluteValue((u,L3r[i])) eq 3/2 } : u in S3 };

The function adjL3 defined below, returns false if we can conclude that there exists no 3-frame
containing both the i-th element and the j-th element of L3. It checks the orthogonality, and the
condition (3).

adjL3:=function(i, j)
return (Random(L3[i]),Random(L3[j])) eq O
and not exists(tt){ X : X in L323us | {i,j} subset X };
end function;

Then we define the graph Gamma, whose set of vertices is the set of 1120 pairs of the shortest vectors,
and two vertices are adjacent whenever the function adjL3 defined above returns the value true. It
follows that the 3-frames are precisely the 28-cliques in the graph Gamma.

edges:=&join{
{{i,j¥ : j in {i+1..v} | adjl3(i,j) } : 1 in {1..v-1} };
Gamma:=Graph< v | edges >;

For some lattices, there are too many 3-frames to enumerate. However, if we note that two 3-frames
which are conjugate under the automorphism group of the lattice L lead to equivalent ternary codes,
it suffices to find a set of representatives of 28-cliques of Gamma up to the action of the automorphism
group of L. We compute this automorphism group. Note that the order of this automorphism group
is given in [1], so we should make sure that the output agrees with [1].

AutL:=AutomorphismGroup(L) ;
print "#AutlL=",#AutL;

Then we construct the permutation group induced by the action of AutL on L3. Note that AutL
contains —1 which is in the kernel of the action on L3. Thus the order of the permutation group is
half of #AutL.

G:=actionImage (AutL,L3);
#G eq (#Autl div 2);
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It follows from the construction that G is a group of automorphisms of the graph Gamma. We now
enumerate all 28-cliques of Gamma up to the action of G by our program. This computation may take
up to a day, depending on the number of inequivalent cliques.

ac:=allCliquesUpToG(Gamma,G,28);
Finally, we convert each 28-clique to a 3-frame, and then to a ternary self-dual code.

B:=Basis(L);

frms:=[ [ Random(L3[Index(i)]) : i in c ] : ¢ in ac ];
codes:=[ LB2code(B,f) : f in frms ];

&and{ IsSelfDual(C) : C in codes };

We save the result in a reloadable file.

outputfile:="L" cat IntegerToString(Ln) cat ".magma";
PrintFile(outputfile,"codes:=");

PrintFileMagma (outputfile,codes);
PrintFile(outputfile,";");

For the 35th lattice, it took 4327.199 seconds to perform all the computation documented in
this report, on Sun Ultra 45 running Solaris 10 (64bit), MAGMA 2.14-11. The entire results are
available from [3].
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Any Diophantine quintuple contains a regular
Diophantine quadruple

Yasutsugu Fujita

1 Introduction

Diophantus raised the problem of finding a set of four (rational) numbers which has
the property that the product of any two numbers in the set increased by one is a
square, and found such a set {1/16,33/16,68/16,105/16} of four positive rational
numbers. Fermat first found a set of four positive integers with the above property,
which was {1,3,8,120}. A set {aq,...,a,} of m distinct positive integers is called
a Diophantine m-tuple if a;a; + 1 is a perfect square for all ¢, j with 1 <17 < j < m.
In 1979, Arkin, Hoggatt and Strauss ([1]) found that for any Diophantine triple
{a,b,c}, {a,b,c,d,} is a Diophantine quadruple, where d, = a+ b+ ¢+ 2abc + 2rst
and r = Vab+1, s = Vac+ 1, t = v/bc+ 1. Such a Diophantine quadruple is
called regular. For a fixed Diophantine triple {a, b, c}, d; is the smallest among the
d’s such that {a,b,c,d} is a Diophantine quadruple with d > max{a,b,c} (cf. [6,
Proof of Lemma 6]). They also conjectured the following.

Conjecture 1.1. (cf. [1]) All the Diophantine quadruples are regular.

This immediately implies a folklore conjecture, which says that there does not
exist a Diophantine quintuple. The first result supporting Conjecture 1.1 is due to
Baker and Davenport ([2]), who showed that if {1, 3,8, d} is a Diophantine quadru-
ple, then d = 120. Since 1990s, this result has been generalized in large part by
Dujella and the following has been known.

Theorem 1.2. (cf. [5], [7], [8] and [4]) Let k > 2 be an integer. If {k—1,k+1,c,d}
15 a Diophantine quadruple with ¢ < d, then d = d. .

In general, Dujella ([6]) showed that there does not exist a Diophantine sextuple
and that there exist only finitely many Diophantine quintuples.

Suppose that {a,b,c,d, e} is a Diophantine quintuple with a < b < ¢ < d < e.
Then, it is not difficult to see that all the quadruples contained in the quintuple,
other than {a,b,c,d}, are irregular (cf. [6, Proof of Corollary 1]). We assert that
the remaining quadruple {a, b, ¢,d} is always regular.

Theorem 1.3. If {a,b,c,d, e} is a Diophantine quintuple with a < b < ¢ < d < e,
then d = d, .

Theorem 1.3 immediately implies one of the above-mentioned results of Dujella.

1
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Corollary 1.4. ([6, Theorem 2]) There does not exist a Diophantine sextuple.

In the following section, we give an outline of the proof of Theorem 1.3, where
considering the cases b > 2a and b < 2a separately is strategically important.

2 Proof of Theorem 1.3

Suppose that d > d;. First, look at the quadruple {a,b,c,d}. Then there exist
integers x,y,z such that ad +1 = 2%, bd +1 = y?, cd +1 = 22, from which
eliminating d, we obtain the system of Diophantine equations

az’ —cx*=a—c, (2.1)
b2’ —cy) =b—c.
Put r =+vab+1, s =+vac+ 1 and t = v/bc+ 1.

Lemma 2.1. (cf. [6, Lemma 1]) Let (z,x), (z,y) be positive solutions of (2.1), (2.2),
respectively. Then there ezist solutions (zo,xo) of (2.1) and (z1,y1) of (2.2) in the
ranges 1 < zy < 0.76ac, 1 < |z] < 0.269¢, 1 <y < 0.723v/be, 1 < |z1| < 0.148¢
such that

2va+ xve = (20v/a + 29v/c) (s + Vae)™, (2.3)
Vb +yve = (z1va + pve)(t + Voe) (2.4)
for some integers m,n > 0.
By (2.3) we may write z = v,,, where
Vo = 20, V1 = S2g + CTo, Upmio = 28Umi1 — Um,
and by (2.4) we may write z = w,,, where
Wy = 21, W1 = 21 + CY1, Wpyo = 2tWp11 — W,

By checking closely that v,, # w, for small m,n, we obtain the following gap
principle.

Proposition 2.2. Suppose that {a,b,c,d} is an irreqular Diophantine quadruple
with a < b < ¢ < d. Then, either d > max{400a°b%, 100"} or d > 60b%. In case
b < 2a, we have d > 1400625 unless ¢ = a + b + 2r.

Secondly, look at the quadruple {a,b,d,e}. Replace ¢,d in the above argu-
ment by d, e, respectively, and use the same symbols z, vy, z, v, w, as above (i.e.,

ae +1 = 22 be +1 = y?, ce+1 = 2°, 2z = v, = w,). Then, considering
the equation v,, = w, as v, = w, (mod d?), we obtain lower bounds for n in
terms of a, b and d (e.g, if voy1 = wony1 has a solution with m,n > 2, then

n > max {0.586a~/4b=1/4d"/4,0.816b3/1d"/1}).
In order to get an upper bound for n, we need (a modification of) a theorem
of Bennett ([3, Theorem 3.2]), which is based on Padé approximation method (cf.

[10])-
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Theorem 2.3. (cf. [3, Theorem 3.2], [9, Theorem]) Let a, b and N be integers with
0<a<b, b>8and N > 24d'a*b*(b — a)?, where a’ = max{b — a,a}. Then the

numbers 01 = \/1+b/N and 0y = \/1+ a/N satisfy

max {

for all integers py, p2, q with ¢ > 0, where

6, — 2
q

Y

o -2
q

} > (16.01a'b*N) "t (2.5)

log(8.01a'0* N)

=1 2.
A + log(3.37a=2b=2(b — a)~2N?) =

In view of Proposition 2.2, N = abd satisfies the assumption in Theorem 2.3
(Note that we may assume that b > 8 because of Theorem 1.2). We apply Theorem
2.3 with N = abd, p; = sbx, p» = tay and ¢ = abz. From the system of Diophantine
equations (2.1) and (2.2) with ¢ replaced by d, it is easy to see that

C 1
max < —z 7,
2a

which together with the inequality (2.5) yields an upper bound for z, and hence we
get an upper bound for n in terms of a, b and d. Combined with the lower bounds
for n, we obtain the following.

sbx

tay
abz

01_ 3

Y —
abz

Proposition 2.4. Suppose that {a,b,d,e} is an irregular Diophantine quadruple
with a < b<d<e.

(1) If b > 2a, then d < max{100a®0®, 1000"} and d < 200°.

(2) If b < 2a, then d < 1005,

If either b > 2a or ¢ # a + b+ 2r, then Propositions 2.2 and 2.4 contradict
each other. Hence, we may assume that b < 2a and ¢ = a + b+ 2r. Now look
at the quadruple {b,c,d,e}. Then, we can arrive at a contradiction again using
Propositions 2.2 and 2.4 (with a,b replaced by b, ¢, respectively). This completes
the proof of Theorem 1.3.
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= 2 (al2] a1 1)) % p{1 1]

nt
1

n4

L (a[3)+3a[2 1+ a[1 1 1]) x p[1]

—(a[4] +4a[3 1]+ 3a[2 2] +6a[2 1 1] +a[l 11 1])

0(23)0000000000 ASFOOODOOO

E(—pald]) =
E(%a[S 1]) =

E(%CL[Q 2)) =

I
Ty
n4’

n(n —1)pap)

(23)
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n(n—1)(n - 2)(n - 3)uj
4

E(gall 111]) = (25)

n

0000000000000000000»"20000000(24), (25), (26)
00000000000000000000000000000000000
000(23)00000000a3000 a4, «31)00000000000
00000 e@30000000000000000
O000O000Edgeworth 000 0000000000000000000
000000000000000000000000 P2A00000000
00000000000000000000P2A000000000000
00000000000000

2 0OoOoood

21 0O0O0O0obOboooon

P2A00000000O00OCCODODOOO0OOCCOOODOOOOOOOBO
1240000000000 P2A00000COOOOOOOOOOOCOCOO
00000000000 0O00O00(3)0oo0o0ooouooouoooo
D000 ASFOOOO0OO0OOO0OODODODODODOO

—ealt] x pl1 1)

= 2(al2] +al1L 1)) % pf1 1]

1

:;%@mﬁﬁqzu+au1u)XMﬂ
;%Eangyjjg%;ﬁ42/2T4—6a[2],1]4fa[1],1 1) (29)

O00O000OO0OO0oO000ooO00oOoOoUoUooO ASFOOOOooooDooo
ooooooooooOo0ooooO00oDoD obooooroooboooooDo
P2A0000000 ASFOOOOOODOOODODOOOD3000P2A0
OO0O0oooooooOoOoOoOo ASsFO0OO0OCOOOO0O0OOOODOOOO
oon

0000 ASFOOO <O0000000 ASFOOO-0000 PSPOOCO
(30)

0000000000 30)ooooooUoooUoooooOoUoooooo
OooQoOoOoOo p2AQ0Q0COODOODODOO

%p[l 111] %(a[l] x p[l 11])

= 2 (al2] +al1 1)) x p1 1]
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:;%@q2u+au1H)XMH
;%1(6a[2 11]+a[l1111]) (31)

goboboboaoboooboobooboooboboboaooboo

22 0o0Ooooboooobobooooboon

P2A000000 ASFOOOOOOOOOO0O0O0O0OOOOoOoOoooOoOO
gboooobooooboboooobooooboboooboobooon
OO0O0OASFOOOOO PSOOOOOOOOOOOOOOODOOOOOOO
P2A00000 ASFODODOOCOOOO0O0O0OO0ODODOO ASFOODOO
OO0000ooooco00ooooooooooooOoO ASsFOooooooo
000000 (1700000 !0 ASFO PSPOOOODOOOOIO+1O
ASFOOOODOOODOOOCOOOOASFOOOOO pPSODODODOOODODOO
O000OgASFOOOOOOOOOOOOO0OODODODODDODOOOOOOOooOoo
0000000000000 OoOo ASFOOODOOOOOOOODODOOOOO
OO0 ASFOOOQOOOOOOOOOOOOOOOOOoOoOooooOooo
oboooobooooboboooobooooboboobooboooon
gobooooooooooobooooooo

ooOOpSOOOOOO “000 ASFO pSOOO0OOOOOOOOOO
0”’00000«“00000000 ASrO004Qd PSOOOOOOOOOOg”
goooooooopSOOO0OOO0O0OOOCOOOO0OO0OOOOODOOOOO
gboooobobooobooboooobooboooog

OO000O0O0OOoASFOOOOOOOOOOOOOOOOOOOOOOOoO
ooooO0ooooooboon - 000000000000

e 0 OOUOO [9] (Reverse Lexical ordering)
afw] = alp] & ™ = p (0O0DOO0O0D) (32)

ef rlex

e 0 00UDOO (Length and Reverse Lexical ordering)
aln] = alp] < |l > 1o v (7l =lpl A wrp)  (33)

e Reverse Lexical ordering 0 0000000
p[4 32 1]

= a[10] 4+ a]9 1] + a[8 2] + 2a[7 3] + a[7 2 1] + 2a[6 4] + a[6 3 1]
+al5b5]+ad541]+al532+a442]+al433]+al4321]
(34)
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e Length and Reverse Lexical ordering0 0000000
pl4321]
= a[10] + a[9 1] + a[8 2] + 2a[7 3] + 2a[6 4] + a[5 5] + a[7 2 1]
+al631]+af541]+a532]+af442]+a[433]+a[4321]
(35)

0000 O Reverse Lexical ordering 0 000 OO0O0O OO Length and Re-
verse Lexical ordering 0 000000000000 “RLOOO”0O0O0O “LRL
ooorooog

000 ASFOOOODOOOOOOO0OO0O0OOO0OOODOOOD 200 ASF
gooooooooooooooooooo

(@9 1] +a[7 3]+ a5 5] +a[72 1] +a[6 3 1] +af54 1]) x p[1]  (36)
= +a[10 1] + a[9 2] + a[8 3] + a[7 4] + a[6 5] + a[6 5] (37)
+al911)+a[731)+a55 1] (38)
+a821)+a[731)+al722 +a[731]+a[641]+a[63 2]

+al641)+ap51]+a542  (39)
+a7211]4al6311]+ap411] (40)

00000PSOO00O0D00O0O0O0O0OO0OOONO0O0O0O0000100
0 (38), (40)0 00000000000 (37),(39)0000000000
O0O00ASFOODODODO0000000000000000O0O0O00O0
000

e 0O 10D0O00ODOO
oboooooooon

e JOOOOODOODOOODO
bobooboobooooboboooooboooobobooooon

oboooogooboo 2000b00b000oobooboobobooooboon
gboobooboooboooobobooobooboboobooooong
000 100ooooo Ssogooooooooooooo pooooog
ooo00ooboo0oobo0o0oo0oo Loo0ooooog LispO000o0oooon
oooooooobobooboboonog Fig.1O0o0Od
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A% S(Y—RF), P(RY—H)

sort
@ {caln]|ce Z,nell} hRBYRL
CINN
Le=nil
I

{caln]|ce Z,mell} OFIEY—FFIRF

Fak=i0) ]
A>B- - ADIERFASET
A<B---BDIEFAHI
A=B-:-ABOIEFAEL

isortback

nil= =YXk
L<cons(carS,L) carA---URFADLBEESR
S«<cdrS
l cdrA: - -YRPAD EERRFRERL VU A+
cons(B, A): - -JAFAD EBHEIZEFZBEMZ 3
sort2 S*—cons(;’:izgrc:rs,cdrs) sort1

I l l

sort1 sort2 sortback

L<carP
P—cdrP

L<cons(carS,L)
S«cdrS

L<cons(carS,L)
S<cdrS

— |

S<cons(carL,S)
Le—cdrL

L—cons(carP,L)| [S<cons(carP+carS,cdrS)
P—cdrP P—cdrP

L—cons(carP,L)| |L<—cons(carP+carL,cdrL)
P<—cdrP P=cdrP

I I

Fig. . 000000000000 OOO0DOO
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2.3 Augmented Symmetric FunctionO OO OO O

ASr00000000O0oOoOoOoOoOoOOCOCOOOOOoOoOogpPSooOO
obooooboooobOobooooboooobooboooOoboon
gboooooobooooboboooobooobooboboooobooo
gboobooboooobobooooboooobooboooboobooon
gbooooobooocoog

e 0000O0ODDOOOO
al2221111] (41)

e 00D0DDDOOOOODODO
a[2® 14] (42)

e 000D PSOOOOOO
a2221111] xp[l]

—a[3221111]4a3221111]+a[3221111]+a[222211 1]
+a2222111]+a[2222111]+a[2222111]+a[22211111]

(43)
e 00DODOPSOOOOOD
a2® 1% x p[1]

= 3a[3' 22 1% + 4a[2* 13] + a[2® 1°] (44)

o0op2A00000CO00000DODODOOOOODOODOOOOODOO
gobl1booooooooobboooobooooobooooooboobooog
gbooooboooobOobooooboooobooboooOobooon
ooooooooooopSspO00O0O0DOOCCOOOOOOOOOOOOO
gobobooobooboobooboobobbooboobooobag

3 Juouooogn

00000000000 00000000000000O0Table2000 3
00000000 P2ADODOODO Gnu Common LispO0O0O0OO0000O0O
O00O0O0OLRLOOOODOO p2a-20 p2a-30 000000000000
Op2a-10 p2a20 000000000 0O0O0O0OODOOO0OOOODOOO0O
0000000000000 0oo0LRLOOOOO0OOOOOOOOOoOn
odd0o0oUoooooooooooooogg

oooooogoooogooon

e CPUMM Intel Core 2 Duo E6600 2.40GHz
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Table 2: P2AO000000COOODO

00000 |DoDooOoo  ASFOOO
p2a-1 LRL ooo
p2a-2 LRL gd
p2a-3 RL o0

e MemoryID PC2-6400(DDR2-800) 1GB x 2
o Chipset[D Intel P965 (FSB 1066MHz)

oboooooobooooon
e real D P2A 000000 OOOOOOOOOOO00010000O
e chel ODOOODDDOOODODOOOODOOODOOOIODOODO

e real-gbcDreal —ghc DO P2A0 D000 ODOODOOOOO

ogbc/real[l]]]]%

e memorylD 00000000000 O0ODOOOO0OOOOMBOOO
0000 real

.realmmmiﬂﬂﬂﬂreal

0000 ghe
O0O00d gbe

0000 real-gbhe
e real-gbc O O 0000 real-gbc

0000 memory
0000 memory

e ghec 00O 0M

e memory [ 0 M

3.1 Oogoobobooooboboooobon

LRLOOODOOOOO0O0D0ODOO0OO0Op2a-20 p22a-3000000 2000
OO0 PSPO P2A0000RLOOOOOOOOOOOO

e 0000000000000
p[11109 --- 1), p[121110 --- 1], p[13 1211 --- 1]

e 0000000000000 D0OO0O0O0O0DNDO0O0
p[1%], p[1%°], p[1%]

LRLOOOODOODO P2A00O0OO0ODODOODO Table 3SUORLODOOO
000000 Table40OOODOOOODDODOOOD LRLOOOODOOO
Table 50000

000000000000 00D000DDO Tables 3,40000000RL
0000000 LRLOOOOOOO reel DO00O0O0ODODOOOOOOO0O
lengthDODOO0O0O0O0rell OO0 0O0OD0OODOORLOOCODOODOOO
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0000000000000 Table 5000000000 OO0OO0OO0OO
LRLODDDODODODODODODODOOO0OO0OO0O0O0O0OOLRLOOOODOOO ASF
goboooooooooboobooooboboboobooboooboooDo

0000000000 O0000000 Tables 3, 40000000LRL
oobobooooooooooobooooobboooooboboooooobooa
OO00o0O0oDoOCooO0O0O0o00oooooo0o0oooDoboDODTable 5
O0000000000 ASFOOO0O00OD0000O real timeO0O0O0O LRL
0000D000000000p[1%°) 0 P2A0000000Oreal 00 500
obobooooboboobooboobooboobooboboooooboooon
obooooooboooboooobooobooobooboooobooooo
gboooobdoboooooboooooaoon

oO0ooooDOoO0oO0OLRLOODODOODOOOO0OODDOOOOOOOOOOO
O0O0COP2A0000 LRLOOOOOO0OOOOOOOOOOOOOOO
o0ooooooooooooooooooo0oO0oo pP2A0O0DOOOO
gboooobooboobooboobooboooboooooobooooon
oboooooobooooooo

Table 3: LRLOOOOOO P2A0O0OO

PSP | real [s] real-gbc [s] gbc[s] gbc/real memory [MB]
p[11---1] 1.38 1.15 0.23 0.17 21.1
p[12---1] | 15.07 12.58 2.49 0.17 50.5
p[13---1] | 208.84 153.24  55.60 0.27 71.7

p[1%9] 0.25 0.21 0.04 0.16 4.4

p[1%%] 1.04 0.90 0.14 0.13 14.8

p[14°] 4.63 4.00 0.63 0.14 25.7
Table 4 RLODOOOODO P2A000O0

PSP | real [s] real-gbc[s] gbc[s] gbc/real memory [MB]
p[ll---1] 8.07 6.53 1.54 0.19 50.5
p[12---1] | 109.38 84.45  24.93 0.23 71.7
p[13---1] | 2335.68 1440.23  895.45 0.38 97.3

p[1%9] 4.12 3.61 0.51 0.12 37.2
p[1%%] 32.20 27.48 4.72 0.15 50.5
p[14°] | 228.53 189.34  39.19 0.17 71.7

13
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Table 5: LRLOODOOOO

PSP | real00 real-gbhcO0O gbcOO memory OO
p[ll---1] 5.85 5.68 6.70 0.42
p[12---1] 7.26 6.71 10.01 0.70
p[13---1] 11.18 9.40 16.11 0.74

p[1%°] 16.48 17.19 12.75 0.12
p[1%°] 30.96 30.53 33.71 0.29
p[149] 49.36 47.34 62.21 0.36

