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Hyperellipticnet 00O OO O0OOOO
Tate-Lichtenbaum O O O O [

oo oor

1 Introduction

0000000000000 0000000000000000O00O000DO0O0O0DUDOooOOooUoOoOOn
0000000o00oooD0dbO0ooooooooooooooDOooooooooIbOoo0ooDooDooOooDon
0000000000000 ooooonoooooooooon0dWeillOOODOOO Tate-Lichtenbaum 0O
00000000000000000000000000000000000OTate-Lichtenbaum 000000
Joooooooooobooobobooon

Tate-Lichtenbaum OO0 00 0000000000000 MileeOOOOOOOOOOOOODO200700
Stange[7][II:I[II:JDDDDDDDellipticnetDDDD[II:J[II:JDDDDDDDDDDEllipticnetDDD
0000 Abel00DODDODODODODODODODODOOOODODOOOOOOOOOODODOOOOelliptic net 000
0000000000 hyperelliptic net 0 0000000 Ohyperellipticnet 000000 200000
Tate-Lichtenbaum 0000 0000000000000 O0O0OOO0OOO

2 Stange O elliptic net

00 2.1 (Stange [7,8]). ADODDOOOO AbelDORODOOOO0D00 W: A— RO elliptic net 0
D00D00OW(O)=00000

Wp+ag+s)Wp =W +s)W(r)+Wig+r+s)W(g—r)W(p+s)W(p)
+W(r+p+s)Wr—pW(g+s)W(g) =0 (1)

00000 pg,rnsc ADDDODDDOODOOODOOO

Elliptic net 0 M. Ward [9] 00 O O O elliptic divisibility sequence (EDS) 0000000000 {h,}
O EDSOOO0OOOOOO

hm+nhm—n :hm-i-lhm—lh?l_hn-&-lhn—lh?n

oooUdoodnO0O mOOOUOOOOA,O b, J0DO0OU0O0OUOOOOOOA = R =Z 0000 elliptic net
W:Z—>Z0W()=100000W(©2)0 W) 00000000000 {W(»)}0 EDSOOO0O

EDSO0000000O0O0OO0OU00OO0O0OODODOOD00OOD0D0OOODODODUDUOOOOOOOO. ]9,
Theorems 12.1 and 21.4][0 Stange 000 000000000000 DDOOO ellipticnet 000000

*000o000000bO000oObO00o0oOO0o0o0ODO00o0o0n PD
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nO00000KOOOEFE O Welerstrass O O O
y? + a1y + azy = 2° + agx® + asx +ag, ai,a2,a3,a4,a6 € K
000000000000 DO0OFOODOODOODOOODOO FOODODOODOODDOO

00 2.2 (Stange [8]). 0000 v=(vy,...,v,) €Z"0000KDOOO0D0OO0 E"000000 ¥, 00
0000000000P=(P,...,P,) e EMK)00OO0OOOOO

(a) v£A00000
div(¥,) = ([v1] X -+ X [va])*s*(0) — Z vwzp}i,l(O)—Z (2711%_2““”) pi(O).
1<k<i<n k=1 =1
O000[w]: E—-FOv0000s:E" - FEO000000Opg,;: E"— E0Q pgi(P)= P+ P
O0000p: E"—=FEFO KOOOODOOOOO
(b) vyweZ"O0 vyw,v+w,v—w#000000000
\Ilv+w(P)\Ilv—w(P)
Uy (P)? Wy (P)?
P, #0(1<i<n)00P+P,#0(1<i<j<n) 000000000 Wp:Z" — KO
Wp(v)=0,(P)0000000000Wp O ellipticnet 0000

= —z([1]Pr + - + [va] Po) + z([w1] P+ - + [w,] P).