3.2 Augmented Symmetric Function OO 0O OO

00000000000 0000O0p2a20 p22-30000000000
00200000 PSPOP2A00000D0O00O0OO0DDOOOOO
000000000 P2A000000000 Table6000000000
0000 Table 7000000000C0D0O000O0OO0O0O0DOOO0O Table
CAnfugulnl
0000000000000D000000 Tables6, 7000000000
0000000000real000000000000000O0O0D0O0O0O
0000000000000000000000000000000000
0000000000 Table800DDO0O00D0ODOO0O00DODOOODODOO
00000000000000000000000000000000
00000000000 D0000000 Tables6, 70000000000
0000000000000000000000000000000000
00D000000p[1%), p[1°00000000000000000000
0000000000000000000O0Table80 Fig. 20000000
000000000000000000 real-gbhc000000000O00O
0000000000000000000000000000000000
0000000000 100000000000000000000 PSPO
0000000000000 10000 Table900OO00O00O00D0OOO
00000000000000000000000000000000000
0000000000000 0000000D00000D000D0000 ASF
0000000009t 8651332414 00000000000 0O00OO
0000000000000000000 100000000000000
ODASFOOODOOODOOODOODOOOOODOODOOODOODODO100
0000000000000 000000000 ASFOOOOODODOOO
0000000000000 0Oreal-gbc00000000D0000O0DO0
ood

14
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oboooobooooboooooobooool1gboooooan
OO0O0O0O0ASFOOOODOOOOOOOOOOOOOOOODOOODOOOO
oboooooboooobobooooboobooboboooobooo
0000 BOOOOOOOOOO Table10OOODODOOOOOOO Table
600000000 Table11ODOOODOOOOODOOOOOOODODOO
0000000 realJ00D0OCOO0OODODOODOOOOODOODOOOOODO
000000000000 ASFOODOOOOASFOOOOOOOODOOOO
gboboooobooobooobooboooobooooooobooooboooobooon

Table 6: 00000000 P2A0O0ODO

PSP | real [s] real-gbc [s] gbc[s] gbc/real memory [MB]
p[1l---1] 1.78 1.53 0.25 0.14 21.1
p[12---1] | 19.43 16.68 2.75 0.14 50.5
p[13---1] | 288.90 217.66  71.24 0.25 1.7

p[1%9] 0.20 0.18 0.02 0.10 1.6
p[1%°] 0.93 0.79 0.14 0.15 8.1
p[149] 4.44 3.91 0.53 0.12 24.0
p[1*] | 21.79 18.93 2.86 0.13 36.5
p[1°°] | 108.44 89.84  18.60 0.17 52.4
p[1°°] | 530.14 405.15  124.99 0.24 78.2

Table 7. OO0O0O0OOO P2A0000

PSP | real [s] real-gbc [s] gbc[s] gbc/real memory [MB]
p[11---1] 1.38 1.15 0.23 0.17 21.1
p[12---1] | 15.07 12.58 2.49 0.17 50.5
p[13---1] | 208.84 153.24  55.60 0.27 71.7

p[139] 0.25 0.21 0.04 0.16 4.4
p[1%®] 1.04 0.90 0.14 0.13 14.8
p[14°] 4.63 4.00 0.63 0.14 25.7
p[1%] | 21.61 18.24 3.37 0.16 48.5
p[1°%°] | 106.81 83.11  23.70 0.22 48.5
p[1%%] | 550.17 372.46 177.71 0.32 99.7
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e

Table 8: OO OOODOOO

PSP | real0 0 real-gbhcOO gbcOO memorydO
p[11---1] 0.78 0.75 0.92 1.00
p[12---1] 0.78 0.75 0.91 1.00
p[13---1] 0.72 0.70 0.78 1.00

p[1%9] 1.25 1.17 2.00 0.36
p[1%9] 1.12 1.14 1.00 0.55
p[149] 1.04 1.02 1.19 0.93
p[1%9] 0.99 0.96 1.18 0.75
p[1°°] 0.98 0.93 1.27 1.08
p[1°°] 1.04 0.92 1.42 0.78

250

1.00

0.50

0.00

Table9: OO0O0D0O0OO0OO0ODOOCOOODOOO 1000

PSP | ODOO0OOO

oboo1o004d

2.370
2.427
2.481
2.527
2.569
2.608

0.554
0.551
0.548
0.545
0.543
0.541

— real time$hE
— — real-gbchE | |
----gbc time$hFE

— - - memory¥hE

P pIe]

P
LS HPSP

P P

Fig. 2. 00000000
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Table 10: OOOOOOOODOO P2AOOOCO

PSP | real [s] real-gbc [s] gbc[s] gbc/real memory [MB]
p[139] 0.26 0.20 0.06 0.23 4.4
p[1%°] 1.30 1.10 0.20 0.15 10.7
p[149] 6.95 6.28 0.67 0.10 24.6
p[1%%] 36.57 32.64 3.93 0.11 45.6
p[1%°] | 190.53 162.28  28.25 0.15 65.6
p[1%%] | 1003.20 785.40  217.80 0.22 96.0

Table 11: OO0 O00OOOO0O0DO

PSP | real00 real-gbcOO gbcOO memory OO
p[1%0] 0.77 0.90 0.33 2.76
p[1%°] 0.72 0.72 0.70 1.32
p[14°] 0.64 0.62 0.79 1.03
p[1%9] 0.60 0.58 0.73 1.25
p[1°°] 0.57 0.55 0.66 1.25
p[159] 0.53 0.52 0.57 1.23

3.3 Uuuobobboood

000000000 VOO0O0O0O-,"000 EdgeworthOOOOOO0O
0000000000000 000000000000000000000
ooo

Voooooooooooo

X, = \/ﬁ(V — Cl) (45)
c2

O00c¢, 000000¢ =02, o =v2020000062000000
00000000000000 e, a00000000000000000
000 Cornish-Fisher assumption 0 0 0007 ~1° 00 0 Edgeworth O O O
000 X,0000000220000000000000000000000

n11
X?::%?aﬂ2+2mqvﬂ+23mﬁﬂ°+~~+c¥) (46)
000046 00000000000000 V200(18)000
1 22 231 1
V= ﬁppzz] + @P[Zﬂ 1] + WP[QZO P+t WPUM} (47)
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000000 %, 000000

e | 231

22 1
— 22 21 12 20 14 44
2V = (Gl 2 )+ Sl 1 1)

(48)

0000M4) 0000000 PSPOOONOONDDOODODDOODDDO n~100
O000000P2A000000000 ASFOODODDODODODODODOOOOO
gooooao

e p22|ID OO 100
e p[22l 120D 200

e p1¥ID OO 2300

00000000000000 ASFOOOOOOOODODOOP2ACDODOO
0000000000000M8)0000000000D000000000
000000 p22-200000000000000Fig. 200000000
0000000000000000000000000000 p2a-2000
O000000000000000000000000000000000
O000n°000 V20O, 2000 VAD (480000000000
Tables 120140000

Tables 12, 130 00000000000000000000O0O0OO0
0000000000000000000000000000000000
0000000000000000RLOODOOODO LRLOOOOOOO
0000000000000 realtime 00 000000000000000
0000000000000000000000000000000000
0000000000000000000000000000000000
000000000000000000000000000 V200000
000D0000000000000000
O00000000000000000000000000000000
000000000000000000000000000000

Table 12:. OO0 00OO0OO0OO0ODOOCOO0O P2AO000O0O

V"™ | real [s] real-gbc [s] gbc[s] gbc/real memory [MB]
V20 | 4248 31.14 11.34 0.27 41.2
V2| 85.62 59.68  25.94 0.30 64.0
V22 | 179.70 115.27  64.43 0.36 63.2

18
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Table 13: OO0O0O0O0OOCOO0OOOOCOO0O P2A00DOO

V" | real [s] real-gbc [s] gbc[s] gbc/real memory [MB]
V20 | 91.91 60.31  31.60 0.34 58.3
V2| 205.37 120.50  84.87 0.41 89.3
V22 | 450.50 238.57 211.93 0.47 116.6

Table 14: OOOODOOOOODO

V" | real OO real-gbhcOO gbcOO memory OO

V20 2.16 1.94 2.79 0.71

y2 2.40 2.02 3.27 0.72

V22 2.51 2.07 3.29 0.54
4 00U

Edgeworth OO O O0ODOOOOO0DOODOOOOODOOOOOODOO
00000 P2A00000C0COOP2A00000000000000O
oboooooobooboobobooooboobooboboooobooo
gbooogo3gboboooooboooooboaon

U0 LRLOODOOOOOOODOOO0OOO0OO0OO0O0O0O0O0bO00o00n
gbooooooboooobobooogoobooooboboooobooo
gbboooboboooboobooboobooboobooooooboooon
gbooooboobooooobooboooooboooooooboooon
O000000O0Oo0OoOO ASFOOOOODOOOODOOOOOOOOOO
OopSPOO0O000ODODODOOOOOOODOOOOOOOOOOOODOO
oo0o00ooOoOoooooopPSPOOOOOOOOOOOODOOOOOO
Oo0000O0OoooOOoOoOoOoOoooOoOD ASFOOO0OO0OOOOOOOOOO
ooooog

oobooooooOoLRLOODOOOOOOOOO0ODOOOOD 2000000
oo0O0O0O0O000OoOoOooooOopP2A0000000DCOOODOOOOO
OO000O0O000OoASFOOOOOOOOODOOOOOOooooooOoo
obooooboooooboboooobooooboboooboobooo
ooooooooooo
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Examples of discriminants of quadratic orders
with large fundamental units attached to a
fixed length of the period of continued
fractions

HASHIMOTO Rytita *

1 Formulation of question

Let d be a positive non-square integer which is congruent to 1 modulo 4. Let
(t,u), a pair of positive integers, be the fundamental solution of a diophantine
equation X? — dY? = —4, that is, if a pair of positive integers (', u’) is also
a solution, then it holds that « < /. In other words, (¢t 4+ uv/d)/2 is the
fundamental unit of the quadratic order of discriminant d. In this paper, we
consider the following question:

Question 1. For which d does it hold that d < u?

In case when d is prime and d > wu, then the so-called Ankeny-Artin-
Chowla conjecture (see [1], [3]) for d is true, namely, it holds that d { w.
Thus the cases d < u seem interesting for us.

Solvability of X2 — dY? = —4 is known to have a close relation to the
regular continued fraction expansion of (1 -+ +/d)/2. In this paper we denote
the regular continued fraction expansion of (1 + v/d)/2 by

1+ Vd
9

=:[cy, 1, Cy C3, ... ]

*Takuma National College of Technology
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Let [ be the minimal positive integer such that cx,; = ¢, for all £ > 1. It is
well known that such [ exists. And we denote

1++d
9

=:[co, C1, -+, O |

Moreover, it holds that ¢_; = ¢, for 1 < k < [ and ¢ = 2¢9 — 1. The
following proposition is well-known:

Proposition 1. A diophantine equation X* — dY? = —4 is solvable if and
only if  is odd.

From the viewpoint of continued fraction expansions, cases d < u seldom
seem to happen. Here are two examples.

Example 1. Consider d’s which satisfy
1+d
2

Such d’s are 113, 24553, 91585, etc. For these d’s, it holds that u = 146.
Thus it holds d > u except the case when d = 113.

=% 1,4, 2, 2,4, 1, %].

Example 2. Consider d’s which satisfy

1 d
V(L TE T L)

Such d’s are 32597, 140285, 323245, etc. For these d’s, it holds that u = 97.
Thus it holds d > wu for all such d’s.

In fact, we have the following:

Proposition 2 (e.g. [2]). Let | be odd and ' be (I — 1)/2. Let c¢y,...,cp
be given I positive integers. Then the number of positive integers d, which
satisfy (i) d is congruent to 1 modulo 4; (i) (1 + v/d)/2 is of form

1+vd
2

:[*7 Ciy -y Cuy Cpy ooy Co, *]7

and (iii) d < u, is at most one.
Moreover, such d does not exist when [ <'5.
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Thus we reformulate Question 1 into the following:

Question 2. Determine odd [ and positive integers ¢y, ..., ¢y, where I! =
(I — 1)/2, such that there exists an integer d satisfying (i) d = 1 (mod 4);
(ii) (1 ++/d)/2 is of form

[*7 Ciy, oy Cyy Cpy ol Ch, *]7
(iii) d < u.

But this qustion is too difficult to solve completely. Proposition 2 implies
that [ > 7. So we concentrate on the easiest case, that is, when [ = 7.

Question 3. Determine positive integers ¢y, co, c3 such that there exists an
integer d satisfying (i) d = 1 (mod 4); (ii) (14 v/d)/2 is of form

1++d
2

= [ *, €1, C2, C3, C3, C2, C1, * };
(iii) d < u.

Yet this question is too difficult. So we let computers help us.

2 Families of d’s satisfying u > d

Computer calculations easily find that up to 10%, there are 474 d’s satisfying
(i)d =1 (mod 4); (i) The regular continued fraction expansion of (14++/d) /2

is of form
1++d
2

= [ *,C1, C2, C3, C3, C2, C1, * ];

(i) d < u.
For these d’s, we have the followings:

e In 267 cases it holds that ¢; = (c3® + 1)c + 2c3;
e In 116 cases it holds that c3 = (c1co + 1)(¢1 — ¢2) + ¢
e In 55 cases it holds that (cq, c3) = (c1¢2, ¢1¢) for some c;

e 36 cases are exceptional.
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The first three cases above appear to be parts of answers to Question 3.
Indeed, we can prove the following three theorems straightforwardly.

Theorem 1. Let ¢y and c3 be positive integers. Assume that (cq,c3) # (0,0)
(mod 2). Let ¢; = (3% + 1)ca + 2¢3. Let d be the smallest positive integer
such that (1 ++/d)/2 is of form

1+Vd
2

= [ *, C1, C2, C3, C3, C2, C1, * ]
Then we have
d= {03(032 + 1)eg® + (3e3® + 1)ep + 303}2 +4(czea + 1)

and
u=d+ ((c3ca +1)* + co)* — 4(c3cq + 1),
which implies that d < uw. Moreover, we have 1 < u/d < 2.

Theorem 2. Let ¢; and cy be positive integers. Assume that ¢; > co and
(c1,¢2) # (0,0) (mod 2). Let c3 = (coc1 + 1)(c1 — ¢2) + ¢1. Let d be the
smallest positive integer such that (1 ++/d)/2 is of form

1+Vd
9

= [ %, ¢, Ca, C3, C3, C2, C1, * |.
Then we have
d = ((coc1 +1)(c1 — ca)(caler — o) +2) + 1) + 4(ca(er — ¢2) +1)2
and
u=d+ ((ce1 + 1)*(c2(2¢1 — ¢2) +2) — 5)(caler — ¢2) + 1)* + o,
which tmplies that d < u.

Theorem 3. Let ¢; and ¢ be positive integers. Let d be the smallest positive
integer such that d =1 (mod 4) and (1 ++/d)/2 is of form

1+d
9

Then it holds that d < w if and only if one of the following two conditions
holds:

= [ %, c1, C1C?, C1¢, c1¢, 1%, ¢, * }

81
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e ¢y is odd and ¢ =1 (mod c¢y);
e ¢ is even and ¢ = ¢; + 1 (mod 2¢y).

Moreover, one of the two conditions above implies that

1\ 2

d= <clc3 + ¢ ) + 4¢3,
1

u=ci*d + (c1’c® +1)? + 4ei’c

and c;* <wu/d < et + 1.
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Ag = (29 — 1) (23 — 1) (25 — X2),

2 2 2
X X T2 T{To + 2503 + X123 + 12223
ﬂs . 1 2 3 5 (11)

T1+xe T4 T3 T+ xy  Tiwg + a3ws + w3Ty + 1123 + 2023 + 13T

00 AgOBerlekamp OO 00 gs 00000

A2 = 5753 — 4sy — 4s3s3 + 18515953 — 2753,

s‘;’ + 3?33 + 818283 + 3§
5155 + 53

ﬂs(ﬁs + 1) =

000000 k(s)(A) (k000D 200000 k(s)()) 0 k(s)0 2000000000 (2) 00
(uo,u1,u) 0000000000000000

P T2X3Y1 L1T3Y2 L1T2Y3
0o — - )
(2 —z1)(ws —21)  (z2—z1)(23 —22) (23 —21)(23 — 22)
_ (2 + z3)11 (1 + 23)y2 (1 + 22)y3
uy = — + - )
(@2 —@1)(xs —@1) (w2 —21)(w3 —32) (w3 — 21) (23 — 22)
ug = Y1 o Y2 Y3

(2 —a1)(x3 —21) (22 —x1)(w3 —22) (23 —21) (23 — 22)

000 f3(;X)00000000000000

93(s, ug,u1,uz; X) := Resultanty (fg(s; Y),X — (up+wmY + ung))
= X2 4 (=3up — s1uy — sTug + 250u9) X2 + (3ud + 2s1uguy + soui (12)
+ 28%’&0’&2 — 4sougus + S1SauUiUs — 3S3U U + s%ug — 25153u§)X

— ’U,% — slugul — Sg’u,ou% — Sgui’ — S%U%UQ + 282’[1,(2)162 — 8182UpUI U2

+ 3sguguiug — SngU%uz — s%uoug + 23153u0u§ — 3233u1u§ — sgug

0oooooooooooooooO wy,wr,us O
f3(t5X):93(S7u87u£177ug§X)a (geGs,t) (13)
O00000000000o0obooooao

Ag = s% — 389, Bg = 23? —9s189 + 27s3, (g := s‘ll — 43?32 + s% + 65153, (14)
Dy := Discx f3(s; X) = s7s3 — 4ss — 4s3s3 + 18515953 — 2755 (= A2)

0000000000000000
4A% — B? = 27Dy (15)
00000000000000000000000060000

F(st:X)= [ (X-u)eK[X], (i=12)
GEH\Gs ¢
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goooooboooooan

AZ 2
tCS X2 (16)

2AtCs 4 (8182 — Sg)Bt 3
D, X D, X7+ D?
(s152 — s3) At Bt Cs (s182 — 83)2 A} Dg — C3 Dy

Fi(s,t; X) := X5 —

X
+ D2 + D3 ,
2 A4 Aq B A2 A2 A A By A3Dg — A3Dy
Fo(s,t: X) = X6 - =S~ txdy —tx3 st x2_ S X t—s st 1
2(57 ] ) Ds + Ds + Dg Dg + Dg ( 7)

000 Fo(s,t; X) 00000000 w0 Fi(s,t;X)0 Fy(s,t;X) 00000 (2000 (22)00000
0000000000000000000000 F(s,t;X)0 XO000O0000OO

_ BSD}(A3B — 27A3 Ds)?

Ds,t : DéS (18)
D000000D00Ochark#20000000 (15 00000000000000
B2B? —3°D.D

A3BZ —2TA3D, = 4A3A% — 27(A}Dg + A3Dy) = Bs By = 3D D (19)

4
00 2700 Fy(s,t;X)000

Fy(s, t; X) = Fy (X)Fy (X)

00000000 FF(X), Fy (X)0 K(As/A) O (char k=20000 K(Bs+3)0) 000000
00000000 char k2000000000 (4)00

AsAt Bt + Bs(At/As)
DSX+ 2D,

Fy(X) = X°

OO0000D0 char k=2000000

AsA 51As By + 11 A¢ Bs + Bs By (Bs + Bt)
F+ X) = X3 S tX s s s s
2 ( ) + Ds + Bst )
AA AsBt + t1 At Bs + Bs By (0s 1
]4_12_()():)(3Jr tX+Sl t +11A¢Ds + t(Bs + B + 1)
Dqg BsDyg

0ooooo
000 MOOOOOODOD (s,t) — (a,b)e M3 x M3 0000 f3(a;X), f3(b; X)0 MODODOD
OD000000D000000D0000000D000 Da-Dp#000000000

La :=Sply, f3(a; X), Ly :=Sply fa(b; X), Ga:=Gal(La/M), Gy :=Gal(ly/M)

O000#G, > #G, 00000000000 f3(a;X)0 MOOOODOOOOO0O0000 Go0O &30
00 W =C300000000 GpO 63,C5,C, 000 {1}0000000000 F(s,t;X)0000
f3(s;X)00000000000000000000abeM30000L,2L, 000000000
oDoooo

4.1 char k#3000

OO0000 xk0000300000000D000O0chark=3000000 4400000
0 (13) 00000 XO0O0oooooooooooooooo

_ty — spug — sTug + 252up _ Qu2(s,t;u9)

UO - b U/l -
3 D1 a(s, t;uz)

goo

Q12(s,t;uz) == 3A§Bt — At(ﬁAg’ — Bs + 2AsBgs1)us + 6DS(A2 + Bssl)ug,
D172(S7t; ’U,g) = 3BS(ASAt — 3Dsu%)
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ubobooboboi0w 0b0obO0oboobooboobooooo

(t1 — s3us + 2s9u2) D1 o(s, t;uz) — 51Q1,2(s, t;uz)
3D172(S,t;UQ)

Uug = . (21)
0 (2000 (2) 00000 220000000000 g€ Gey 00000 K (ud,ud,ud) =K(uj), K =
k(s,t) 00000000000000000000 (10)0000 DY y(s,t) € kls, t] 0 DY 4(s, t) € ks, t]
gbobooboobooooboon

1 1 1 .
= = hrL ,t :
Dio(s,tiuz)  3By(AsA; —3Dgud) DU ,(s,t) Z (s, t)us

000 DY,(s,t), hi(s,t) € k[s,t] 00 D000000000000

DY ,(s,t) := 3Bs(A3B{ — 2743 Ds)?,
{ho(s,t), ..., hs(s,t)} = {4AZAF(ASBE + 27TA} Ds — 2TB{ Ds), 27TBy Ds(4A3 A} + 9A{ Ds — 9A3Dy),
— 3AsA¢Ds(5A3 B + 13543 Dy — 54 B¢ Ds), —2T0A2 A{ By D, 9D (A3 B¢ + 2TA{ Ds), 162As Ay By D3 }

000000000 (21)000DY,(s,t) :=3-D,(s,t) €k[s,t] D0 D0D0000000D0

Pi?z(s,t;ug), oad degX(Pi?Q(sJ;X)) =5

YT D0, (s, b)
D000 P(s,t;X) € k[s,t][X],(:=0,1),0 000000000
000000 (s,t) — (a,b)e M3 x M30000000000000

00 4.1. (1) 00 f3(a; X)0 MOOOOO00B, #0.

(2) 00 A, =00000 f3(a; X)0 X3 - B, 0 MOOOOOOOOO0O0D0000000 fs(a;X) O
M(y/=3)00000000030000000.

(3) 00 Aa=00000 f3(2;X)0 Y3 —3Y — (Ba+1/B,)0 MOOOOOOOOOOOOO

00. (1), (2)000 33 f3(s; X) = (3X —51) —345(3X —s,) — B, 0000000 X3—B, =000
0000Y=X+1/X=X(1+X/B,) 000000000 Y3—3Y —(Ba+1/Ba)=00000 O

00 41(1)0000 f3(a;X)0 MOOOODO0O0OO00 Ba#0000000000 41(3)0000
0000000000 Aa#000 A, 40000000000 (18)000B,#000 D, #0000
0000000000 Fy(a,b;X)0000000000 A3B2—2743D,=000000000000
00000 §3000 380 39 0000000000000000 f4(s;X)00000000000

00 4.2. (1) 00 A3B2 — 2743 D, = 00000 Sply, f3(a; X) = Sply, f3(b; X)O
(2) 00 A3B2 —2743D, #0000000 20000000000 :

(1) Splys f3(a; X) = Sply f3(b; X);

(i) 60000 Fa,b;X)D MOOOOOOO

0O0. [HM]OOO O
00000000000 f3(;X)000000000000000000000

00 4.3. 00 A3B2 —2743D, #00000 abe M300000FR(a,b;X)0 MOOOOOO
h(X)0DOOO0OO0O000D00000D f3(s;X)000000000010000000000000
00000 hy(X)000 M, O Sply, f3(a, X) = Sply,, f3(b,X) 00000

10
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Ga | Gp (du), dy = deg(h, (X))
Ly# Ly, LaNLy=K (6)
Ss | L Lo, [Lan Lo : K] =2 | (3)(3)
Lo =Ly (1)(2)(3)
63 Cg LaﬁLb =K (6)
C La 25 Lb (6)
2
La D Ly (3)(3)
{1} | La D Ly (6)
o, [La# Lo (3)(3)
R e DODE)
Cy L.NLy,=K (6)
0} | Lao Lo 36
01
od. [HM} ooad O
4.2 00000 :X?+sX+s
000000 char K A2300000000000000 Ay := —Aa/3,A3 = Ba/27[|[|[|[||:|

O0000A, # 000 B, # 0000000 a = (a1,a2,a3) € M 00000000 fs(a; X) O
f3(0,a,—a; X) =X3+aX+¢0 MOOOOOODOOO0O0O0O0OODO

e Ay 21AY . 27(af - 3ap)®
TAZ B2 (243 —9ajas + 27a3)?’

gboogboobooboood

XP 4 A X — Ay — _ﬁ((—Ajf)3+a(—Ajf) +a).

ub 44. 0J00000b0ooboobobobobooooboboboobobobobobobooba
gbooobooobooboobooobooboo11bobboobooboo

00 a=(0,a,—a) € M3, b=(0,b,—b) e M*OO0000O
D, = Discx f3(0,a, —a; X) = —a*(4a + 27),

A3BE — 27A3 D, = —729ab* (4ab + 27a + 27b),

B 8a3b B 8a3bX3 16a50? .,  32ap? B 64a%b*(a — b)

Fy(a,b; X) = X6 x4
O(aa ) ) Da Da Dg Dg Dg )
6ab 27ab 9a*b? 81a3h? a*b?(27a% + 729b + 108ab + 4a>b)
Fi(a,b: X) = X6 x4 3 2 X
1 (aa 9 ) + Da + Da Dg Dg + Dg )
18ab 27b 81a2b? 243ab? 729a2b?(a — b)
F (X)) = X% — X4 -3 2 X —
2(a, b; X) D. D T D2 D2 D3

00000000 Dy =—a2(4a+27) 0000
00 43000D,-Dp 40000000 a,be MOOODOO0D 4ab+27a+27b=00000X3+aX +a
0X3+bX+b0 MODOOOOOODDOO0O0O0O0O

27a 27a

X3 +aX o XxX3-— X —
tad t+a lat 27"  dat ot

OMOOOODOOOOOOoOOoOo

11
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ggd
Ga(a,b; X) := F5(0,a,—a,0,b, —b; X)

obooooobooooooboooon

00 4.5. 00 D,-Dpy 40000000 a,be MOODO0O 4ab+27a+270# 000000 Go(a,b; X)
OMDOODOO A,(X)0ODO0O0OO0OO0000DO00000 X3+4sX+4s00000000000
4300 10000000000

OO0 HMO7] 00000000 char k#300000000000000 X3+sX+s0000D
0000000000000 0 HM07)0000000000000O000O0O ([HMO07] O Theorem 1,
Theorem 70 00)00 00 Gs(a,b;X)0 00000000000 Ga(a,b;0) =000 00abla—b) =0
|:||:||:|DDDDDDDDDDDa#bDDDDDDDDD§6H\Gs7t|]DDDDC%#ODDDDDDDD
u:=3c1/co 000000 (co,c1) = (2ac2/3,uce/3) 00

3(u? + 9u — 3a)
u? — 2au? — 9au — 2a% — 27a
0000000000a(4a+27)#0000000 Du?—2au?—9au—2e*>—-27¢#00000000000
0000 M(co,c1,e2) =Mu)0D0D0. 000000000 (a—=0b)-[ljeme,, (X —v!) = H(a,b; X)
goooog

Cy =

H(a,b; X) = a(X? +9X — 3a)® — b(X? — 2aX? — 9aX — 24 — 27a)?
00000000 DiscxH(a,b; X) =a'%*(a—0b)(4a+27)15(4b+27)2 0000

00 4.6 (HM07)). 000000000abe M, (a#b,a-b#0)00000000000 X3+sX +s
000000000 H(e,b; X)O MOOOOOO hM(X)DDDDDDDDDDDD 4300 1000
0000000000X34+aeX+e0 X34+0X 4560200 MOOOOOOODOODOOOOOODOOO
0000000 weMOOOODODOOOODOOOOOOO

a(u® + 9u — 3a)?

b= .
(ud — 2au? — 9au — 2a? — 27a)?

00 4.7. Komatsu [Ko] D Ochar k#£2,3000000030000000 g(t,Y)=Y3—Y +1)¢
k)[Y]OODODOOD000Sply, 40Pt t23 Z) = Sply, 1)9(t, Y) -Sblygr, 1y9(t2, Y) DD DD 600
P(t1,t;Z) 0000000000 (Ko04)0OO)00000D000P(k,t;2)0000 g(t,Y)000
000000000000

4.3 char k=3000

OO0000O0Ochar k=30000000000C0O0O0OO

Ag =52, Bs=—s3, Dg=s252— 55— 5353
00000 (13)0 X0OoUooooouooooooooo
g = Sgt% — S%tz — Sgtlgs% — SQ)UQ — Dsu§7 uy = t] — (8% + 82)U2 (22)
Sltl S1
000000000 Fy(s,t;X)0
st3 t3 sttt stS tDs — s$D
F tX :X6 11X4_71X3 11X2 llX 1~'s 1Mt
2(S7 ’ ) + Ds Ds + Dg + Dg + Dg

obooooOob0o XxXoooooobooooboboooo

p.. — BDE(AIB; —2TAID,)* _ si*DE(sit)? _ si"01° Dy
st = D15 - D15 T D5

12
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00 4.8. 00 aiby # 00000 a = (a1,a2,a3),b = (b,by,b3) € M300000000000
X3 —51X245,X —s3000000000 Fo(a,b;X)0 MOOOODOO A,(X)0OODO0OOOO0O
0004300 10000000000

00 (a1,az2,a3) = (0,a,—a) 000000000000 f3(0,8,—s) =X>+sX+s006;0000
000000000000 fy(s:X) = X3 — 51 X2+ 8,X —s3=00000

si

Y=-—~"—
—82—81X
oooo
6 6
-5 -8
S+ 523275317 $3s Y+ 525275317 s3s =0
1°2 2 1°3 1°2 2 1°3

0000000000a-Da#00000 a=(ay,a2,a3) € M300000000 f3(a; X) 0

6 6
X3 4 —4 —ai
2.2 _ 3 _ 43 2.2 _ 3 _ 3
ajas ay aias ajas as ajas

0MOOOODOODOOOOOOOOOO0O00O (sq, 82,83, t1,t2,t3) = (0,5,—s,0,¢,—t) 00000 (13)
0 X00O0OOO0OOO0OoOoOoooooo

t+t 3
U1282(+;0+u0), UQ:O

000000000 a=(0,a,—a),b=(0,b,—b) 00000

2 J—
Fola,b; X) = X0 — bX* — bx® 4522 — p2x + 0= 0)
a

b\ 3

Fl(a7b;X): <X2_7>7 F2(a7b;X):X6
a

000000 fy3(a;X)=X34+aX+a0000Discxf3(a; X)=-a*00000000000

b%(a — b)

Gol(a,b; X) := Fy(a,b; X) = X® — bX* — X3 + 02 X% — b’ X +
a

000000DiscxGo(a,b; X)=0b/a> 0000

00 4.9. Go(s,t; X)0 63 x 630000 k-000D0O0O0O0OOO

00 410. 00 ab#00000 @,be MOODODOODODOOD X3 +sX+s000000000
Go(a,b;X)0 MODODDOOO h,(X)OOODODDOOOOOD 4300 10000000000

§5 3000000000
0000 o= (123) € 6500 k(z1,20,23) 000000

0T Ty, Ty > T3, Ty — T

gbobooboobooooboon,

Tr1 — T2 T2 — X3 Zr3 — &1
zZ1 = , z9 = s z3 =
T2 — I3 T3 — Iy Ty — X2
goooo
—1 —(1+21)
22 = ) 3=
1—|—Zl z1

000000000 Ky :=k(z1,22,23) 0000 Ky C k(zy,20,23) 0000 K, 0 kOO0DD00O0O 1
000000 Cs=(o)00 Ky = k()0

-1 —(1421)
—
1+Zl Z1

oz — — 2

13
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Oo000ooOoooooooo cs-00 KMK?DDDDDDDDDDDDDDgC3(n~1;X)DDDDDD

9@ m;X):= ] (X—m)=<X—z1)(X+ 1 ><X+1+z1)

1+2 z
x€O0rb 4y (21) 1 1

= X3 - mX? - (m+3)X -1,

P 23 =32 —1 _ — (23 + 23 + 23 — 323wy — 3x3x3 — 32371 + 6217073)
21(2’1—|—1) (CC2 —xl)(l‘g —1‘1)(1‘3—.1‘2)

D00D00KS =k(m 0000000 ¢%@m;X)0 k(m) 00000000 K;,0000

00 5.1. 000 f3(;X) = X% — 51 X2+ 50X —s30 g (m; X) = X2 —mX? - (m+3)X-100
k(z1,20,23)C* 00000000000000

O00. 000 ¢g%(m; X) 0 k(x1,22,23) 00000000 k(zy,20,23) 000000000
(i) char k # 20000 k(x1, 22, 23)%% = k(s1, 52,83, A6)0 00 Ag = (20 — 21) (23 — 21) (23 — 22) O
0000000¢i=1,2,30000

_ —Ag+ 5180 — 983 — 2A42; Ag — 5182 +9s3 (8% — 3s9);

[ ) P = - 23
x 2(s? — 3s2) 5 27, A, (23)

gooooo
(ii) char k = 20000 k(z1,22,73)® = k(s1,89,83,3); 00 300 (1) 000000000
Berlekamp OO OO OOOOD0O ¢=1,2,300000

o= G102t ss)Betz) (51 + o)

52 + 89 5189 + S3

oooood O

DO000m0O sq1,89,830 Ag (chark:QDDDDD ﬁS)DDDDDDDDDDDDDDDDDDD k
ooooa
Cs __ 2 2 2
k(IL’l,ZL’Q,CEZg) = k(Sl,SQ,Sg,l’lCEQ -+ ZQZL’3 -+ IL’3Z1)
ogoad
= _ —53 + 65182 — 1883 — 3(x123 + 23w3 + 2273)
—5182 + 3s3 + 2(z17% + 23w + w923)

000000000 chark#£20000

xlsc% + x2x§ + 33390? = (Ag + 5182 — 3s3)/2

gooogod

= _3As + 253 — 95152 + 27s3 (_ _3As + BS)
N 2A N 2A

00000000 char k=200000
2105 + 2223 + 2377 = S152 + Bss152 + Ps83

gooogooboo

m25§+5152+/855152+ﬂ553 (: 51A5+6SBS)
5182 + S3 By

gooood

14
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00 430 M =k(x1,22,23)* 000000000 f3(s; X) 00 g (m; X) 00 k(zy,20,23)* 00
000000000000003000000000000000 F(s,t;X)0000000 (t1,te,13)
(m, —(m +3),1) € k(z1,22,23)* 00000 f3(s;X) 00 g% (m; X) 00 k(zy,20,23)> 00000
00000000 (cf,¢,¢5)000000000000000

9% (m; X) = Resultanty (f3(s;Y), X — (¢ + JY + c§Y?)).
00 char k#20000000 (17) 00 Fy(s,im, —(Mm+3),1;X) 000000000

F2(81,82,83,TT’L, —(’f%—F 3), I;X)

:X( Ag)(X+A—g)(X3—A—§X—A§(2A581_38182+2783))

A2 AZ Ag A

000000000 {4 |g=>1,7) € H\Gsg, ¢(7) € A3} = {0,A2/A2, -AZ/AZ}000. 0000
(23)00 c=000000000 (20)0 (21) 00000600006, ¢/000000000000O

(co,c1,02) = (EsTsAsv_%z’O)’
o g gy (As(Assa — 534 35183) — (Ags1 — Fs)Ag — A2 Ag(—2Ags1 + Eg + Ag) A2
(0", 1"y 5') = ( 9A2 ’ 2A2 ’Kg)’
92 as g0 —Ag(Agsa — 83+ 3s183) — (Ags1 — Es)Ag — A2 AS(2Ags1 — Es + Ag) A2
(c0”, 1%, 5") = ( 2A2 ’ 2A2 ’_Kg);

00 Es = s150 — 9s3, §i = (L,13) € H\Gsy, ¥(r;) € Us\{1}, (i =1,2). 00000000000

T2 — I3 r3 — 1 .
R e e (24)
T3 — I Tl — T2

Z9 =

000D0000000D00000 ¢(n)=(123) eAs 00 ¢(r) = (132) eAs 000000
O0Ochar k=2000000A3B2 —27A3D, = 0000 t = (1, t,t3) = (M, —(M +3),1), 000

2 2 o 2 4 2 3
Py, sz, 0., —( 4+ 3).1:X) = X (X 4 (CLES N (a1 dsn) | 1 2s)
(8182 + s3) (s182 + s3) (s182 + s3)

0000000 (200 (21)0000

52 4 59 0)
b
8152 + 83

(007 C1, 02) = (557

000000000000000 (24000000 200000000000000

(691 Rl Cgl) _ (ﬁs(s? + 83) (S% + 52)(8? + 83+ 655132 + 5533) (S% + 52)2 )
0T $182 + 83 (s152 + s3)2 " (s152 + 83)2

(02, 92, 82 = (S‘f + 5159 + fs55 4 Bssz (s7 4 s2)(sT + 5152 + Bs5152 + Bss3) (51 + 52)° )
0o $182 + 83 ' (s182 + 53)2 " (s182 + s3)?

oooooooon

000 fs(a;X) =X -1 X?+axX -a;0 MOOOOOODO ¢c;0000000000000DO
5100000000000 s = (s1,82,83) — a= (a1,a,a3) € M?0(00 Ay #0, Ba #0000)0
0000000 f3(a;X)0 g (m; X)=X3—-mX?2-(m+3)X-10 MOOOODODOOOOOO
000000mO00000000000

3A4 +2a3 -9 27
_38at almala2+ 9 chark£2000,

3
aj + aias + Baaras + FGaas
aiag + as

, chark=2000.

15
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O00a=(m,—(m+3),1),b=(n,—(n+3),) 00000 f3(a; X) = X3 —mX?— (m+3)X — 1,
f3(b; X)=X?-nX?—(n+3)X-1000
D, = Discx f3(a; X) = (m? + 3m + 9)%,
A3BE — 27A] Dy = DaDy(2mn + 3m + 3n + 18)(2mn + 3m + 3n — 9)

00000000 Aa=m?>+3m+9, A, =n2+3n+9000

Fy(a,b; X) = F;r(mm;X)F{(m,n;X),

_ A (m+n+3)A
U= "=b . — x3_2b URTRTS)Zb
A, AZ ., Fy(mn; X) =X AaX + e

a

uo

A2 (2 3 3n + 18)2
DiscX(F;(m,n;X)): b(2mn + gli-i- n+18) ,

2 )2
Discx (Fy (m,n; X)) = Ap(2mn + ?ZZ +3n—9)
a

0000000000000 Fy (myn; X) =Fy(m,—n-3;X)0000000000 m+n+3=00
0000X3-mX?—-(m+3)X—-10 X3-nX?-(n+3)X-10MO0O0D0000000000O
00 X3—mX?—(m+3)X—-10 X34+ (m+3)X*+mX-10 MOOODOOODOO0O0OO0O0O000OO
(2mn+3m+3n+18)(2mn+3m+3n—9)=00000000 42 (1)000X3—mX?—(m+3)X -1
0X3-nX?—(n+3)X-10MOOODDOOOOOODDOO

ggd s5.2. 00
(2mn+3m+3n+18)(2mn+3m+3n—9) #0

0000 mneMOOO000200000 X3—mX2—(m+3)X—10 X3—nX2—(n+3)X—1
0MOODODODOOOOOOOO0O0O0O000F (mn;X)F; (m,n;X)0 MOOOOOOOO0O000DO
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0000000L, =Splg(X? —mX?—(m+3)X -1)000000000000000000-1<
m<n<100000000000 m,n000000F (m,n:X)F, (mn;X)0 QOO00000000
00000 (mn)000000000000000

00 char k#2,3000000 (2500000000000 F; (m,n; X) 0

gt (m,n; X) ::X3+3(mn+6m—3n+9)X273(mn—3m+6n+g)X71
2mn +3m + 3n+ 18 2mn + 3m + 3n + 18

O MOOOOODOOOOODOUOOOOOODOOOOOOODOOOO0 Fy (myn; X)0O

—3m—3n—1
g~ (moms X) = x? 4 S = 3m —3n 2 18) oy Slmn £ 6m 60t 9)
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UMOOODODOOOOOOooOooOoooOoooo
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h+(m,n;z):ig+(mm;g):Zsfwzszzfl,
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OO0Ochar k =300000000 4300000000F, (m,n;X)0 ht(m,n;Z) 000000
Fy(m,n;X)0 h~(m,n; Z)00000 MODOOOOOODO0000O000000000000000
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§6 0O0O0O0O60DODODOO

00 char k#3000000 Hy, H,O 6300000k(s,t)0 k00 2000000000000
H,00000100000 s000 k000000 f3(a;X) € k(s)[X]OOO H,OOODOO100O
000 t000 k0D0D0D0D0D f3(b;X) € k)[X]00000 (a€k(s)®, bek®)?)DDODOOO
gHLH) (5 4 X) := Fp(a,b; X) DO DODO00D00D000D000000000 3.1000 gHnH2)(s ¢; X)
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00000000000000000000000
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1
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063 x6; 0000 k-00000000DO
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Abstract

NZMATH is a system for number theory which is being developed at Tokyo Metropolitan
University. From the viewpoint of a NZMATH user, we show how you can use this system and
what you can do with it. Moreover, we demonstrate how to install, execute commands and link
NZMATH with other softwares.

1 Introduction

NZMATH[5] is a number theory oriented calculation system mainly developed by the Nakamula
laboratory at Tokyo Metropolitan University. It is freely available and distributed under the BSD
license at http://tnt.math.metro-u.ac. jp/nzmath/. The most distinctive feature of NZMATH
is that it is written entirely using a scripting language called Python. Although NZMATH is at an
early stage of development, it holds enormous potential.

This paper is organized as follows. In section 2, we will discuss NZMATH features and advantages
against other similar systems. In section 3, we will show how to use NZMATH for beginners.

2 The Advantage of NZMATH

In this section, we will provide a detailed discussion on the advantages of NZMATH compared to
other similar systems.

2.1 Open Source Software

Computational algebra systems, such as Maple[7], Mathematica[8], and Magma[9] are fare-paying
systems. These non-free systems are not distributed with source codes. In this regard, users cannot
modify such systems. It narrows these system’s potentials for users not to take part in developing
it. NZMATH, on the other hand, is an open-source software and the source code is openly avail-
able. Furthermore, NZMATH is distributed under the BSD license. BSD license claims as-is and
redistribution or commercial use are permitted provided that these packages retain the copyright
notice.

2.2 Speed of Development

We took over developing of SIMATH][G], which was developed under the leadership of Prof.Zimmer
at Saarlandes University in Germany. However, it costs a lot of time and efforts to develop these
system. Almost all systems including SIMATH are implemented in C or C++ for execution speed,
but we have to take the time to work memory management, construction of an interactive interpreter,
preparation for multiple precision package and so on. In this regard, we chose Python which is a
modern programming language. Python provides automatic memory management, a sophisticated
interpreter and many useful packages. We can concentrate on development of mathematical matters
by using Python.
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2.3 Bridging the Gap between Users and Developers

KANT/KASH[I0] and PARI/GP[II] are similar systems to NZMATH. But these systems have
different languages for users and developers. We think the gap between languages makes evolution
of systems slow. NZMATH is being developed with using Python, we bridge this gap. Users are
easy to understand Python grammar and read codes written by Python. And NZMATH which is
one of Python libraries works on very wide platform including UNIX/Linux, Macintosh, Windows,
and so forth. Users can modify the programs and feedback to developers. Developers can absorb
their thinking. Then NZMATH will progress to more flexible user-friendly system.

2.4 Link with Other Softwares

NZMATH distributed as a Python library enables us to link other Python packages with it. For
example, NZMATH can use with IPython[12] which is a comfortable interactive interpreter. And it
can be linked with matplotlib[I3] which is a powerful graphic software. There are many libraries and
packages for softwares implemented in Python. Many of these packages are freely available. Users
can use NZMATH with these packages and create an unthinkable powerful system.