000 WeplO E0O POODOOO ellipticnet0 00O

00 23. P=(P,...,P,)€eE"(K)0 P40 (1<i<n)00 P,+P#0 (1<i<j<n)0000
00000000000 22 (a)000

Uy(P)=0 < [01]Py+ -+ [vn] Py = O.

o000 v,000000000000000K=COO0O00O0O0O0ODOODOODEC)=C/ADODOC
0000 AOO0OODOOO0O ADOOOQ WeierstrassO o 00 0: C—CO
u u ’LL2

goooooooocCctrooooooo Q.0

o(viug + -+ + vpuy)

H?:1J(“i)2ugfz?:1ij H1§i<j§n,‘7(“i+uj)vivj
00000000000 Q,00000 w0000 ADODOCOOOOOOOOOODOOR, O ((C/A)”DD
o0o0oo0oo00oo0oo0ooOooOO E(C)=2C/A00DUOQ,0 EFPO000O0OO0ODOODO Vv,00
ooov, 000 22000000000000000000 KOOODoOOOooooooooo v,0oooo
0000000000000 00000000000 [8,Section 4000000

Stange 00000000 Tate-Lichtenbaum 000000 ellipticnet 0000000000F, 0 ¢OO
00o00boO0o0orpO0F,00000000000000mO¢—-100000000

Qo (ur, ... un) =

Tm: E(Fq)[m] x E(Fy)/mE(F,) — Fg/(F)™

O Tate-Lichtenbaum 000000000000 §4000000000000O0O0O0O0ODO
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00 2.4 (Stange [7, Corollary 1]). P € E(F,)m|0Q € E(F,) 0 P,Q,P+Q+00000000000
ooo
_ vaQ(m—Fl,l)Wp,Q(l,O)

Tm(P’ Q) B Wpr(m + 1, O)WP’Q(L 1)

mod (F)™.

Stange 1 000 0000 QOO Tate-Lichtenbaum 0 0000000000000 O0OOOCOOOODOOO
O00000Stange 000000000000 DODOOOODODOOOOODOO

3  Hyperelliptic net

000000000 Stange 0000 ellipticnet 0000 (1) 0000000000 ODOOOOOODOO
000000000 ellipticnet 000000000000 DOOODO (1)D00D0OO00O0ODOODOODODOD
O00000000000000000 Tate-Lichtenbaum 000 0000000000000 OOOOOODO
JacobiOOOOOOOODOOOO W:Z" - KOOOODOODOOODOODOWOOODOOOoOoOOOoooo

KOOOOODODoOOOKOOoooooo goooooo

C:y? + (bga? + -+ bo)y = 2% + agga® + -~ +ag

00000CO0D0 1000000 co000D0JO CO JacohiOOOOODOOJO ¢gO0O Abel 00O

0000000000000 ¢g000000000D00JO00000 000000000 A:C—J0O0

Moo)=000000000000PI’(C)0 COODO00D0O00ONOOOOOOO ADDOOOOOO

A: Pic®(C) = J(K)ODOODODOJOOOODOOOO0O©000=XC)+---+AC)0g—100000000
0000000000000000000000

00 3.1. 0000000 000000 v=(vy,...,vp) €EZ"0000KO000DO0 J"000000
$,000000000000P=(P,...,P,)eJ (K)000000000

(a) v#£00000

div(®y) = ([va] X -+ X [0a])*s"O = > vpvipf 0 =Y <2v,3 - ZWZ) pio.

1<k<i<n k=1 1=1
0000w):J—JO v 0000s: J"— JO000000pe: J* = J 0 pey(P) =P+ P 0
OO000p,: J"—JO k000000000
(b) vyweZ"0 vyw,v+w,v—wF00000000O

Dot (P) Py (P)
o, (P)%2d,,(P)?

= @0, (o) Pyt -+ [va] Py [wn] P+ -+ [wi] P).

(c)Pb¢O(1<i<n00P+P¢0(1<i<j<n)000000000 Wp:Z" - KO
Wp(v) =0, (P)00000mOm>20000000000W,...,»™ € ((1/2)Z)"000000
001<4,j<mO00000v9 +0@ o) 90 ezZr0D0D000mOODO0 AO

A= (Wp(v(n D)y Wp(w® — v(j)))lgi,jgm

O0000000000detA=00000000g=1,2 (mod4) 00 mOODOO0ODOOPfA=0

O00000O0OPFAD AQ Pfaffan 0000
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OO0 WepO CO POOOOO hyperelliptic net 0000

00 3.2. P=(P,...,P,)eJ"(K)0 P, ¢0© (1<i<n)00 P+ P;¢0© (1<i<j<n)00000
000000000031 (000

®,(P)=0 < [v1]P1+ -+ [v,]P, € O.