3 How to Use

In this section, we will illustrate installation procedures and sample sessions of NZMATH.

3.1 Installation

There are three steps for installation of NZMATH.

First, check that Python is installed in the computer. Python 2.3 or a higher version is needed
for NZMATH. If you do not have a copy of Python, please install it first. Python is available from
http://www.python.org/.

Second, download NZMATH package and expand it. It is distributed at official web site:

http://tnt.math.metro-u.ac.jp/nzmath/download
or at sourceforge.net:
http://sourceforge.net/project/showfiles.php?group_id=171032

The latest version is 0.7.0. The package can be easily extracted, depending on the operating system.
For systems with recent GNU tar, type a single command below:

% tar xf NZMATH-0.7.0.tar.gz
where, % is a command line prompt. Or with standard tar, type a following command:
% gzip -cd NZMATH-0.7.0.tar.gz | tar xf -

Then, a subdirectory named NZMATH-0.7.0 is created.

Finally, install NZMATH to the standard python path. Usually, this translates to writing files
somewhere under /usr/1ib or /usr/local/lib, and thus appropriate write permission is required.
Typically, type commands below:

% cd NZMATH-0.7.0
% su
# python setup.py install

We also distribute the installation packages for specific platforms. Especially, we started dis-
tributing installer for Windows in 2007. This installer enables us to install NZMATH with only
three clicks.
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- W

NZMATH-0.7.0

Figure 1: Windows installer for NZMATH 0.7.0

3.2 Sample Session

NZMATH is a Python library. So, it can be used in the same way as standard python packages. We
will demonstrate how to use NZMATH and briefly discuss about some modules.
Start the Python interpreter:

% python

Python 2.3.4 (#1, Dec 11 2007, 05:28:55)

[GCC 3.4.6 20060404 (Red Hat 3.4.6-9)] on linux2

Type "help", "copyright", "credits" or "license" for more information.
>>>

Here, ’>>>’ is a Python prompt. Please type

>>> from nzmath import *
>>>

With this command, the whole NZMATH modules are imported.

>>> gcd.ged (350, 525)
175
>>>

The gcd is a module for the greatest common divisors of integers. The example above means that
175 is the greatest common divisor of 350 and 525.

>>> factor.methods.factor (175)

[, 2), 7, 1]
>>>

The factor module has functions for prime factorization. The sample command above shows that
175 is factorized 52 x 7 into prime factors.

>>> prime.nextPrime(175)
179
>>>
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The prime module provides functions related with primality. For example, the command illustrated
above gives us 179 which is the smallest prime larger than 175.

>>> arithl.legendre(3, 7)
-1
>>>

The arithl is module for miscellaneous arithmetic functions. One command in this module is
legendre for legendre symbol. From the example above, (%) = —1. So 3 is quadratic non-residue
modulo 7.

There is a trivial example of Python programming with NZMATH below.

>>> for i in range(10):
[combinatorial.binomial(i, j) for j in range(i+1)]

[1]

[1, 1]

[1, 2L, 1]

[1, 3L, 3L, 1]

[1, 4L, 6L, 4L, 1]

[1, 5L, 10L, 10L, 5L, 1]

[1, 6L, 15L, 20L, 15L, 6L, 1]

[1, 7L, 21L, 35L, 35L, 21L, 7L, 1]

[1, 8L, 28L, 56L, 70L, 56L, 28L, 8L, 1]
[1, 9L, 36L, 84L, 126L, 126L, 84L, 36L, 9L, 1]
>>>

The combinatorial module includes combinatorial theoretical functions. This program outputs

binomial coefficient ,,C,,, for n =0,...,9. The range is one of a Python function. For example, we

can express [0, 1, 2, 3, 4, 5, 6, 7, 8, 9] by the range(10). The “L” denotes long integer type.
NZMATH also has a module for elliptic curves called elliptic.

>>> E = elliptic.ECoverFp([1,2], 37)
>>>

We define the elliptic curve E : y? = 2 4+ 2 + 2 over finite field Fz7.

>>> P, Q = E.point(), E.point()
>>> print P, Q

[1, 35] [27, 19]

>>>

The point function returns a random point on elliptic curve. Now the point P = (1, 35) and
Q = (27, 19) are taken from E(F37).

>>> E.add(P, Q)
[5, 13]
>>>

This means that P+ Q = (5, 13) in E(F37).

>>> E.mul(3, P)
[1, 2]
>>>

This shows that 3P = (1, 2) in E(Fs7).

NZMATH may be used with other softwares. We show an example for using NZMATH with
matplotlib which is one of powerful packages drawing graphs. It draws k-scalar(k < order of point)
multiplication points for some point in curve y? = 22 + x + 2 over Fz7. We put the source code for
it in Appendix.
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Figure 2: k-scalar multiplication in y? = 2% 4+ z 4+ 2 over Fa7

3.3 More Information

NZMATH has more than 25 modules. It has modules related with elementary number theory,
combinatorial theory, solving equations, primality, factorization, multiplicative number theoretic
functions, matrix, vector, polynomial, rational field, finite field, elliptic curve, and so on. NZMATH
manual for users is at:

http://tnt.math.metro-u.ac. jp/nzmath/manual/

If you are interested in NZMATH, please visit the official website below to get more information
about it.

http://tnt.math.metro-u.ac.jp/nzmath/

Note that NZMATH can be used even if user do not have experience writing programs in Python.
We have a mailing list called nzmath-user! for NZMATH users. To join this mailing list, send a
mail to

nzmath-user-request@tnt.math.metro-u.ac. jp

only with a line “subscribe” in the message. Then the address from which you send the mail will be
added on the nzmath-user mailing list.


mailto:nzmath-user@tnt.math.metro-u.ac.jp
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4

Conclusion

We have been developing NZMATH for four years. NZMATH is still at an early stage, but possi-
bilities of NZMATH are pretty much unlimited. As the number of NZMATH users and developers
increase, NZMATH becomes better. We will continue promoting NZMATH based on our philosophy
and creating new NZMATH features.
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Appendix A Demo Code

The Python source code with nzmath and matplotlib for the demonstration which draws k-scalar
multiplication points for some point in elliptic curve y? = 23 + x 4+ 2 over Fa7 is here.

import nzmath.elliptic
from pylab import *

p = 37

A=14%# A>0

B=2# B>

E = nzmath.elliptic.ECoverFp([A, B], p)

while True:
P = E.point()
if E.pointorder(P) > E.order()//3: # point whose order is large
break

x_y = []
for i in range(E.pointorder(P)):
pnt = E.mul(i, P)
if len(pnt) > 1: # not point at infinity
if pnt[1] > p//2:
ele = [ [pnt[0]], [pnt[1] - p] ]

else:

ele = [ [pnt[0]], [pnt[1]] ]
if 1 == 1:

x_y.append(ele + ["P"])
else:

x_y.append(ele + [str(i) + "P"])

figure()

grid(True)

axis([-p//2, p//2 + 1, 0, pl)
xlabel ("X")

ylabel("Y", rotation=0)

for x, y, lab in x_y:

plot(x, y, ’0’)

text (x[0], y[0], lab, size=15, weight=’bold’)
show ()
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SOME CONCEPTS AND METHODS TO INVESTIGATE PROBLEMS
OF WARING TYPE
R. MORIKAWA
1. INTRODUCTION
We fix k € N and take m natural numbers (ay, ..., a,) = A whose GCD = 1. We put
(1) V(A) ={) jauaf |z;e N(1<i<m)} and W(A)=N\V(A).

i=1
Our main concern is the structure of W(A). We call this by a general name "W (k, m)-
Problem”. || W || denotes Max W. Taking various (k,m), we obtain the following prob-
lems.

(a) F-Problem ( k£ =1,m = 3,4, ,, ; Frobenius )

(b) RDS-Problem ( k = 2,m = 3 ; Ramanujan, Duke, Schulze-Pillot )

(c) W(3)-Problem (k=3,m=4)

In § 2, we explain three unified devices to treat general W-Problems, namely ”N-frame”
”"Ramanujan Sieve” and ”wirklich method”.

In § 3, we restate the known results for W (1, 3)-Problem so as to fit the general stand-
point. In that Theorem 3 is a new result, which gives a simple method to determine W. A
precise proof of it will be given. In § 4, we try to extend these result to W(1, 4)-Problem.

§ 5 discusses RDS-Problem. And § 6 contains (1) comments for various W (k,m)-
Problems and (2) some applications of ”Cell-Principle”,” Use of Trees” and ”Trunk-Star
Principle” for various N-Problems.

2. N-FRAME, R-SIEVE, WIRKLICH METHOD

We first seek a unified standpoint to treat these various W-Problems.

(A) N-frame : In (1), we let 2;’s run through N. Usually W-Problems are considered
in N-frame. The reasons are :

(a) As the four square Theorem of Lagrange, ” All property” usually fails in N-frame.

(b) If we use generating function e.g. Modular functions or zeta-functions, their sum-
mension domain must be modules.

But we think ”N-frame” is essential to investigate purely arithmetic properties of
W(k,m). The reason is that ” The main part of the theory are interplays of a;’s of
A. And their interplays are broken in N-frame.”

(B) Ramanujan Sieve : Ramanujan used in [12] a simple, elementary but ingenious
argument. Gradually its deep meaning becomes clear. Thus we call it after him.

( R-Sieve ) Let A = (ay,...,a,). We take some a; from A, say a; = a. We make
V(a) =V (as,...,an). For n € N, we apply the following sieve.

Date: March 10, 2008.
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Let 2 tun 1 < 2 < [(n/a)'/*]. Putting n(x) = n — az®, judge whether (a) n(z) € V(a)
or (b) n(z) ¢ V(a). We call this process R-Scan. In case (a), we say x hits the Scan. If
n has no-hits, n € W.

(1) For n € N, we put H(n) = {z|n(x) € V(a)}. The nature of this H(n) is important.

(2) By taking various a; as a, we obtain usually m different sieves. The relations of
these sieves are subtle and important.

(C) wirklich method : We use the terminology ”wirklich” recalling Kummer’s Geist.

( wirklich method ) For W, we choose a suitable subset 0W C V. And we clarify the
structure of W by scrutinizing the representations of this OW in V.

We explain the idea by taking F-Problem. Let A = (aq,...,a,). We take a; = a and
operate R(ax)-sieve.

Fact 1. For r with 1 <r < a, we put N(r) = {r +ta |t € N}. And apply R(az)-scan
taking n from N(r) as r,7 + a,r + 2a,.... We put h(r) the first hit member of N(r).

Fact 2. Here h(r) — a is contained in V(a). For y = (y2,...ym), we put J(y) =
asya + - + apYm. We take b(r) € N™ 1 which satifies h(r) —a = J(b(r)). Let B =
{b(r) | 1 <r <a}. Here W is determined by B. Thus in this case OW is {h(r)}.

Fact 3. For m = 3,4 this B has a beautiful structure. This will be explained in § 3,
4. For other W-Problems, suitable definition of 0W is yet not clear. But we believe the
effectiveness of the concept.

3. F-PROBLEMS ( GENERAL, m = 3)

3-1. We fix £ = 1 and take (ay,...,a,) = A whose GCD = 1. We use W(A),V(A)
introduced in § 1. We denote || W || by F(A) and call it Frobenius number of A. Let
Ala;)) = (a1 ...,a;-1,0i41 ... ,a,) and V(a;) = V(A(a;)). We start with two useful Lem-
mas which are given by Johnson [7]. ( Propositions given in this § are known ones except

Theorem 3. Thus we ommit Proofs. A precise proof of Theorem 3 will be given.)
Lemma 1 ( [7] Theorem 1). F'(A)(= F) is contained in (-, V/(a;).

Lemma 2 ( [7] Theorem 2). Let d be GCD of A(a;). Then we have
F(A) =dF(ay,as,...,a,) where a; = da; (2 <j <m).

Lemma 3. If a; is in V(a;), F(A) = a; + F(A(a;)).

From these three lemmas, we may impose on A the following condition (f):
(#) For all 1 <i <m, GCD of A(a;) =1, and a; ¢ V(a;).

Hereafter, we assume (f) and R(ax)-sieve is operated on N with a = a;.
Let B ={b(r)|]1 <r <a} and J(y) as defined in § 2.

Lemma 4 ( Completeness Criterion ). B satisfies the following two properties.

(1) B = {b(r)} makes a complete residue system modulo a.

(2) Let b € B. For all c € N™! with J(b) = J(c) (mod a), the inequality
J(b) < J(e) holds.

As noted in § 2, F-Problem is reduced to find B which satisfies ” Completeness
Criterion”.



AC2007 112

SOME CONCEPTS AND METHODS TO INVESTIGATE PROBLEMS OF WARING TYPE 3

3-2. We study the case m = 3. The discussion of this § depends on [1]. Take
a,b,c with (). Let E = {(z,y,2) € Z* | az + by + cz = 0}. We take from E three vectors
a = (—ay,a9,a3), b = (by,—bs,b3) and ¢ = (cq, ¢z, —c3), which satisfy the following
conditions.

(A) CLi7bj7Ck<1 S i,j,k’ S 3) € N.

(B) a1, bs, c5 are the least positive under (A).

Lemma 5 ( [1] Lemma 4). Three vectors a, b, ¢ are determined uniquely and satisfy
(1) a+b+c=0.
(2) Any two of them makes a base of E.

Lemma 6. Let J(y, z) = by + cz. Make Uy, U, for which

Uy ={(y,2)| 1 <y <by1<z<as}and Uy ={(y,2)| 1 <y <as,1<z<c3}. Then

(1) J(Uy U Usy) makes a complete residue system modulo a,

(2) For any b € U; UU, and ¢ € N? for which J(b) = J(¢) (mod a), the inequality
J(b) < J(c) holds.

Lemma 6 means that U; U U, satifies completeness criterion. Using (1) of Lemma 5,

we have
Theorem 1. For (a,b,c) with (8), F'(a,b,c) = Max(J(by, c3 — b3), J(by — o, ¢3)).

3-3. Since |B| = a, we have a = bycz — b3co. By symmetry and (1) of Lemma 5, we
have
Lemma 7. a = bgCg — bgcg, b= blcg + Clbg, Cc = b162 + Clbz.

Combining Theorem 1 and Lemma 7 we have

Theorem 2. F' = MaX<F1, FQ) where F1 = bleCg -+ 610203 -+ CleCg - bngbg,
F2 = b1b2C3 + C1b2b3 + C1Z)203 — C1C2b3.

3-4. Now to solve W(1,3)-problem completely, we need some algorithm to obtain
a,b, c from a,b,c. Here we give a simple method to get them.
Step 1. Take a € N and t € N for which 2 <t <a — 2. We put
H(t) = {(b,c) € N* | b=ct (mod a)}. And define a map with (b, c) = b/c.
In considering W(1,3)-Problem for (a, b, ¢) with (), we fix (a, t) and treat (b,c)’s in H(t)
simultaneously.
To determine a, b, ¢, it is sufficent to determine four members by, b3, co, c3.

Step 2. For [ug, . .., us], we put [})] = 1, and [ug] = ug. For s > 1, we define [uq, . . ., us] =
Uty -« Uus—1] + [ug, - -+ Us_2].

Let (a, t) be as in Step 1. We take a continued fraction of a/t so that

a = [vg,...,va, and t = [vy, ..., vgs] With even 2s.

Step 3. For a generally given [k, ..., kss], we make a sequence {h;} of K + 1-terms
where K =3 koga. We put Ky = >0 | ko .
(Rule) : (1) hj =1+ jko for 0 < j < Kj.
(2) For j with K, +1 < j < K41, we put j = K, + 7. and h; = [k, ..., ko, 7).
Step 4. Reterning to a/t, we make sequence {f;} of V 4 1 terms where V = > 0,44
applying the rule for [vg, ..., vss]. Note that fyy =t where tt =1 (mod a).



AC2007

113

4 R. MORIKAWA

Next taking [ves, Vas—1, - - ., Vo], we make {g;} with V + 1-terms. And combining these two
sequences, we make Chain of pairs (g;, fv_;).

Step 5. We put 8; = ¢;/fv—;. Then (3;) is an increasing sequence, and they divide the
interval [1/, t].

Theorem 3. Take (a,b, c) with (8) and (b,c) € H(t). We put I; = (5}, B+1)
(0 <j<V—1). Then b/c € I; for unique j. And we have by = fy_;,b3 = g;,co =
fojfla C3 = gj+1-

For a proof of Theorem 3, we need the following two Lemmas.

Let [u] = [ug,...,us]. We denote [—u] = [uy,...,us], [u—] = [uog,...,us—1] and
[—u—] = [ug,...,us—1] (s > 1).
Lemma 8. Let [u] = [up, ..., us] and [v] = [vg, ..., v;]. Then

(1) [wo] = [ul[v] + [u—][~],
(2) For s > 1, [~ulfu—] — [u][-u-] = (~1)"

(3) [u] = [us, us—1,- .., ug).
Proof. (1) follows by induction on ¢. For (2), it is trivial for s = 1. For s > 2, we note
the relation [—u][u—] — [u|[—u—] = [w][-w—] — [~w]|[w—] where [w] = [ug, ..., us_1].

Thus the induction on s holds.
(3) is a well known fact.

Lemma 9. f;, g;(0 < j <V —1) satisfy the following three relations.

(1) gjnifv—j—gifvja=afor 0<j <V —1.

(2) Let j be V, +1 < j < V1. Then we have g;[vo, ..., V) + fv—j[vagsa, ..., vas] = a.

(3) fv—jt = g; (mod a).

Proof. (Step 1) For V' — j, we take ¢ for which V, +1 < V —j < V,4;. We put
V —j=V,4+r. Then (A) fv_j; = [vo,...,v2,7]. (B) fv_j—1 = [vo,..., 093] for r =1,
(C) fv—jo1=[vo,...,vaq, 7 — 1] for 2 <7 < v9g41.

Similarly (D) g; = [Vag+1 — 7, Vagqa, - - -, V2s) for 1 < < wggpq — 1, (BE) g5 = [Vages, - - -, Vas]
for 1 = vag1. (F) gjp1 = [Vage1 — 7+ 1, Uagya, . ., Vas].

(Step2) In the proof we use the following Notations: o([u]|[v]) = [u][v] — [u—][—v].
For a = [vg,...,val, o1(klk +1) = o([vo, ..., vk)|[Vk1, .-, v2s]). For t = [vy,..., va),

oa(klk 4+ 1) = o([vr, - ., vg]|[Vks1 - - - Vag))-

(Step 3) For (1) and 2 < r < wy,qq — 1, taking (A), (C), (D), (F), we obtain easily the
relation g;j11fv—; — gjfv—j—1 = 01(2¢ + 1|2¢ + 2). For other three cases, we obtain the
same o1(2q + 1|2qg + 2).

(Step 4) For (2), taking g; as (D) or (E), we obtain the same relation g;[v, ..., va,] +
fv_j[U2q+2, N ,UQS] = 0'1(2q + 1|2q + 2)

(Step 5) Proof of (3) is slightly complicated. We introduce i([u]) which means the
relation (2) of Lemma 8.

Let 1 <1 < ag.s1 — 1. Taking (A) and (D), we obtain fi_;t — g; = 7([vg, . . ., Vo]t +

[Vag+2, - -y U2s]) + ([Vo, - - -, Vog—1]t — [V2g41, - - -, V2s]). Here we show the following two rela-
tions;

(a) [’007 e ,qu}t - [Ul, R ,qu]a + [’UQ(H_Q, ce ,Ugs] = O,

(b) [Uo, e 7U2q_1]t - [’Ul, ce ,qu_l]a, - [qu_H e ,UQS] =0.

For (a), we put a = 01(2¢+1|2¢+2) and t = 09(2¢+1|2¢+2), then we have i([vy, . . . , Vog+1])
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and get (a). For (b), we use a = 01(2¢|2¢ + 1) and t = 02(2¢|2¢g + 1), and i([vo, . . ., Vag))-
In case r = vyy41, we use a = 01(2¢+2(2¢+3), t = 02(2¢+2|2¢+3) and i([vo, . . ., Vag+2]).

By Lemma 4.1 of [2] (or Lemma 7 of [10]), we see Lemma 9 ascertains Therem 3.

Example 1. We take (a, b, c) = (15667, 18083,25269). Then t = 7434 and = 3804.
We have a = [2,9,3,3,2,8,4], and V' = 20. Now our chain is ( 1, 3804), (5, 3353),
(9, 2862), (13, 2451), (17, 2000), (21, 1549), (25, 1098), (29, 647), (33, 196), (103, 137),
(173, 78), (243, 19), (1042, 17), (1841, 15), (2640, 13), (3439, 11), (4238, 9), (5037, 7),
(5836, 5), (6635, 3), (7434, 1).

Thus by the inequality 33/196 < 18083/25269 < 103/137 , we have by = 196,b3 =
33,c0 = 137,c3 = 103. We get by = 173,¢; = 8.

4. F-PROBLEM WITH m = 4

4-1. We try to find a similar Theory for m = 4 with W (1, 3)-Problem.
(Definition of 7(B, C')-Plane) We fix a and take B, C for which 2 < B,C <a — 2.
We put

(2) H=H(B,C)={(bc,d) | b= Bd (moda), c=Cd (moda), de€ N}.

We take Y-Z plane m, and let ¢ : H — 7 be defined by ¢(b,¢,d) = (b/d,c/d). We fix
a and consider (b,c,d) € H(B,C). Then (a,b,c,d) with (1) make a polygon D(B,(C) in
m-plane.

To seek the direction of the theory, we scrutinize a Numerical Example.
Step 1. Let @ =907, and (B, C) = (683, 629).

Proposition 1.The vertices of D(B,C) are as follows. ( Arranged in positive direction.
And we denote (b/d, c/d) as (b,c,d).)
(1, 641, 660), (2, 375, 413), (3, 109,166), (10, 61, 251), (17, 13, 336), (75, 4, 522),
(283, 3, 854), (491, 2, 1168), (699, 1, 584), (491, 2, 261), (774, 5, 199), (1057, 8, 137),
(1340, 11, 75), (76, 14, 13), (235, 7, 3), (459, 351, 2), (683, 629, 1), (459, 1258, 2),
(235, 980, 3), (11, 702, 4), (7, 859, 85), (3, 1016, 166), (2, 1282, 413).

Proof. The edges of D(B, (') consist of lines uY +vZ + w = 0 with (u,v,w) € N3 for
which

683u + 629v +w = 0 (mod 907) and some of u, v, w = 1.

Step 2. We take two subsets of D.
(I) C1: Triangle whose vertices are (39, 510, 344), (46, 462, 429), (43, 353, 263). The
Edges are 33Y — 72 +4=0, 14Y —-5Z—-9=0, 66Y —Z—-6=0.

(I) Cy: Quadrilateral whose vertices are (46, 462, 429), (43, 353, 263), (53, 414, 514),
(50,305, 348). The Edges are 33Y — 72 +4 =10, 66Y —z—6 =0, 47Y — 27 —5 =
0, 14Y — 87 +5=0.

Step 3. We denote U = U(s,t,v) ={(y,z,w) | 1 <y <s,1<z<t1<w<u}.
We call U a box, and (s,t,u) End vertex of U.

(I) For C},we make Boxes whose End vertices are (5, 2, 9
(19, 5, 3), (19, 4, 4), (19, 3, 5) (19, 2, 8), (52, 1, 6), (43, 1, 7
We put B; the union of these 11 Boxes.

~—
o~ —
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(I) For Cy, we make Boxes whose End vertices are (5, 2, 9
(19, 5, 3), (19, 4, 4), (19, 3, 5), (19, 2, 8), (52, 1, 4), (33,1, 7
We put Bs the union of these 11 Boxes.

Proposition 2. For i = 1,2, B; satisfies Completeness Criterion for W (907, b, ¢, d)
where (b, ¢, d) € H(683,629) and ¢(b, c,d) € C;.

Let J(y) be as in § 2. Each B; satisfies the following two coditions.

(1) J(B;) makes a complete residue set modulo 907.

(2) For each b € B;, and ¢ € N3 which satisfies J(b) = J(¢) (mod 907), the inequality
J(b) < J(c) holds.

Proof. We remark Three facts. (a) For the congruence relations, we may consider
660d.J(B;) where dd = 1 (mod 907). Namely we may consider J = y + 641z + 660w.

(b) Since the second element of Boxes are small, we consider B; by cutting z = k with
1 <k < 8. Now it is easy to ascertain (1).

(c) By the linearity of J and the covexity of B, it is sufficient to ascertain the second
condition (2) for 11 End vertices. And taking b = (bq, b3, by) it is easy to determine the
set of ¢ = (g, c3,¢4) € N3 which satisfy

J(b) = J(e¢) (mod 907), and b; > ¢; for some 1 < i < 3.

For example in (I), J(19,2,8) = J(85,1,2) (mod 907). And the Edge 66Y —Z —6 =0
works to judge that (19, 2, 8) is an End vertex.

To construct suitable cell C, and B = (JU, for general (a,b,c,d) with (4), we have
now an imcomplete theory. Above C;, B; (i = 1,2) are obtained applying the theory.
Under some calculation, in case a = 907, D(683,629) separates 130 Cells ( 118 Triangle,
12 Quadriterals). Here we give a rough sketch of the theory, and explain the obstacles.

Step 1. For (a,b,c,d) with (f), we put E = {(z,y,z,w) € Z* | ax + by + cz +
dw = 0}. From E, we choose four vectors a = (—ay,as,as,aq), b = (b, —by, b3, by),
c = (c1,¢9,—c3,¢4) and d = (dy, do, d3, —d4) which satify the following conditions:

(A) (ai,bj, e, dy) € N for 1 <, j,k, 0 < 4.

(B) ay, by, c3,dy are the least positive number under (A).

Here (a, b, ¢, d) are not unique for some (a, b, c,d). But ay, b, c3,dy are uniquely
determined.

Step 2. From F, we take L which satisfy
L=A{(z,y,z,w) € E|1 <z <ayly| <by|z| <cs|w| <dy}.
|L| becomes large for some (a, b, ¢, d). We need a complicated discussion to determine L.
This is the first difficulty. (In case m = 3, L = (). And this allows a simple theory.)

Step 3. We put M = LU{—a,b, c,d}. Using this M, we can define suitable C' and B.
We obtain C, fairly easily. But to determine B = |JU,. We must follow a very long and
winding road.

(Maybe it is lucky if I can overcome these obstacles within a year.)

5. RDS-PROBLEM

~5-1. (History) (1) In 1917, Ramanujan [12] determined all (a, b, , ¢, d) for which
W(a,b,c,d) = 0. (N.B. He treated in N- frame. Hence we use notations with a bar.)

And he commented that ” W (1,1,10) = W(odd)UW (even). where W (even) = {4*(16u+
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6)|\, 1 € N }, and T (odd) = {3,7,21,33,43, 67, 79,87, 133,217, 219, 223, 253, 307, 391, ....}.
Here W (odd) does not seem to obey any simple law.”

(2) In 1990,Duke and Schulze-Pillot [6] proved that |W(odd)| is finite. It is notable
that their proof does not yield an explicit bound for || W(odd) ||. [5] says that W (odd)
seems to be complete by adding two numbers 679, 2719.

5-2. After these forrunnners, we call W (2, 3)-Problem RDS-Problem. In treating it, we
take the standpoint stated in § 2. And besides that we make use the following:

(a) (Trunk-Star Principle) We separate W (a, b, ¢) into two parts. W (Tr): Infinite set
which is parametrizable, and W (x) = W\ W(Tr). Here |IW(x)| < oo is a bold conjecture.
For example, in the case stated above, W (even) = W (Tr) and W (odd) = W (x).

(b) (Absolute theory and Relative theory) We investigate W (a, b, ¢) by separating two
steps. Let a = Aa?,b = Bf%, ¢ = C+?, where A, B, C are square free.

Step 1. We study W (A, B,C). (Q-theory),

Step 2. Putting W (A, B,C) = W, and W(a, b, c) = Wy, we have Wy C W,. We say W,
an (a?, 3%,+?) -extension of W;. Here we investigate the structure of
(NGW WQ) = W2 \ Wl. (F—theory)

( Important Remark) The statement in the following consists mainly of mysterious
phenomena observed from numerical tables. The reasons of them remain in the dark. And
by the non-existence of a ”completeness criterion” | given table of W are that obtained by
search of a reasonable range. In the Table, parameters A, A; (1 < i < 3), p run through
N.

5.4 ( ©2-Theory ) We put A = ABC. Since (A, B,C) =1 and A, B,C are square free,
any prime p|A appears in at most two of them. We say W (A, B, ') to be primitive if all
prime p|A appears only in one of A, B, C. From primitive W (A, B, C) for which p|A, we
get W(A/p,pB,pC). We denote this process by (p, A).

Example 1. Let W; = W(1,1,21) which is primitive. We get Wy = W (3,3,7) by (3;A),
W3 =W (3,7,7) by (7; A) and Wy = W (1,21,21) by (3,7; A).

We make the following 8 sequences. C1= 1, 5, 13, 17, 25, 37, 65, 85, 205, Cy=1, 5, 11,
C3= 19, 55, Cy = 19, 31, 55, Cs= 5, 17, Cs = 5, 17, C7 =1, 25, 37, 85, 253, Cs = 1, 11,
95. Then we obtain

Wit 4M8u + 3), 9 (9 + 6), 492 (49 + 7), 49 (49 + 14), and 49*(49u + 28). And
4>\19/\249)\3K1, where K1 = {Cl, 202, 303, 7047 605, 14067 210’7, 4208}

Wa: 4M8u+1), 93+ 2), 49*(49p + 21), 491 (491 + 35), 492 (49u + 42), 4119*249% K,
where K2 = {Cg, 205, 3C1, 707, 602, 14087 2104, 4206}

Wit 4MN8p+5), N9+ 6), 40MTp+ 1), 49 (Ti+2), 492 (Ti+ 4). 4419*249% Ky where
Kg == {04, 2067 307, 701, 608, 1402, 2103, 4205}

Wy AN8u+7), OINBu+2), 492 (T +3), 49 (Tp + 5),49) (Ti + 6). 4419%249% K, where
Ky = {C+,2Cs,3C4, 7C3, 6Cs, 14C5, 21Cy, 42C5).

Remarks. (1) Each C} — Cy is called a core sequence. They are the essential parts of
W (A, B,C). We expect each core sequence to play a role of B in F-Problem.
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(2) (divisor property) (a) The factors of core sequence have a very curious property.
Namely except for 5, they are (a) one prime or (b) two different primes. Similar property
holds for all known RDS cases.

(b) In Example 1, 5 appears as a small factor, but in other cases, several small factors
may appear. And in other cases, square of a prime appears. (cf. Exmple 2)

(c) More curious fact is that this property seems to hold in k& > 2 cases with no
exceptions. For example, Deshouillers [3] proposed 7373170279850 as a plausible value of
| W(1,1,1,1) ||. Factoring the number we have 2.5218521.7961157. Namely two small
factors 2, 5 and two primes.

If you factorize all numbers which appear in [9], you may incline to admit this incredible
fact. The reason of this property is in the dark. We think the only hope is to find out a
suitable OW'.

Example 2. Let W; = W(1,1,13). This has two core sequences. Namely we put
C1=1,5,7,9,13, 17, 25, 29, 37, 41, 49, 55, 61, 73, 99, 11, 101, 109, 121, 133, 145, 181,
229, 241, 271, 289, 337, 439, 549, 589, 721, 769.
Co=1,3,5,7,11, 17, 23, 41, 45, 47, 53, 59,167, 315, 353.
We have Wy: 4*(8u + 3), 4K, where K; = {C},2C,}.
(N.B. (A) C} contains many numbers of type p*. (B) 3, 5, 7 seem to be small factors.)

Let Wy = W (1,13, 13). Here we define two more core sequences. Namely

Dy =1,3,9, 17, 25, 29, 43, 49, 53, 61, 77, 121, 133, 181, 217, 277, 289, 237, 373, 433,
445, 673, 907, 913, 997, 1197, 1213, 1239, 1439, 1479, 1559, 1639, 1717, 1719, 1759.

Dy, =5,7, 11, 19, 41, 47, 151, 323, 371, 401, 461, 791, 879, 899.

We have Wy: 4*(8u + 7), 169*(169u + 13.M) with M = {1,3,4,9,10,12}. 4 K, where
Ky ={D;,2D,,13C1,26C5}. (N.B. M is the residue class modulo 13.)

5-5. ( I-Theory ) I'-Theory seems to be much complicated. We note one Example.

Example 3. Let Wy = W(1,2,3). Wy has three 4-extensions. Namely W) = W (4,2, 3),
Wy =W(1,8,3), W3 = W(1,2,12). We see

Wo : 4M(16p +10). 42Ky where Ko = {1,2,7,13}. And as a W (%) we have 3, 5, 11, 17,
19, 35, 43, 73, 83.

Here we define the following four sequences.

Er= 23, 31, 53, 59, 67, 107, 127, 131, 187.

FEy, =29, 53, 101, 125, 133, 257, 259, 365, 443, 467, 523, 607, 875.

By = 9,25, 33, 37, 41, 49, 61, 97, 113, 153, 159, 173, 193, 217, 277, 283, 353, 377, 737,
835, 937, 1153.

Ey= 27, 103, 139, 16, 307, 347, 803, 913.

We put W; \ Wy = W(even) U W;(odd). Then

Wl(even) :{4WO(*>, 6, 14, 22, 38, 62, 94} W1 (Odd) = FE1 U Es.

WQ(GVGH) :{4/L + 2} WQ(Odd): E1 U E3.

Wg(even) = Wl(even), Wg(Odd)ZEg U E4.

We expect E;’s to play a role of core sequences of {2-Theory.
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6. CONCLUDING REMARKS

6-1. (Various W (k,m)) (1) To consider W(1,5)-Problem is desirable. We think it is
doubtful that the case m = 5 needs more complicated theory than the case m = 4.

(2) Kloosterman [8] studied W (2,4)-Problem. He treated in N-frame, and his main
concern is |[W| = oo or not. We think it necessary to treat W(2,4)-Problem (a) in
N-frame and (b) with Trunk-Star Principle.

(3) W(3,4)-Problem is treated by T.Matsui [9]. It is mysterious that the magnitude of
|| W(1,1,1,1) || differs much from that of || W (1,1,2,3) ||.

(4) For k = 4, we use the folowing notation: W (1;m) means W(1,1,...,1) where 1 is
repeated m times. Davenport [2] proved |W(1;16)| < co. In [2], he noted {16*31 |A € N}
is contained in W (1;15). It suggest the existence of Trunk set of type 16*K. To clarify
this K is desirable.

6-2. The concepts and methods used to investigate W-Problems is applicable for other
problems. A general setting is explained in [11]. We add here a few remarks.

(1) (Trunk-Star Principle) This Principle springs from the beautiful theory of Dyinkin
Diagram. Basic idea is explained in [11]. The aim of this principle and ”wirklich method”
is to treat exceptional cases.

(2) (Cell-Principle and Net-Theory) This principle plays an important role in F-Problem.
Main aim is to seek Descartes Principle for discrete structures. Namely ” Near N-sets
allow near property”.

(3) (Use of trees) In search of N-system, Tree is usuful in many cases. This theme also
is treated in [11]. Here we propose a pair of (Sieve, Tree) to treat Subset-sum problem.
( Not new?)

SSP: Take ag > a; > -+ > a,, where a; € N. For s € N, find all the {m;}’s which
satisfy m; € {0,1} and ). a;m; = s.

For this SSP, we define SS-sieve and SS-tree T" as follows. We put s(i) = Z?:Z a;. We
construct 7" inductively. ¢ denotes a vertex of T'. O is its source. p(t) denotes the step
number from O to t.

Step 1. For each vertex of 7', we put number v. We denote ¢(t) = v. Let ¢(O) = s.

Step 2. Take t € T. Let ¢(t) = v and p(t) = 1.
(SS-sieve): (a) If 0 < v < s;,1, we draw an arc from ¢, and put v at the head of it.
(b) If 0 < v —a; < 5441, we draw another arc from ¢, and put v — a; at the head of it.
(c) Neither case of (a) and (b), t is an endig vertex.
Applying this sieve to final step, we get T'. And all solutions appear in T as routes from
O to vertices which have 0.
The merit of this method is to make visible all the solutions. As Gaussian plane, we
think it to be useful.
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Computational Complexity
and
Transcendence of Numbers

MATSUI, Tetsushi*

Abstract

There are some algebraically closed fields related to computational
concepts; a classical example is the whole set of computable numbers and
more recently obtained example is the whole set of polynomial time com-
putable numbers. Numbers outside these sets are transcendental because
those fields obviously contain the algebraic number field. It will be shown
that the number defined by the busy beaver function and the numbers
defined by decision problems whose time complexities are not bounded by
2¢1°8 ™ are transcendental.

1 Introduction

There are uncountably many transcendental numbers, as Cantor showed in 19th
century. Mere mortals can, however, name only the countable number of tran-
scendental numbers, since there are at most only countably many numbers hav-
ing finite definitions at all. Such numbers are called “definable numbers”, and
form a field Cper as a whole. The problem of finding transcendental numbers
is, thus, to name numbers in the difference between two countable fields Cper
and Q.

Since 1950s, it is known that the set of whole computable numbers forms
an algebraically closed field [6]. The existence of uncomputable functions had
been established by Turing in his famous paper of 1936 [8]. It is, thus, clear
that there exist complex numbers defined well but transcendental because they
are uncomputable. The most well-known such a number is Chaitin’s Q [1].

The set of whole polynomial time computable numbers also forms an alge-
braically closed field, and other fields corresponding to the classes of complexity
as well [7]. By the theorem of hierarchy, there are numbers computable in expo-
nential time but uncomputable in polynomial time, and they are transcendental
by the fact stated above.

*Department of Mathematics and Information Sciences, Tokyo Metropolitan University.
tetsushi@tnt.math.metro-u.ac. jp
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In this paper, we shall give examples of transcendental numbers whose proofs
of transcendence are based on theory of computation: a number transcendental
by uncomputability is in section 2 and by computational hierarchy in section 3.
Then, we shall discuss about limits of the method.

We will use the following notations. All script letters COMP, EXP, NP
and P denote the class of computable functions, exponential time computable,
non-deterministic polynomial time computable and deterministic polynomial
time computable, respectively. For any class C, Co denotes the whole set
of C-computable numbers. Roman capital letters NP, P, etc., on the other
hand, denote the class of decision problems of non-deterministic polynomial time
computable, of deterministic polynomial time computable, etc., respectively.

2 Transcendence from Uncomputability

Rado introduced in 1962 the busy beaver function ¥, and showed it is definable
but uncomputable [5]. We shall define a number using the function and show
in two different ways that the number is a transcendental number.

We call the following real number 3 the busy beaver number.

B = f: 27,
n=1

Proposition 1. The busy beaver number [ is a transcendental number.

The first proof is based on the fact that Ccoap is an algebraically closed
field [6].

proof of Proposition 1. Assume that 3 is computable. Then, by its binary ex-
pansion, one can easily construct a computable version of the function X. It
contradicts the fact that X is uncomputable, thus, § is an uncomputable num-
ber. In other words, § is not in Cepoap. The field Cepoap is algebraically
closed. Therefore, all algebraic numbers are in Ccoaqp. It means 3 can not be
an algebraic number. O

The second proof is in more familiar way. It is based on the classical Liou-
ville’s criterion:

Theorem 1 (Liouville’s criterion). A real number T is a transcendental num-
ber if for any natural number n there exists a rational approzimation p/q of T
satisfying

T — p’ <

1
q) = ¢

q

proof of Proposition 1. The busy beaver function ¥ grows so rapidly that for
any computable function f there exists an integer ng such that for any integer
n > ng it satisfies:

%(n) > f(n)
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[5]. Then, for any n there exists m such that X(m + 1) > nX(m). We compute
the difference between 3 and its m-th convergent.

_ @) — —%(9)
L I F

=1 i=m+1
272(m+1)+1

27n2(m) )

IN A

Because the denominator of the m-th convergent is 2*("™) 3 satisfies Liouville’s
criterion. O

Remark 1. One can also prove transcendence of similar numbers

)= o7
n=1

for any algebraic numbers 8, whose absolute value is greater than 1, using the
fact about rapid growth of the function X.

Remark 2. The argument is not special to the busy beaver function and num-
ber. One can show the transcendence of any uncomputable numbers whose
defining functions are too rapidly growing to be computable, in the same way.

By these proofs, we know that 3 has a very rapidly converging series, but
most of its terms are impossible to know!. These two statements do not con-
tradict with each other. It means that usual sense of “rapid convergence” con-
cerning only the speed of convergence for given terms, while we are discussing
about how to give them.

3 Transcendence from Computational Hierarchy

3.1 Polynomial Time Computable Numbers

There are several definitions of polynomial time computable numbers, but they
are equivalent [3]. We use the following definition.

Definition 1. A complex number z is a polynomial time computable number if
and only if there exists F' € P from N to Q[¢] satisfying

|z = F(n)| <

S

for any natural number n.

LOf course, some terms are computed and known.
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Note that, although the definition seems to require a function be defined for
all natural numbers, it is not hard to show that a function has to be defined
only for a certain subset like {2 |m € N}.

Likewise, one may pick a class of computational complexity C and define
C-computable numbers.

The set of whole polynomial time computable numbers forms an algebraically
closed field. It is not so well-known, but by referring Ko [2] the proof is at-
tributed to Schonhage [7]. Since the main point is that roots of an equation can
be approximated in polynomial time of specified precision?, other complexity
classes which are defined by polynomial time equivalence are connected to each
an algebraically closed field. Therefore, the hierarchy of complexity classes in-
duces the tower of algebraically closed fields. The hierarchy P ¢ NP C EXP C
COMP corresponding the tower Cp C Cyp C Cexp C Ceomp. It is known
that P # EXP # COMP but unknown whether other inclusions are proper or
not.

The definition of the polynomial time computable numbers uses very special
type of polynomial time computable functions. Decision problems are more
familiar type of functions, we shall try to establish a way to construct a number
from a decision problem.

Let D be a decision problem, i.e., a function from N to {0,1}. It is possible
to identify D with a subset of N through interpreting D as its characteristic
function.

We define a number a(D) for a decision problem D by:

a(D) = ZD(i)Q‘i

that is a binary expansion.

Now, let us consider the computational complexity. For a denominator 2%,
input size for F', in a sense of the definition 1, is k. On the other hand, input
size for D is logk. The gap leads to unintuitive conclusion that the number
a(D) is a polynomial time computable number if the time complexity of D is
bounded by 2€U°€%) from above. Thus, D can be an exponential time decision
problem.

3.2 Polynomial Time Uncomputable Numbers

We would like to construct a polynomial time uncomputable number, for show-
ing the concept of “transcendence by hierarchy of complexities”.

As stated above, a number (D) for a decision problem D whose time com-
plexity is bounded by 2°U°2%) from above is polynomial time computable. It is,
thus, sufficient to construct a decision problem whose computational complexity
exceeds 20(ogk)

There may be interesting decision problem examples, but we use a canonical
problem approach.

21t is in fact in N'C, shown by Neff [4].

123



AC2007

Definition 2. Let n be a code of triple ” (M, 2, m)” with M a Turing machine,
x an input for M and m a natural number. The problem K5 is:

Ky = {n ="(M,z,m)”|M accepts x at most m!*"(™ steps.} ,

where len(-) denotes [logy(-) +1].

Though the definition depends on the choice of coding scheme, we do not pick
one. We only assume that the code can be interpreted as a binary representation
of integer. It, then, lets us to think K5 be a subset of N.

Proposition 2. The time complexity of Ky is 0(210g2 ") but not 20008m),

Proof. We do not show every detail. One can construct a Turing machine which
accepts K5 by combining trivial input check and emulation of M on input z for
at most m!'**(") steps.

The most important point is that on a valid input n the emulation of M
may take O(m!en(") = Q(2len(m)len(n)) steps. Obviously, len(m) < len(n) holds
and len(m) cannot be bounded by any constant. Therefore, the number of steps
exceed 200°8™) yet is bounded by 0(2105";2 ™). O

Finally, we obtain the following result.

Corollary 1. The number a(K3) is not polynomial time computable, and thus
transcendental.

Proof. Assume that a(K>) is polynomial time computable. Then, by its binary
expansion, one can easily construct another implementation of K5 that is com-
putable in 290987 time. It contradicts the result of the proposition 2. Thus,
a(K3) is not a polynomial time computable number. In other words, a(K5) is
not in Cp. The field Cp is algebraically closed and all algebraic numbers are in
the field. It means a(K5) can not be an algebraic number. O

4 Discussions

4.1 Applicability

The number a(K>) defined in the previous section is not in Cp but obviously in
Cexp. It is deduced from the hierarchy theorem that Cp is a proper subfield of
Cgxp, and the number is in the gap. Since Cp is an algebraically closed field,
a(K>3) is a transcendental number.

The proof is completely analogous to the one for § in section 2, which is
shown transcendental by that it is out of an algebraically closed field Ceoap-
There can be more proofs in analogous arguments that a number is transcenden-
tal because it is in an algebraically closed field but not in a proper algebraically
closed subfield, both defined in computational manner.

A difficulty for using this method is that there are only a few fact is known
about proper inclusions of computational classes and thus corresponding fields.
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For example, if P # AP holds, there exist transcendental numbers because
they are not deterministic but non-deterministic polynomial time computable,
but the condition has been unproven.

Moreover, this kind of approach to the transcendence of numbers have not
been fully explored, probably because the most of numbers to be questioned,
Euler-Mascheroni’s constant v for example, are defined in analytics and have
easily computable efficiently converging series. It means that such numbers
are in Cp, the smallest algebraically closed field ever shown by computational
complexity theory, and we cannot say anything about their transcendence by
the method above.

4.2 Future Works / Open Questions

As we already discussed, a(D) is polynomial time computable number if the
decision problem D has time complexity 20U°8™) Tt is obviously better if only
polynomial time computable decision problems are connected to polynomial
time computable number. We are investigating possible definitions.

The hardest problem remained open is whether Cp = Cprp or not. It is
in fact equivalent to P=NP problem. If Cp # Cprp, there are numbers non-
deterministic polynomial time computable but deterministic polynomial time
uncomputable.

Liouville
numbers
° Be
Z- ° Oé(Kg) ° Qo
o)
Q Cp Cexp Ccomp Cper C

Figure 1: Transcendental Numbers
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(q, ) BERIZIT B /3% — L HF N DHEZIZ DN T

Z
WINFE, SIA HEF (BEREBRT)

1 F

1.1 N2—#HIDEZLHE

> 2FEBICEELEEE, r=0,1,...,¢q-2,F2. (¢,r)EREZ ¢ (i >0)
EEEEL, Y, ={-rl-r...q—1—r} FORBEFEE TCEREEZ —BHICKE
TEIHEROZLTHD. BRE R D

n=aqd +a_1¢" + - +aqg+a, a; €Sy,

ERBEIND &,

(n)q,r = qap—1 - a10p

Znd(qr) B LS. (d,0) BRRIZEFEOBEO IERBRTHSL. ZHET (q,r)
BOREFHEOT 5 g-linear functions % D BB T % sum of digit functions 234F
INTWD (cf. [1], [2], [4], and [7]).

BB Xy OFOEFOHRS|%Z word & FF, word 2RDEEZ X L. *
TeweX: WL, w=ww--w (w& EER7ZH0) LE<

Definition 1. w € ¥} (ZH L, BHn > 10 (¢,r) REAOFIZHEHN L w DE%%E
eqr(w;n) TRT. L w A0 DL XTI n D (q,r) BEORERDOAOEF ORI
0NN O ATNEEDEL, w=0 D&XIZDOMEITITORWNZ LIZT 5.
Fleg,(w;0) =075, ZDLEHBLNDIES

{eqr(w;n)}nxo0
Zw kT 288 — B L RS
Example 1.
e10,0(1;12321) =2, €300(02;202202) =3, e30(1;2" —1)=n (n > 0).

UJ‘_, w="b_1--biby € Z:;,T (bz € Zqﬂ») IZX LTl = |w| PwDEI LS
7o [w]gr = Zé;é bigt ETBFET D, NE— U BINIIRDOME & FFo:

1
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Proposition 1.
q—1—r

eqr(w;n) = Z eqr(aw;n).

a=—T

Proposition 2. fEEDEH n > 11Zxt L,

cotiim = (o [1]) 1l o

0, otherwise.

1.2 KEB9IhI 4
NG =B {eg, (w;n)}nzo DRBIEK, $72D5

ful2) =) eqr(win)2" (1)

n>0
BEZLD. AERDw e B I LT fu(z) DIFFERIT L THD. FEE n=ad +
a1 A ag, a; € 8y, ETBEFHREVDICHLT

¢ —1
eq,r(w;n)gl—l—lgql—'r N
q_

<n

MBEEY N H, lim supeq,,n(w;n)% < lim supn® =1 & %%, —7%, eqr(w;n) > 1 &7

n—o0

5 nITERICZFET D, £-T1/ lim supeq,r(w;n)wl_z =1TohD.

NHEIZr =00 & X, mED word wy, ..., wn € X o (T 535 — L $FNDORE
B fun (2), -, fun (2) 23 C(2) EREBIISLIZ R D T2 O OME+ 3545 5 2 72

Theorem (RE [9]) wy,...,w, € X}y &T5H. ZOLERDIFMIIFMETHS.
() faur(2)s- - fu (2) HE C(2) HSKHIRER T 5.
(i) fu, (2)s -, fun, (2) T mod C(z) TC LR TH 5.

(iii) {Z cieqo(wi;n) DR (T ORBFIE 72D L 57 (¢, ..., cm) € C™\ {0}
=1 n>0

DEETSH. T2 Tl=max{|wil,..., |wnl}.

EEDOw e ¥ 1L, ny = [(lw) ], ERTIT egr(wing) — 00 (j = 00) L72%
DT, 3F =B {eqr(w;n) bnzo FAFFI TRV, > T, HEBEDO w e X} IZx L
fu(2) = Y0 q0(w;n)z" i3 C(z2) EBERITHS. —75, word 23 2 fHIL L DA,
Jui (2), -y fuom (2) X C(2) EAREHITERIZZRY 5 %
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Example 2. Proposition 1 X VEED w € ¥} 1Tk L TRHELY L0,

0o q—1-—r
0 = <eq,r(w;n) — Z eq,r(aw;n)> 2"

n=0 a=-—r
q—1-—r

= ful2) = Y funl2).

a=—Tr

DEY fu(2), faw(z) (a=—r,1—7 ... .q—1—7)IXC(z) LR TH 5.

Example 3.
fi(2) =Y e20(00;n)2", fa(2) = ea0(015m)2",
f3(z) = §6270(10;n)z", fa(z) = nffe;o(ll;n)z”.

n>0 n>0

LB &,

trans. deg@(z) (f1(2>7 f2(2)7 f3(2>7 f4(2>> =3.
ZZT {6270(01;71) — 6270(10;71)}”20 = {0, 1} li)ﬁﬁﬁﬂ“(ﬁb U

fal2) = i) = 1

_z2'

z

SFY fo(2) & fs(2) iFmod C(z) TC HEERBETH 5.

NHOFERIEZr =0, 77205 (¢,0) FRONRZ —UHINIREINTWVDS. K
MCOFL OB, r 2B Lz &, DLV MES VIS 1 HBATLERO
word IZxH B /5 — BB OMAEBRERRLHZ L THB. flxiX, ¢=3,r=0,1,
wy = wy = 0 1K B /3% — L HF

{63,0(0; n)}n207 {63,1 (0; n)}nZO
&b, Fx DEH (Theorem 1) (TB A% n O 3ERE L (3,1) BEICKIT S 0D
NEB (bDEET) ML THEZ L ERLTND.
2 FITFEHE
BAIINBHORREZILEL, ROBREHT-.

Theorem 1. fFEED w1, ..., Wrmey € X5, (r=0,...,¢—2)ITHKL,

fri(z) = Zeq,r(wrvi;n)z” (r=0,...,¢—2,i=1,...,m(r)) (2)

n>0
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LB ZDLERDIFMHIIFETH S .

(i) fri(2) (r=0,.--,q 2, i=1,...,m(r) X C(z) LREMERTHS.

(i) &5 r KL, fra(2),. frm(r( 2) 1 mod C(2) T C HETHIERETH 5.
b5 r

(i) (ZXF L, 5
m(r)
{ > cieqr(wriin) }
i=1 n>0

BHaREW L TEH ¢ OREFIL 12D K972 (1, .., cmy) € TN\ {0} 237
£T5. 22 Tl= max |w.4|

e
ER (OXHE) L9, m(0) + - +m(qg— 2) EDOREE
fri(z Zeqrw”, (r=0,...,¢q—2,i=1,...,m(r))
n>0

C(z) EOREHIMNTIIENT, & r =0,1,...,¢— 2% 2 m(r) BDOBEEK
Fri(z) =Y equlwriin)z™ (i=1,...,m(r))

n>0

D mod C(z) THD C LOBEMMITIFESND. BT, m(r)=1(r=0,...,¢—2)

DFEIBN T, BB, (2) = Xm0 ar(wrin) (r = 0,....q — 2) ORI
q — 1EDREE

z) = Z ego(woin)z", ..., fg—2(2) = Z €qq—2(Wq—2;n)%
n>0 n>0

C(z) EoREHMSTIZRETH S, L LERR L2 X 9124 f.(2) (r=0, ...,
q — 2) TR DT, fo(2),..., fe—2(2) 1T C(z) ETREHN L 2D, Ko T
fo(2), .-, faoa(z) DIEEBAR C LOBIAES R(2) = cofo(2) + - + cqafya(2) X
FEBB TR, < R(2) DIEHEI

q—2
{Z cieqi(wi; n)}
n>0

IR EIREFI CIIRBETE RN EBRb0nD. BRICERRD (¢,r) HRIZRIT 5%
b —EHNE C BN TH D, 2L (¢,n) R (r=0,...,¢q—2)ICX 5B
BORTD B HEOMNMHEZRIEB L TN,

¥ 72 Theorem 1 £V IRDZHHE D :

Corollary 1. FEDOEH m > 11Z% LT,

Zeqr Jgrin)2", r=0,...,q—2

n>0

1% C(z2) EABEIIS T 5.
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N2y, = {01} CHEETAZ LICL W REES.

Corollary 2. w=10b---by, b; € {0,1} EB. ZDE X

fr(z) = Zeq,r(’w;n)z", r=0,...,q—2

n>0

X C(z) EREBIMNITH D, BT g =3, w =0 & THUTIEE AL C LOBRBRHEE
{616370(0; n) + 026371(0; n)}nzo

I EIRES | CIEEBR TE 20,

3 Theorem 1 MD3EA
AHi T Theorem 1 (i)=(iil) DFEAZ MR 5. (iil)=(il) X (i) = (1) 1ZES.

B3 f,.:(z) % Theorem 1 TEREINT=H D & T 5. Proposition 2236 f,,(2) 1
Mabhler Z % 52K

1—21 zv(wri)
(%) = (1
fm(2> zr(l _ Z) fm('z ) + 1— Zq\wm'\
HITZEREPOONDS. 22T
N [wﬁi]q,ﬁ [wﬁi]q,T > 07
v(wr) = { ¢l + [w,i]gr, otherwise.

WEL=¢—-1,u.=7r(q+1),
Fri(2) = 27" (1 = 2") fra(2")
LB & Fu(z) eCllz]] TH Y, F,(2) X% FFEKX

Zu(wm)L—ur(l o ZL)

FT’,i(Z> = Frvi(’zq) + 1 o Zq‘wr,i‘L

(3)

BT

Lemma 1 (3], [5]). d > 2 %KL T5. gi(2),...,gm(2) € C[[2]] 73 C(z) k¥
HIERTH Y, B FHENX

gi(2Y) = g:i(2) + ai(2), ai(z) €C(z), i=1,2,...,m.

BRHTTRBIE, 91(2),. .., gm(2) IEmod C(2) TC EMFHERBTHS.

>
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Lemma 2. d>2, L >1,1>1%2%KL35. & LAEBK c(2) € C(z) D BEEF
=
(1—2")a(z)

c(2?) = c(2) + T AL

a(z) € Clz]

BRI R BT,
(1= 21)b(z)

1— 247"

c(2) =
L7725 b(z) € Clz] BFIET S.
B Fi(2) DEFRLY, {fri(2 )}o<,~<q > & A{F,(z )}o<,~<q : D C(z) EToREH

<i<m(r)

TERMEIIFRMETH 5. J:o“C{f”(z)}o<r<q » B C(z )J:“C{JC%IE’JTIEE&% (¥, Lemma

1<i<m(r)

LEY, {Fral)} ozrz0s i mod C(z) TC EHIBRR L 125, D% Y,
q—2 m(r) q—2 m(r)
chrz 7’7, chrzz 1_2 frz( ) (4)
r=0 i=1 r=0 i=1

PEEBE LD L5 &b 12130 TRV e, € CHFETD. ZD&X
(3) 22 & E BB R(2) 13BI%F R

R(z) = R(z9) + (1= 2Dalz) a(z) € C[z]

1—24'L
BIR-T. 22Tl = ,ax lw,.;|. €5 T Lemma 2 £V, &5 b(z) € Clz] BIFAE
1<i<m(r)
LT

R(z) = L2

LB, ERE (4) ITRAL

q—2 m(r)

b(z) =(1—20"F) ZZZ‘“%Z

r=0 =1

- — 2t 1L Z (i%crzeqr Wy4; N ) (Zq+1>(q—1)n—T

n>0 r=0 =1

q—2
T S () (o

’I’qul_l r=0

/5. ZZTdegQ(2) < ¢ an, = Z;n(lr) cmeqr(u}”, n). -oTO0<r<qg—2
2Ob(z) REEATH D Z LIERTE, EED rizxt Lay, —a,_g-1, = 023+
SREV R TRY LD, TRbHLEF

m(r)
Z Cr,i€qr(Wri; M)
i=1 n>0

6
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IS RENE ZATEB ¢ ORHFIE 7oo TS,
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WEBER OEBREICNT 2HEHN7TO0—F

INAE— AND & H

1. INTRODUCTION

an = 2cos(2m/2"12), Q,, = Q(ay,) &BL. Q, FHEHEAE Q @ 2" RKEHLEKXTH Y.
Qoo = UpQy 13 Q @ Zo-$5K1272 5., 1886 1T Weber [20] X Q,, D¥EE by, 1TETD n > 1
W LERTHLZ 2R, 1956 FICHET, SHaREHRmEWPFINLIHRmOHIFL RS
am3 [13] T, B BlEEH %2 52 72,

hp TDOBHDITOWTUE Weber 1 h, =1 (1<n<3)ZRL., hy >1 A ETFHLI
5L (cf. [21, p. 808]). L22L72A%% Cohn [4], Bauer [3], Masley [15] 12L&V hy =1 A%,
van der Linden [14] Ik Y hs =1 2RSN/z, GRH 2BEITNIT hg =1 THDLZ & bbb
o T,

hy TOYDITEEL DS, FEBAIITHL hy, D l-part 13 Z,- 5RO Z AW THNS Z
T E DL, 1975 1 Washington [18] & h,, D l-part 1En — oo DEFICERTH S Z &,
DFEY hy =Llng, 0 fq &ETT R e, FERATHLZ & %/RL Tz, Washington 3 e, OIENI
MIEE S n 2 BAMICFHEICE 5 THEALD, e, DRI IITONTUIZIMNHITEBICIE
DOre7ey, JITIE 2002 F6EFE L5 —HEOWIEICTHB N T, £ DM 5% Al EIEeT
DOn>11xL L fh, THDLZ &KL (cf. [8], 9], [10], [11], [12]). EWITDOFERD—EB
(EO/N2N SN b SANCY g
TE 1.1 (Y1), FER LITHL

(1) £=3,5 (mod 8)

= (¢ [ hy foralln>1
(2) £=9 (mod 16), £ > 34797970939
= [ h, for alln > 1
(3) £ =7 (mod 16), £ > 210036365154018
= (¢ [ hy foralln>1
(4) £ =17 (mod 32), £ > 99058876803687232988315200302
= [ hy for alln > 1

(5) £ =15 (mod 32), ¢ > 13587962794567664417367767933682902760331179094

= ( [ hy foralln>1

OB D AEAM R EETIE, T O&MEERITHRA LT LISHLTE f hy (n> 1)
ThbLZ bbb, UL, — KT, €=17,17,23,31,41,47,71,73,79,89,97, ... lCH L C
L0 ) by (n>6) MEIINZDEEDNSIIDNS R, BALROERE 57,

EH 1.2. L Z2HFKEL ceZ &
{2C||£—1 if (=1 (mod 4)
2¢|| 2 =1 if £=3 (mod 4)
TED,
m =3c+1+2[logy(¢ —1)] + [logy(2¢ + [logy (¢ — 1) ] +2) |
EBL, L L fhy 6, £2CDOR>1ICRHLTL fh, THA,
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WL OPD LIZHNT D m RO LDk b,

z\ 3 5 7 17 31 257 8191 65537 524287
m\16 15 21 26 34 46 75 87 106

sTEBEEZ AT L f by, ZHEDPONE, ROBEREED,
R13.0<10°: F=Vn>1 (fh,

EEE 1.2 13 Sinnott-Washington OFEICEDSWCEEH SN D (cf. [19], [5]), Z Z TIER
1.3 28 2DIAT > st HICO W TRBLT 5.

1.1. General Settings. o

A, TQ, 0)4’:7"“711/_3@%’@0) lpart xEL., A, =G(Q,/Q) &7 5., Q DREFATLE Q,
L, BEYx: A, — QITXHL

1
ey = Z Tr(x H(0))o € ZiA,)]
|An| ogEA,

EBL Trid Qux(Ay)) 6 Qp ~ND trace TH S, A, D x-part 7% A, = e A, TEF
Ih, A, 1T

An = @XAn,X
CERASRIS NS, L y 1 Q RBEOREEE, 6> L) |A,| ZH» 021215
2T xIZOWTL ) Ay, | ZHEPONIT LV, x BSEE T2 NI Kery ISHIET 2 Q,
DEBDR Qi 1T L. BRI A, 2 Ap, &85, koT x BHEE ORI 0 [ |A, | ZHED»
WHZEMTENITL N,
a2 €C % 1 DIFET 2nt2 FR & L
&n=(Cor2 = DG = 1) =2 Car2 = G €

EBLe ext =D pen, o0 € Z[AL] st ey o = ey (mod £) ZIFD &L ey & & ITIERIS
TDLZEMTED, ey OMY HHTEY DD Y _ar =0 1275 K& L &
13 Q, DRI S, WOWOLHBHTH L, & ZHWT |A, | ZilB TS5, |A, | P3¢
TENDLZ e HZRTOIFHL W, S eZ2RToldg Ly, XROMEITL D EER
Gras THO—ETH Y. Gras THIE Mazur-Wiles I1C L - Cat s -2 EE TR OIS
LT HEMICMHRS NIz (cf. [6], [7], [16], [2, Lemma 1]), ZHEEI & ST Y, ar, =0
TLTY &y,

W 14 p % p=1 (mod 2420) THLERET 2. p OLIEDHS O, DELLFEAT TN
picLT

(&) T #£1  (mod p) (1)
LaNIE A, =1 TH 5,

Fo % By = ZNZ ORBEADE T 5, e ZEZDLDENS x: A, — F, £ LTk,
i €Ty % 1 OB 2" TR K =Fo(n,) 2L A, OERTE p % ¢y = (0, TEDD,
x(p)=n; TEED x 1T A, OIEEBHLERKL.

2" —1
1

i = o > Trgsm,(0d)p' € FelAy] .
1=0

p%p=1(mod2""2%) ZHI=TEKEL. g,  p DFRGBERE TS, plE Q,/Q THEE
DRTENE. p D EICHD Q, OEUREALTTIV p IS L,

p—1
on—+2

Chia=g (mod p) .
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WE->T ey =, aip" D
21 ,
e_; 1 \aiip*
& = [ (2= G —la)™
i=0
21 ‘ _
5* —5" \ Qij
- H (2_ n+2_<n+2) ’
i=0
2m_1q £52 _p—1 51 ;i
[T(2-90"" —9,>7" )" (modyp)

1=0

L), mEDOEIE modp TEETIILL W,

25| 0—=1 if /=1 (mod 4)
2% || 0+1 if £=3 (mod 4)
TseZxRDD, HEAKX (1) ZHNTL ) h, ZHEPD L TEEZNDDBEICTHT THHT
by hi =176 n>2 LTk,
p=1 (mod 2""20) 2 H1=FTE K p BLO p DFHER g, ISHL 21,20 €Z %

p—1

on+2

Z1 = g

z = z' (mod p)

(mod p)

TROTEL,

1.2. /=1 (mod4),2<n<sDFE. [K:F]=1THY n, €Fp. ®>7T Trg/p,(Mn) =1n
"(\\

1 2" —1
o= L

g Bl DFERETDH L,
-1
n, =g,°° (mod ¢)
CHESThy, /€T Qij el %
aijzg};"lij (mod ¢)

TEOIUE ey = (1/2) Y, aijp’. Wil 1.4 2658 1/27 13TEEL T Lo,
X={j€eZ|1<j<2":o0dd} &BLE{|jeX}MWA, OHEFIEZEOE2AEKTH
. TNHITF, ERETRG, /- THEE 1.4 122RDIVICT0 5,

HEE 1. b=5 B, 2TDje X IIHL, p=1 (mod 2"%) B LV

n 1
2" -1 =

( H<2—zi*—z3i>%); 21 (mod p)

=0

RIS ER p WEETIE L ) hy/hpy THD,
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1.3. £=1 (mod 4),n>s+1 DFE. [K:F]=2""°THV., n, ®F, LOog/IEENIL

X2TL*S _n2n78 )
/ﬁE‘DT 2n=s /{/Z fd:% TI'K/IFZ(’I];LI) =0 T&') V)\
2°—1

1 n—s;; n—s;
i = om > Trye,(mn )0
1=0

1 2°—-1
= Q—SZU?PQ L.
1=0

Fo otic 1 o 2" FiRIE 27 @H 20 F, LEETRVW 0T 227 flH Y. Tho
A, OHESHEED Fy XKEFHICHIET 5, £=1 (mod 2°) ICEET 5 &,
X'l WF ERE = gl =9 3Im
< i=j0™ (mod2")
= i=j0™ (mod 2%)
= 1=7j (mod 2%)
26,
X={jez|1<j<2°—1: odd}
EBTIE A |jeXTAA, OBEFIEED F, KEEOREITRD,
g% L OEBREL, ay €l %
a;; = g;?;slij (mod /)
TEDD, i 1.4 1RO 5,
HEWE 2. b=52" " B, £2TojeX L, p=1 (mod 2"20) BLV

p—1

251 p_i
(H<2—zl{"—z3")“ij> #1 (mod p)

1=0
B BT EE p MEETHUE. € [ hy/ho1 TH 5,
1.4. £=3 (mod 4),2<n<s DBE. [K:F]=2THV, n, ®F, Lom/I%ERT
X?—aX+1
D (ZDTH L Z LD —EENTEL),

2" -1
1

X = o Z Tri e, (170" -
i=0

Fy, o1z 1 oFElG 2" FRIE 2" @H 50 Fy, EERE TRV T 2» 2 flH Y. Th
5N A, OBEIRED Fy MEEICHIET 2. = —1 (mod 27) ICHEET 2 &
X' e MF bR = pl =n or ), =l
< i=j (mod2")ori=j¢ (mod?2")
< i=4j (mod?2").

(&

it->7T
X={jez|1<j<2" ! ~1: odd}
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EBFIE{N |je X} WA, OBRFHEED F, HEEOREITRD,
§1.5 (2) @ t; ZHWT

aij :t23+1_”ij
e e, fliE 14 1RO S,
HEHE 3. b=5 B, 2CD je X ITHL, p=1 (mod 272 BLY

2m_1 p—1

(TLe-#-4)) " #1 modp)

i=0
RITER p WEETIE L ) hy/hpn 1 THD,
1.5. =3 (mod 4), n>s+1 DBE. [K:F|=2""°5THV., ngy1 O Fp LD/ ERIL
X?—aX -1
DO, Z DWF 1, OEINSIENIL
X¥ —ax® T 2
THY, 2775 Jida s Trgp,(n,) =0 &5, 8- T.

28+l _q
. 2n—s—1i

1 n—s—1_;
% T on Z TrK/IFg(nZ “)p
1=0

2stl_q

- 2s+1 Z TrFZ(Ws+1)/Fe(77;]-|-1)/)
1=0

2n—s—1i

KR LI
ti = Tre, (1) /2, (Mst1) (2)
EROLFIUIR SR, T 4 =ne + 0y ZROBIERTIHET 5,
i 1.5. ax=0&L., aq;€Fy B3<i<s+1) %
a; = 24ai1 (3<i<s)
asy1 = V—2+as.
TEHETHE. t1=asy1-

Proof. ’r)ﬁii =—1ICFEETAL L.

ty = 77§+1 + U?il = (Nsg1 + 77£+1)2 - 277271} =17 +2
2 2 2041
tre = P+l = P+ )2 XY =3 -2
_ 2s—1 25~y 2 _
t25—1 —_ 775+1 _'_ 775+1 —_ t25_2 - 2 — O B
N A UL e el gV = G AN O

BE . 827y T CEARDB_SDBEWLOT t 1F 2 kT 5221 b, cnboid Fy
IC&END 1 OFG 257 FRTF, ERETRVED (227 @B 5) ICHIEL Tws, £E
Dty F—oOBETIUEE, ¢, ZENT LTy OREZFESTHL IO, W 2EXDH
T T LEBICR S,
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b AU 1 (i > 2) ROWHLR T BT E 5.

8 1.6. tipo =ttty +t;, (i >0).

Proof.

i i+1)¢
titin = (epr + 0l (it 4000

1 +2)¢ 1 1
= 2 U et it i)

= ti+2 - tz .
U
F, olc 1 ol 20 FRiE 2n ! e 508, F, EREThovbold 297 flH Y, ho
YA, OBRGHEED Fo KEEIHIET 5, £=25—1 (mod 2°TH ICEET S L
R R T T = 115, OF 11, = 15
i=j (mod2")ori=jl (mod?2")
(mod 2°%) or i = j¢ (mod 25T)
(mod 2°T) or i = j(2° —1) (mod 2511).

Lred

1=
1=

-7
X={j€Z:odd |1<j<25lor2°+1<j<2°42"1 -1}
LB (V] eX)IFA, oBEIEED F, EEORE,
a;j €L %
a;j =t;; (mod /)

TEHKT D, ty; Dijldi & jOBMTHL., #iE 14 1ROV IRD,
Mgk 4. b=52"" 2B, 2 TH jeX L. p=1 (mod 2720 B LV

2sti_q ‘ ‘ pl
( 11 (2—z¥—z31)“~‘) #1 (mod p) (3)
1=0

RIS ER p WEETIE L ) hy/hpy THD,

1.6. NEERRT7/IV T XL, HEE 14 OFtHEEIT CZEE L Tn 280 THIE On) THS,
B A1 Pentium IV 2GHz TiX 22 9C 3 f higoo ZHENPDLH Z ENTE, +73I10H W,

—Hn ZEELTLEZEDNTHILZ OUY)., 2 -102 0@ MTENDL LS4 LITHL
TIEAMHICS > T OW?) THD, £=21041=65537TICHLTUEm=87THY. £ ) hgy
REHENPO LD DL 40 HIZED» 5, FFBENZEFETIIRWA, &5 LEWTENE
Fhb,

TZTHARDOT)VAY XL (1, Corollary 11] 25 Z 21T 2, BT B v, F) —
Z/(p—1)Z %

CEHTDH. 0= 65537, n= 8T ITH L TIE p~ 103 BETH Y. vy(z) OFITM L & %
A 6N T 5 (Diffie-Hellman 85 ORHL), index calculus |C & 2 BEFFEHEFR] 7 )L T XL E
HLN, HADOHWITIT vy(x) mod l THFRTHLDT, yy(x) =i+l ZH1=T i &

_ N p—1y\1
2= (7)) T = (w7) )
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ICEDRONIT L, £<10° THNE0<i<L—11IXWL (4) OHFLADOEEREY, £l
TEE, K-

mizyp(Q—zll’i—zgi) (mod ¢). (5)
ERIZT 2 € Z I 0ERICHEAETH 5,
n 2<n<s
c=14s n>s+1, {=1 (mod4)

s+1 n>s+1, £=3 (mod 4)
T NIE HESE 14 1 TRDOBICERTE 5,
HEWE 5. 2T je X IIHL, p=1 (mod 2"M2¢) BLT

2¢—1

Z a;;x; 0 (mod /) (6)
i=0

ERIZTER p WEETIE L ) hy/hp1 THD.

HIEE S TS0 E Lo,
o HiiEAE DA (MEAEICZED S T2)
e 0 < Qij, Ti < 12 (Z < 10° 7 5% EREEITLHEL L)
x BROLT ==~y RIHLbOD, ThZzHi-TROVHL, NS s (eg. s<8)
ISR L TRHPEE 14 2, K&V s (eg s > 8) ISR L U HIEES 265 & L, Zhic
&0 65537 [ hgy OHERA 10 Befd], & 1.3 OFHAY 20 Bffif] TT 72,

1.7. EX FOEE.
171 a FRENW ETERFZN, FENICE—ETH S, (=1 (mod 4) DEFIE

£—1

Ali]=g,”" (mod¥), 0<i<2°—1
DEREED,
au_{Am*%jmﬁQﬂ if2<n<s
Y 1 Alij mod 2°] ifn>s+1
9%, £=3 (mod 4) DBl
T[] = Trr,(n,11) /P, (77§+1)> 0<i<25tt -1

DERHEIED,
T[25F17 "5 mod 25t if2<n<s
Q;; =

7 | T[ij mod 25+1] ifn>s+1
a‘g‘éo

TrFe(ns+1)/Fz (775—1——11—1) = - TrFe(ns+1)/Fz (772—1—1)
ICEELT

A[Z] = Ter(ns+1)/Fg(n;+l)7 0<:< 2% —1
(R

Tl Ali] if 0<i<2° —1
11 =
—A[i—2°] if 25 <i< 2t
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EITIUE, AEY LR ZFEFICTE S, Lfa\b D53 1E dominant part TIFRWVD T, H

FOBRITR, R 1.3 OHHEZ < 10° ISAT2RHTEZND L,
Ali] 134 DRHRIFT 5 DTS TnJr%ibfﬁé’{’F—aTi’o JiE n,p,jeX Z28L
THHmIcHER 5,

L7.2. HEE 141 j e X ISHLTp=p; 2RETLOCOEN, KEHO j 1ML Tt
Dp IMEADL, pEHA, TIPS §2ENTONEI G, ZHOTHUTE2 20 — 28 135124k
SRNDOT—ELRITHEL TRE2F->TEBIT A,

1.7.3. £=3 (mod4),n>s+1 O, ¢ =254 LB

pi — 52”*5*1(2S+z’) _ 52“*1bi = (2n+1 + 1)bi (mod 2n+2)

.7 p—1 n+1 [3 —1 . .
bt o (2 —|—1)b . p—1 bt b
2] =93 =gp? 2{ =—2{ (mod p)
_ (2°+4)jy _ 2%5 ij _
airj = Trp, (o) /B Mo ) = Trrynasn)/me (M551M541) = —aij

FEG. CHREE 4 @ (3) 1F

251 i i p—1
2 — 2V — 25 \ai ?
(TIGE-2)") " #1 modn)
Pl 2+ 2] + 25

EEMTEL, s BHLIBRERSUNE, ZhTHLELS RS, %E@%ﬁmi‘# (AW AW
DICERENENIZDT, IRV HEHEEIND L D220 T 505, FOEDIS j 28> 3RS
—ERTHEL TREZF> TBTE LT, ==~y Mik’)i URAJBR

1.74. (5) ® z; IFLBAARGIZTROLM, 0<i<2° <l DTI AT — MDDk
LEELRERE 20BRTHITHLD, 2° & L DRSS ENTOLBEITEENAE L 508
0 <10° THNT ST EREICITR S 20,

1.7.5. HIEIE 1-4 1ZHND p 3BT OKIENS, SREEHEBELZEE L ZNEENY 7 N2
ANETar oI I b, LPLHEES O (6) ICEHNLZ L LN THLNE. f
AT 0 <10° 2 b S EREEITLER W, ST CTEL Ik —Bog#EzXb 2
EINTEDL, HfEE CERBA 7 —71) % TC I TC DhNS C Tl I LEFEITTHS
EMTE, 720D DL TELDOT, ZORBIIFTHNTNS,

1.8. Fourier Z#. /L 5 1 THIEEL 1-4 LV EETH LM, KR O 7V ZALTH
5. R13EZL<I0CITHBIEZD & TLL1EEMNVZSTHL, HEKEZ 10 6R21T1
AREME. RLUTAEEERZ & TR, ETTLRNCT NV AY ZALZBIRT NI TH DL,
FEE. (=1 (mod 4) DET a;; =7 THY., j=2r+1 B & (6) 1F

Sagz; = Y ni® Ve =gl Y gm0 i,

CETEDH, 2T u = 773_112 & v = nﬁ(lﬂ)xl @ convolution TH VY, FFT Z AT
O(log,(2%)2%) = O(s2°%) TEHHTE %, £ =3 (mod 4) OB L L HEENC R 5 AE U FEM
A5, FFT I3EL< 6 6N THL08 BHGEa TR [17) 2% Gauss MOEFHRICH W
DOMYID T TIERWNE B, HRESTIIBELLHUIHE YR T —~ & L THENM LD TH D
M, HOLEITTILIREN D TE AN - THEL, IWNERN =L EMHT 5,
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18.1. £=1 (mod 4), n > s+1 DL, n7° £0 (mod £) 7215

2°—1

S g € Fy (7)
i=0
ZRONIT I, -7
2
u, = ng" (0<i<2°—1)
v; = 772(““1)%2- (0<i<2°—-1)
LB E,
251
w, = Zur_ivl (0<r<2°-1)

ZRD, w, #£0 (0<r <2571 1) ZELONT LV, DELRDIFw, 0<r<2571-1) T
HDHLM, 2O DR ERISKD D HIEIT L (EED), 2<n<s ODRFHEIKKICTE S,

HE . upey O r—i1F mod2® THEARTNIETR SR, —(2° +r —i)2 = —(r —i)?
(mod 2°) 726 (7) &FJEL 780y,

1.82. =3 (mod 4),n>s+1 OFE. 173ICEEL T j=2r+1 B L (6) 1%

2°—1 2°—1
_ ] ije
Z QijT; = Z (M1 + n1)
i=0 =0
251
_ g ijL
= Z (ndwi +n0 )
i=0
251 251
Z 775+1332 ( Z 773+1332>
2°—1

( Z 775+11' )

—(r—i)? i(i4+1
= TI'(T]S+1 Z 77st1 ) SEI——{ )'T1>
LEWNTEDL, £ 0l =a; +binsyr (ai by € Fp, 0 < <2571 — 1) okEXROWi{LAIC
FUES,
B8 1.7. ap = 1,00 =0. aj41 =b;, bir1 = a; +1t1b; (Z > O)
Proof. ai1+biv1nsi1 = (@i +binst1)Ns1 = aiNsy1+0i(1+t1ms41) = bi+(a;+t1bi)nsy1. O

I FFT O¥fF# 295, DF

A = a_p €F, (0<i<25—1)
B, = ajpex; €Fp (0<i<2°-1)
C; = b  €F (0<i<2° —1)
D; = bz €F, (0<i<2®—1)
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#EL, HUOWFIE mod 25t THEZ 5, 4D cyclic convolution

251

X, = Y A_Bi €F (0<r<2°-1)
2°—1

Y, = Y A_;D; €F, (0<r<2°-1)
i=0
2°—1

Ly = Z C,_;B; €Ty (0 <r<2%-— 1)
i=0
251

W, = C,_;D; Y, (0 <r<2®— 1)
i=0

1 O(s2°) CEHIT X,
251 . ) 251
Z US_JS 2 ;(ff Vo, = Z (Ar—i + Cr_ins41)(Bi + Dins41)
i=0
21
= > (AiBi + (A4—iDi + CrmiBi)ijssr + CrmiDi(1 + tingrn)
i—0
- Xr + Wr + (Yr + Zr + tlwr)ns—l—l
b, Ar_i, Crly @ r—i 1% mod 25T CT& X T LA, convolution 129 5121E mod 2°
TERZRTNTR S, UL (25 +4)2 =225 + 2571 +i2 =42 (mod 2°5FY) 72226, 2h
[3HE/ T convolution 12725,
w->7T
251
i Z e e = By Fongyy (B Fr €Fp 0<r <20 — 1)
13 O(s2°) CEIHETE,
21

wy = Y ayx; =By + Fonepr + (Bp + Frner)' =2E, + 6 F, (0<r<2°—1)

3 0(825) TETELZLIIRbD, 0<r<252_ 1, 25l < p < gl 425721 25l
WO 1K LC w,e £ 0 ZHADAELL
2 <n<s OFT a; = nd + it = 773:1 S 773:1 BT B v o
convolution 12725,
1.8.3. convolution DFtHE. convolution I B EFRE LBIEL (Wb, K OIEAERK DA
u;  (0<i<K-—1)
v (0<i<K-1)

e, K ok
:Zur_ivi 0<r<K-1)

PYEV 720y, 72720 r—ild mod K TERX 5,
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MO 1BEEZ N &L,
X =2""> K -max{u; |0<i <K —1} -max{v; | 0<i< K —1} (8)
LBLEIICHEE X L0, HEREK
K—-1
=0
K-1
V = ’UZ'Xi
1=0
#Zx 5, FFT 221X
K-1 L= ‘ 2K -2
oV = (3 wX ) (Y ox) = 3 (X i) Xk
=0 j=0 k=0 it+j=k

I3 O(K log, K log, log, K) TEtHETE, (8) &1

0<a, = Z uv; < X
i+i=k

THod, f>Tap (0<k<2K—2) b O(Klog, Klog,log, K) CitHETE 5,

Wy = UV +UK_1V1 + -+ UVK_1 = Qo + Ak
W) = UV + UVl FUK—1V2 + -+ UVK 1 = Q1 + GK+1
WK-—2 = UK-2V0+ "+ UVK-—2 +UK_1VK-1 = AK—2 T+ Q2K —2
WK-1 = UK—1V0+ + UVKk-1=0CK—1
CIRDHIMG, a1 =0 LTHBTX
w, = artagy, 0<r<K-1)

b O(Klog, K logylogy, K) TEtETE 5,

TC IC1% GMP 0% EEFEREZF A L 725 convolution BN HARAEN TV 5, &Kk
l% convolution ZFH L THREEFEELZSGEILTLOTHLINE ZHITIAKIZETH LM, 2
DRRICE A DEECD . € f hy by DD D FEDEERNIRD L H 127 5.

)2—2b — 2 (0<i<2 —1) ot
) (g7 ) (O<i<t(—1) OatE

) (ng%)i 0<i<l—1) ®YV—k
) (2= =) (0<i<2°—1) Dt
) convolution @ ¥#E{f

) convolution OFEAT

)

convolution & @ QLEE

RZEWZ (0,n) IS 5 Pentium IV 2GHz TOEHREKFHE (F) I3XDO@EY ., n WKE 7%
5& (1),(2.) EL 725 DlE modp TOMEEEICEEB DN L DI THL,
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¢ s onl (1) (20 (2) (2) Ba) () (3)
131071 17 17 0.88 0.22 0.44 1.15 2.23 2.99 1.60
131071 17 95 5.11 0.26 0.43 3.45 197 3.01 1.66
786431 18 18 1.75 1.33 3.39 2.48 4.56 7.08 3.10
786431 18 103 | 14.02 1.65 3.69 10.06 3.99 7.10 3.11
524287 19 19 3.50 0.87 2.09 5.28 9.08 14.85 6.46
524287 19 106 | 27.77 1.10 2.32 21.00 7.98 15.11 6.64

A 18ILH0HMT. RL1IFAEKL 3EMF > C2 BB TCHRT LN TE,
R18.10°<(<10°: E =VYVn>1 ¢ [h,

R19 1°0<l<10": E =VYVn>1 ( [h,
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A Note on Computation of W(3,4) Sets

MATSUI Tetsushi

tetsushi@tnt.math.metro-u.ac. jp

March 17, 2008

1 Notations and Terminology

This note is written by R. Morikawa’s request, for supporting his exposition [3].
In the first section, we shall settle definitions, notations and terminology, which
follow the same conventions with him. Then in section 2, we shall explain how
computation is carried out, followed by its result in section 3. The final section
shall randomly note about the result of computation.

Let N denote the set of positive integers.

The main target of this note is called W (3, 4) sets. W (k, m) denotes a family
of sets

Wk(al,...,am):{neN

m
V(z1,...,2m) E N"n £ Zam? },

i=1
with parameters (a1, ..., a;,) € N™. That is, Wg(a1,...,a,) is a set of integers
which can not be represented in a form Z:Zl a;z¥%. In other words, it is the
complement of the set of representable numbers

m
Vi(ar,...,am) = { Zaixf
i=1

It is obvious that the order of parameters does not matter, thus we often sort
them in ascending order.
A family W (k,m) is split into two disjoint families. Since Wy (aiu¥, ..., amuk,)

(xl,...,xm)GNm}.

includes Wy(aq,...,a,) for integers p; > 1 and [ u; > 1, a set of parameters
(a1,...,am) is called “absolute” if all a;’s are k-th-power-free, or “relative”
otherwise.

A set Wi(aq,...,a,) can be split into two distinctive sets: a parametrizable

infinite part called “trunk” denoted W (T'r) and the rest called “star” denoted
W (%) [2]. Of course, a W-set may lack its trunk, since there is no “parametriz-
able infinite part”. For example, W (1,1,1,1) is expected to be finite — it is a
well-believed conjecture for Waring’s problem that G(3) = 4 — and then lacks
its trunk part. A trunk of W-set can consist of arithmetic progressions:
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Lemma 1. Let (a1,...,ay,) € N™. If 3¢ and r such that:

rgZ{Zaix'f mod ¢

=1

xieN(il,...,m)}

then the set v+ N is in Wi(aq,...,am)(Tr).

We will often omit a subscript 3 for Ws(ay,...,a4) in the following sections.

2 Computation

2.1 Method
By the definition of the set W(ay,...,a4), one can obtain it by computing the
complement of the set V(ay,...,aq). It is, however, an excessive work. Instead,
one can do as the following.

W(al,...,a4) = N\V(al,...,a4)

= {m€N|m€V(a17~~va4)}
= {meN]| Az st. m € (ma?} + V(az, a3, a1)) }
= {meN | Axy st (m—a123) € V(ay, as, as) }

A process to test the condition of the right hand side is called the “Ramanujan
sieve” [4]. Since V' (aq, a3, a4) consists of positive integers only, for any m there

are only finite possibilities of z1: 0 < 21 < [43/ %}

Using the Ramanujan sieve does, however, make sense only for the last step
of the construction. The set V(ag,as,as) used in the Ramanujan sieve, for
example, is obtained as the sum of V(ag) and V (a3, aq), i.e.,

Vag,as,a4) ={u+v|u € Viag),v € V(as,aq) }.

2.2 Program

The program used to obtain the result in the following section is written in
Python'! with some modules from NZMATH?2. The source code is available on-
line at http://tnt.math.metro-u.ac.jp/~tetsushi/program/w34.tar.gz.

The program needs Python 2.5 or higher built with sqlite3 support, be-
cause sets will be stored in a database. The sets appeared in computation are
generally too large to compute everything on memory. The disks are, how-
ever, much slower than the memories. For that reason, the program tries to do
computation on memory as much as possible, with dividing sets into smaller
subsets.

The time complexity is dominated by the Ramanujan sieve process. The
sieve for a W (k, m)-set needs at worst O(n'+'/*) set membership tests, where
n is the maximum of testing range. Constructing V-sets requires less.

Thttp://wuw.python.org/
2http://tnt.math.metro-u.ac.jp/nzmath/
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3 Results

This section devotes to present computational results.

3.1 Absolute Cases

The table 1 consists of four columns: the parameters aq,...,aq4, the upper
limit of computation, the maximum element of W (ay,...,a4) obtained in the
computed range, and the number of W(ay,...,as) in the computed range.
Some factorizations of W-set elements are in the tables 2 through 5. Morikawa
suggests a certain possibility of relationship between the parameters and factors.

3.2 Relative Cases and Cases with Trunk

The table 6 consists of five columns similar to those of the table 1 except that the
base parameter is inserted to the second column, and the maximum element of
W{(ay,...,as) and the number of W(ay, ..., a4) obtained in the computed range,
are of only the relative portion.

The computation of the cases with trunk set is very limited. The table 7
consists of five columns similar to the table 1 except that the last column is
appended to represent trunk set and both the maximum and the size of the set
are of W (x) ever obtained instead of the whole W.

3.3 W(,7)

We have been carrying out some computation of W (5,7) sets also. Though it is
believed that the number of terms needed for Waring’s problem for fifth power
is 6, this subsection presents a result about seven terms. The reason of this
choice is that computing W-sets for six terms is much harder than for seven
terms. We will expand the result to W-sets for six terms in the future.

The table 8 consists of four columns same as those of the table 1.

2179501 of W5(1,1,2,3,4,5,6) is factored into 191 - 11411 and 658192 of
Wi(1,2,3,4,5,6,7) into 24 - 31 - 1327.

4 Discussions

Here is a random note about the result of computation.

There still is not a theory which tells whether a WW-set for given parameters
is finite or not. Rather, there are empirical arguments.

The first of such empirical argument is given by Western [5]. His observa-
tion is that for density ¢ of W3(1,1,1,1) within a certain range with center z,
log(—log ) is linear to log .

The distributions of other W-sets look very similar to that of W5(1,1,1,1),
even in higher power cases. Therefore, a theory which explains the distribution
of a W-set, say W3(1,1,1,1) for example, may explain other W-sets also.
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Table 1: absolute cases
ai,...,a4 | Up to max(W) [W|
1,1,1,1 225 | 335544267 | 4269847
1,1,1,2 230 | 768097876 43710
1,1,1,3 225 31510150 20058
1,1,1,4 225 33475834 44767
1,1,1,5 225 33549885 53401
1,1,1,6 225 33522591 59271
1,1,1,7 225 33554372 | 302409
1,1,2,2 225 25872330 10349
1,1,2,3 224 524668* 1243
1,1,2,4 223 1886184* 1538
1,1,2,5 225 8223956* 3846
1,1,2,6 225 4274676* 3863
1,1,2,7 225 17659300 11006
1,1,2,9 225 33541780 31466
1,1,3,3 225 32810334 22741
1,1,4,4 225 33551738 88167
1,2,2,2 225 33531428 78901
1,2,2,3 223 1048189* 2364
1,2,2,4 225 3772368* 2928
1,2,2,6 225 5938988* 6754
1,2,3,3 225 6704868* 4008
1,2,3,4 222 260448* 636
1,2,3,5 221 337951* 1062
1,2,3,6 221 405687* 1129
1,2,3,7 222 607540* 1290
1,2,3,9 221 612572* 1537
1,2,4,4 225 7544736* 5744
1,2,4,5 220 400828* 1192
1,2,7,7 225 33554395 | 1823388
1,2,7,13 | 2% 33554430 | 1004122
1,2,13,13 | 2% 33554430 | 1437754
1,3,3,3 225 33554430 | 2804837
1,3,3,6 225 33474318 39919
1,3,4,6 224 4161876* 1926
1,5,5,5 225 33554355 | 1470200
2,2,3,3 225 33553830 | 100806
2,3,3,3 225 33554427 | 3079163
2,3,3,6 225 33548541 55209
2,3,4,5 225 9117243* 3003
legend:

*

7373170279850 seems to be the largest [1]

the element seems to be the largest
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Table 2: factorization of the largest 100 elements of W(1,2,3,4)

7522 (=2 - 3761),
7840 (= 2°-5-7%),
8001 (=32 -7-127),
8187 (= 3-2729),
8435 (= 5-7-241),
8675 (= 52 - 347),
9078 (=2-3-17-89),
9406 (= 2 - 4703),
9526 (= 2-11-433),
9951 (= 3-31-107),
10205 (=5 - 13 - 157),
10397 (= 37 281),
10580 (: -5-232),
11267 (=19 - 593),
11749 (: - 379),
12596 (= 22 -47 - 67),
13052 (:2 13 251),
13795 (= 5- 31 - 89),
14183 (= 3 1091)
14844 (=22 -3-1237),
15928 (=23 -11-181),
17408 (= (2-10) - 17),
19350 (=232 .52 .43),
21053 (= 37 - 569),
22139 (= 132 - 131),
22480 (= 2*-5-281),
23884 (=2%2-7-853),
28318 (= 2 - 14159),
29137,

32109 (=3-7-11-139),
34403,

41405 (=5-7%-132),
45813 (= 3-15271),
260448 (= 2°-3-2713)

7721 (= 7-1103),
7929 (= 37 - 881),
8119 (= 23- 353),

8190 (=2-3%-5-7-13),
8511 (= 3-2837),

8786 (= 2-23-191),
9297 (= 3% - 1033),
9411 (= 3-3137),

9708 (= 2%-3-809),
9981 (= 3% -1109),
10305 (= 3%-5-229),
10401 (= 3 - 3467),
10784 (= 2° - 337),
11505 (= 3-5-13-59),
11871 (= 3% - 1319),
12688 (=2%-13-61),
13465 (=5 - 2693),
13860 (=22-3%-5-7-11),
14245 (=5-7-11-37),
14880 (= 2°-3-5-31),
15951 (= 3 - 13 - 409),
18242 (= 2-7-1303),
19566 (= 2 - 3% - 1087),
21270 (=2-3-5-709),
22149 (= 3%-23-107),
22688 (= 2° - 709),
26444 (= 2%-11-601),
28333 (=29 - 977),
20142 (= 2-3%-1619),
32219 (=11-29-101),
34974 (=2-32-29-67),
41600 (= 27 52 -13),
56544 (= 2°-3-19-31),

7733 (= 11-19-37),
7978 (= 2 - 3989),
8138 (=2-13-313),
8355 (= 3-5-557),
8655 (= 3 -5 577),
8922 (=2 -3 -1487),
9332 (= 22 - 2333),
9457 (= 7% - 193),

9877 (= 7-17-83),
10185 (= 3-5-7-97),
10359 (= 32 - 1151),
10559,

10810 (= 2-5-23 - 47),
11722 (= 2 -5861),
12584 (=23 -112 - 13),
12914 (=2-11-587),
13628 (= 22 - 3407),
13890 (=2-3-5-463),
14512 (= 2*-907),
14924 (=22 -7-13-41),
16466 (= 2 - 8233),
19058 (=2-13-733),
21015 (= 3% -5 - 467),
21972 (=22 -3-1831),
22277,

22853,

27093 (= 3-11-821),
28764 (= 223217 -47),
31828 (=22 73-109),
32556 (=22 -3-2713),
39101 (=6 1 641),
42532 (: 73 31),
132244 (=22 - 7-4723),
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Table 3: factorization of the largest 100 elements of W(1,1,2,3)

39276 (= 22 -32-1091),
40310 (= 2-5.29~139),
41193 (= 32 -23-199),
41760 (= 2°-32-5-29),
42972 (=22 -3 - 3581),
44586 (= 2 - 32 - 2477),
45348 (=22 -3 - 3779),
47244 (=22 -3-31-127),
48540 (=22-3-5-809),
48825 (:3 -52.7-31),
49470 (=2-3-5-17-97),
49562 (= 2 - 24781),
52556 (= 22 -7-1877),
53492 (= 2% -43-311),
56687,

58675 (= 52 - 2347),
60219 (= 32 - 6691),

68292 (= 22.32.7.271),

70796 (= 2% - 11-1609),

71388 (= 2% -3%.661),

73500 (= 2%-3-5%.7%),

78380 (= 2%-5-3919),

81052 (=22 -23-881),
(=

87485 (= 5 - 17497),
89839,

95692 (= 22 - 47 - 509),
101860 (=22 -5-11 - 463),
112634 (= 2199 - 283),
141811,

181866 (:2 3.17-1783),
199092 (=22 -3 - 47 - 353),
239164 (= 59791),
524668 (= 22 - 29 - 4523)

39941 (= 11 3631),

40999 (= 7 - 5857),

41214 (=2- 3 - 6869),
41767 (= 11-3797),
43015 (=5 7-1229),
44801 (= 71 - 631),
45393 (= 3-15131),
47772 (=22 - 32 -1327),
48661,

48852 (=22 -32.23-59),
49499,

50308 (= 2% - 12577),
52635 (:3 5-11%.29),
53860 (= 22 -5 -2693),
57905 (= 5-37-313),
58686 (=2-3-9781),
60740 (= 22-5-3037),
64001 (=7 -41-223),
68980 (= 22 -5 - 3449),
71275 (= 52 2851)
71640 (= 23-32.5.199),
73726 (=2 - 191 193),
78764 (:2 -7-29-97),
81876 (=22 -3 - 6823),
88443 (= 32 -31-317),
90205 (= 5 18041),
96332 (= 22 - 24083),
105861 (:3 7-712),
114460 (=22 -5-59 - 97),
148172 (=22 -17- 2179),
186868 (=22 -11-31-137),
225468 (= 2 - 3%.6263),
320668 (= 22 - 80167),

152
40156 (= 22 -10039),
41034 (=2-3-7-977),
41589 (= 32 - 4621),
42252 (= 2%2-3-7-503),
43860 (=22-3-5-17-43),
45234 (= 2-32-7-359),
46563 (= 3-11-17-83),
48454 (=2 -7 - 3461),
48695 (=5 - 9739),
49300 (=22 -5%-17-29),
49551 (= 3 - 83 - 199),
51028 (= 2% - 12757),
52775 (= 52 - 2111),
56124 (= 22 .32 .1559),
58235 (= 5-19-613),
59400 (=23 -33.5%.11),
62324 (= 2% - 15581),
64529 (= 173 - 373),
69951 (= 3-7-3331),
71380 (=2%-5-43 - 83),
72516 (= 2%-3-6043),
78268 (= 22 17 -1151),
80940 (=22-3-5-19-71),
85650 (=2-3-52-571),
88740 (=22-32-5-17-29),
91423,
100740 (=22-3-5-23-73),
107580 (=22-3-5-11-163),
131068 (:2 7-31-151),
150381 (=32-7%-11-31),
187076 (= 22 - 46769),
235935 (=32 -5- 7% -107),
388052 (= 22 -7-13859),



AC2007

1563

Table 4: factorization of the largest 100 elements of W(1,1,2,2)

3574815 (= 3,5 - 238321),
3662499 (= 3 - 1220833),
3664893 (= 3 - 1221631),
3683444 (= 22 - 241 - 3821),
3686764 (=22 619 - 1489),
3738316 (= 22 - 934579),
3781534 (=2 - 271 - 6977),
3848916 (= 22-3- 41 - 7823),
3899316 (= 22-3- 53 6131),
3929890 (= 2-5- 17 - 23117),
3972732 (= 22397 - 3413),
3990300 (=22 -3 - 52 - 47 - 283),
4022276 (= 22 - 53 - 18973),
4068212 (= 22 - 61 - 16673),
4078012 (= 22 - 1019503),
4106922 (=2 -3 -29 - 23603),
4131149 (= 11 - 375559),
4149636 (= 22 - 3 - 345803),
4169355 (= 3-5-239 - 1163),
4201884 (= 22 - 32 - 116719),
4235748 (=22 -3 11 - 32089),
4424748 (= 22 - 3 - 368729),
4491420 (=22 -3 -5 74857),
4625356 (= 22 - 359 - 3221),
4656460 (= 22 - 5 - 232823),
4739820 (=22 -3-5-197 - 401),
4782588(::22-3~398549L
4846836 (=22 -3-17-23-1033),
4904292 (= 22 - 3 - 408691),
5120905 (= 5 - 59 - 17359),
5156717 (= 367 - 14051),
5247948 (=223 - 163 - 2683),
5508831 (= 3 - 1836277),
5671364 (= 2% - 1417841),
5871839 (= 107 - 54877),
5983377 (= 3 - 1994459),
6144214 (= 2 - 3072107),
6315476 (= 22 - 41 - 97 - 397),
6506620 (= 225 - 263 - 1237),
7081675 (= 52 - 283267),
7467692 (= 22 - 17 - 109819),
7845692 (= 22 - 307 - 6389),
8272860 (=22-3-5-173-797),
8580965 (= 5 - 53 - 32381),
9942836 (= 22 - 199 - 12491),
10141167 (= 3- 907 - 3727),
13735212 (= 22 3.29%.1361),
16487204(:: 461 8941),
17120244 (= 22383 - 17189),
18987387 (= 3 41 - 154369),

3594380 (=
3664884 (=
3675279 (
3685380 (
3699212 (
3760870 (
3846324 (
3890396 (
3927876 (
3952985 (
3973838 (
4019828 (
4041580 (
4073397 (
4091331 (
4120932 (
4134180 (
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(=

3

2

5
2

4160148
4200636
4226396
4307332
4489484
4578603
4625515
4710084
4763415
4788708
4852156
5028612
5133099
5181798
5277756
5550763,
5722340 (=
5928476 (=
6139111 (
6238996 (
6322756 (
6989676 (
7121715 (

(

(

(

(

(=

2

3
3-
22
22
22
22
22
22
22
3-
5 -
2
3-
22
22
22
3-
2-
22

—11

7571535
8047292
8468060
9913044
9998220
11521292 (
16434564 (=
17050452 (
(
(

2

2
22
3-
3-
2
22
22
22

18322060
25872330

22
22
22
22
2-

-5-179719),
-3-305407),
1225093)
-3-5-239-257),
112 - 7643),
5-71-5297),
-3-251-1277),
972599)
-29-11287),
409 1933),
11 -180629),
-37-157-173),
5-17-11887),
61-22259)
61-79-283),
3-343411),
-3-5-68903),
3-23-15073),
-3-113 - 263),
-1056599),
-61-127-139),
-1122371),
79 -19319),
925103),
-3-83-4729),
5-23-13807),
-3 +399059),
<211 - 5749),
-3-419051),
17 100649),
3 - 863633),
3-11-39983),

-5-132.1693),
-73-79 - 257),
197 - 2833),
2.1559749),
- 11 - 143699),
3 199 - 2927),
- 167 - 2843),
- 653 - 773),
11 182893),
-5 - 423403),
-3 - 826087),
.3-5-71-2347),
463 - 6221),
-3 67 -20441),
.3-23-163 - 379),
-5 916103),
3.5-11-78401)
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Table 5: factorization of the largest 100 elements of W(1,1,1,2)

83966701 (=
84027937 (=
86479484 (
88283767 (
90572764 (
92094548 (
92368094 (
(
(
(
(
(
(=

93155972
94761212
95580716
96695914
98369068
99772673
103047700 (
103895428 (
104375236 (
104810251 (
106795220 (
108978961 (
109367564 (
110718643 (
112186165 (
113029700 (
113423828 (
117858748 (
123189332 (
124158407 (
128552620 (
134155714 (
137669476 (
138694612 (
143941252 (
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

22
11
22
22
2.
22
22
22
2

72

2

2
22
7-
22
7-
22
7-
S -
2
22
22
22

2

146691148
147631729
157377892
157851365
163046884
172345180
176805356
188901284
194062036
204992564
214550420
216812596
224032324
240537388
255939404
265807724
334519556
372652826

2

2-
22
22
22
22
7-
2
S -
22
22
22
22
22
22
22
22
22
22
22
22
22
2-

7-13-83- 11117),
7-19 - 631789),

-7-13-237581),
13- 617369),

- 4327 - 5233),

7 13- 113 - 2239),

-13-317-1601),
7 13 - 255923),
71329 -47-191),
7 11-19-16333),

986693)

.23 - 21821),
11 1329 -491),
2.52.7.147211),

-7-13-79-3613),

-7 - 3727687),
13219 - 4663),

-5 7-762823),
13- 1197571),

- 27341891),
19-53-113 - 139),
7-13-19%-683),

-52.7-161471),

- 72 - 578693),

<719 - 221539),

- 7229 - 21673),

19 - 2251 - 2903),

-5-7-61-15053),
7-11-61-14281),
.7-379-12973),
.7-79 - 62701),
-7 13- 395443),

.23 139 - 11471),

19-1110013),
.7-127 - 44257),

7 - 4510039),
.7-11-13-43-947),
57157 7841),
.7-13 - 485729),
-11-13 - 330247),
-7-701 - 9887),
.7-7321163),
.5-7%.37-61-97),

-7-11-13-173 - 313),

- 17 - 3294593),
-7-13- 660817),
.7 -59 - 154927),
.7-13- 827 - 883),
-7-11947127),
7-13- 37 -55339),

83984108 (=
84545428 (=
87018260 (=
90323284 (=
91215068 (=
92126524 (=
92395940 (
(
(
(
(
(=

94173196
95249084
95850391
98116636
99394295
100873948 (=
103828396 (
104014652 (
104693953 (
106382353 (
108302980 (
109108363 (
110223932 (
110930036 (
112211636 (
113211436 (
115367252 (
121264241 (
123236204 (
127299830 (
132525076 (
136821748 (
138590438 (
143283236 (
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(=
(=
(=

2
22
22
7-
22
5 -

144462316
146766263
154969780
157586828
161137606
171843980
173195932
181804532
191056684
201561178
210744716
216780746
220828468
226109884
246505252
261951044
286040300
343024708
768097876

7
7-
22
7-
22
22
22
22
22
7-
22
2.
22
22
2-
22
22
7-
22
22
2-
22
22
22
22
2-
22
2.
22
22
22
22
22
22
22

22.13-1615079),
.11.1181.1627%
2.5.7.67-9277),
-29~47-16567%
-72~465383L
2.7.373.8821),
-5-7-13-50767),
.13-19-95317),

-7 3401753),
13- 1053301),
- 47 - 521897),
72.11-13 - 2837),

22 72.29 . 17747),

7 3708157),
- 97 - 5471),
13 23 - 50021),
112.29-61-71),
-5+ 5415149),
13-17-70529),
7213 - 181 - 239),
-7-151 - 26237),
- 28052909),
13- 2177143),
7-11-13-28813),
17323463),
7 13-19-103 - 173),
- 7-1818569),
19 73 - 23887),
7 - 4886491),
67 71-2081),
- 277 -1453),
36115579)
1489 - 14081),
-5 7-1106927),
7 5628101),
7 - 11509829),
5-72-11-19-839),
7 13217 - 2153),
713 -37-13499),
72 13- 167 - 449),
-13-1107479),
7 13- 17 - 34057),
-13-1191103),
7 7886731),
-7-11-13-149 - 379),
-7 - 8803759),
79 389 -2131),
71317 -43%),
132 17-19 - 1571),
7-13-17-19 - 47 - 139)
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Table 6: relative cases

ai,...,a4 base up to | max(W,e) [Wiet|
1,1,1,8 [ 1,1,1,1 | 2% 33554390 | 318297
1,2,3,8 | 1,1,2,3 | 2% 1697724* 2282
2,3,4,8 | 1,2,3,4| 2% 2083584* 3734
1,3,4,16 | 1,2,3,4 | 2% 9657982* 9457
1,2,4,24 | 1,2,3,4 | 2% 5911607* 3964
1,2,3,32 | 1,2,3,4 | 2% 11509380* 6912
legend:

the element seems to be the largest

Table 7: cases with trunk set

ai,...,aq | up to | max(W(x)) | |W(x)] trunk set
1,1,1,0 | 2% 1048557 | 71394 4,5 mod 9
1,1,7,7 | 220 1048566 | 34878 3,4 mod 7
1,1,9,9 220 1048466 | 23773 3,4,5,6 mod 9

1,1,28,63 | 220 1048573 | 97679 | 3,4 mod 7 & 4,5 mod 9
1,4,4,4 | 22 1048569 | 111092 2 mod 4
1,7,7,7 220 1048565 | 69965 2,3,4,5 mod 7
1,9,9,9 | 220 1048528 | 29857 | 2,3,4,5,6,7 mod 9

Table 8: absolute cases for W(5,7)

*

ai,...,ar up to | max(W) [W|
1,1,1,1,1,1,1 | 2% | 33554431 | 28944592
1,1,1,1,1,1,2 | 225 | 33554431 | 20867928
1,1,1,1,1,2,2 | 225 | 33554431 | 12087809
1,1,1,1,1,2,3 | 22 | 33554425 | 5897853
1,1,1,1,2,2,2 | 225 | 33554427 | 7705353
1,1,1,1,2,2,3 | 225 | 33554336 | 1989680
1,1,1,1,2,3,4 | 22! 2097152 424274
1,1,1,2,2,2,3 | 22! 2097151 618411
1,1,1,2,2,3,3 | 22 2097138 414611
1,1,1,2,2,3,4 | 22 2096993 225120
1,1,1,2,3,4,5 | 22 2096657 93685
1,1,2,2,3,3,4 | 2% 2096707 135566
1,1,2,2,3,4,5 | 22! 2096810 64410
1,1,2,3,4,5,6 | 2% | 2179501* 33002
1,2,3,4,5,6,7 | 2% 658192* 21134

legend:

the element seems to be the largest
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Thunk is an obvious obstacle for a W-set to be finite. The trunks in the
table 7 are found by the following lemma.

Lemma 2. The following conditions suffice the condition of Lemma 1 for cube-
free and coprime parameters (a1, ...,as) € N* regardless of order.

1. There exists a prime p = 1 mod 3 such that p fa; and pla; fori=2,3,4.
2. There exists a prime p such that p fay and p*|a; for i = 2,3,4.

3. a1 = +as mod 7 and T|a; fori=3,4.

4. a1 = tag, £2as, £4as mod 9 and 9|a; for i = 3,4.

5. a1 = az = a3 mod 9 and 9)ay.

Proof. By takmg modulo p, for the first case, S, a;a? is congruent to a;z?3.
The mapping 23 mod p is not surjective in Z/pZ since p = 1 mod 3. Thus,
Z?Zl a;x3 mod p is not surjective, either.

Proofs for the other cases are similar. O

There have not been any evidence that a W(3,4)-set can be infinite without
trunk. Probably, trunk may be the only reason a W-set to be infinite, if the
number of terms is sufficiently large.

It is clear from the computation above that the maximum element of a W-
set and its cardinality are strongly correlated. They both increase when the
symmetry group of variables and/or the volume factor [] a; become large. The
effect of the symmetry group seems to appear through its cardinality. The
table 8 of W (5,7) consists of W-sets for all symmetries. The volume factor also
affects as a local condition; even if it does not allow trunk, it may cause an
unbalance among residue classes.
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