00 3.3. 00000000¥, (P, P) =—2(P)+2(P) 000000000000 22 ((b)000
3.1(b)000000000

0000 ¢,000000000000000000000K=CO000000000000J(C)
CI/ADD0D C/000D0 ADODOOOWelerstrass o 000000000000 o000 0:C9—-CO
0000000000o0oooo [1,4,5|000000000(CH)*0D000OOO @, 0

U(Ulu(l) + oo + 'Unu(n))
H?:l J(u(i))Qvgfz?:1 V;V; H1§i<j§n O—(U(i) + u(j))vivj

00000000000 Q,00000 «® 0000 AODDODODDOOODOOODOOOO(CY/A)"O0DO
gooooooOoooooooooo JC)=Ccy/A0D0DOO0DS, 0 J"0000DO0OOO0OOOO®,0D0
0310000000000000000O0O0 KOOOOOoooooooooo e,0000000000
0000000000000 000000000000D Stange Q0000000 OOO

By (u, .. u™) =

00 3.4. 00 ¢g=1000000 31000000 0ellipticnet 0000000000000 m =400
00v®M =p+(1/2)s, v =g+ (1/2)s, v =7+ (1/2)s, v = (1/2)s00000PfA=000000
()ooOoo

0 3.5. ¢g=20m=60n=100000" =k+100® =k00® =300% =2000) =100 =000
D00000PfA=0000000000

W(2k +1) (W(5)° — ( )W (2)° + W(3)°)

—W(k:+4 —-2) (W k+2)W k—2)+W(k+1)W(k—1)W(2)* - W (k)W (3))
+W(k+3)W(k—1) (W W(k—3)—W(k+1)W(k—1)W(3)* + W(k)*W(4)W(2))
—W(k+2)W (k) (W(k+3)W(k—3)W(2)>+ W(k+2)W(k —2)W(3)> = W(k)*W(5))
+W(k+1)2(W(k+ 3)W(k - 3)W(3) ~W(k+2)W(k—-2)W@A)W(2) + W(k+ L)W (k- 1)W(5))

OooowW=wWpOOOOW(1)=1000000000

4  Tate-Lichtenbaum OO QO OO

000000000000 Tate-Lichtenbaum 0000000000000 OO0O [2,3]000000
F,0 ¢qO000D00O00O0DOO0CO F,000000000000000000C00COF, 00000000
oobobomOg¢g—-1000000000
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Tate-Lichtenbaum 0O 00O 7, 00O
Tm: Pic’(C)[m] x Pic’(C)/mPic®(C) — F) /(FX)™;
(D, E) ~ fo(E) =[] fo(P)™
i=1
00000000 fp0 div(fp) =mD0O000 CO0D0DO0O0OO0OE=Y_,nP0000DO EOOD
00000000000 Tate-Lichtenbaum OO0 000 7, OOwell-defined0000000000O0O0O0O0O
oooooo

00 CO000000000Tate-Lichtenbaum 00 00 OO hyperellipticnet 000000000000
0o A: Pic’(C) = J(F,) 000007, 000000

J(Fg)[m] x J(Fg)/mJ (Fy) — Fg/(Fg)™
D000000000000000000000

00 4.1. Pe J(F)[mOQ e J(F,)OODODOP,Q,P+Q¢ 600000

WP,Q(m +1, 1)WP,Q(170) mod (FX)m
a)

(P Q) = Wpo(m+ 1,0)Wpo(L,1)

5 0D020000000000000

00000 coooo2000000000000000000D0O000O000
CO P,QU0O000O hyperelliptic net Wpo DO0D0O00P,QOOO0OOOW(m,n)=Wpg(m,n) 00O
00W(m,0), W(m,1)DOODODOODOOOD0OO0OO0O0OD0O0O0O0O0OD0O0ODO0OD00O0ODO0O0OOODOOO

00 5.1. kO0000000kKODODODOODOODOOOVO
V =[[W(k—7,0),W(k=-6,0),.... W(k+8,0)],[W(k—3,1),W(k—21),...,W(k+3,1)]]
sfs)sislsls
kOODDODO0O0ODODOoOooOo vVoooooooooooooo

(a) Double(V)0 2k 0 0000000000000
(b) DoubleAdd(V)D02k+100000000000000

coboooooooooooboooOooOoOoooOooobooOoboooooOooo0og my,...,me,ny,...,Ng
00 100000000600000 AO

A = (W(mz -+ mj,ni + nJ)W(ml — mj,ni — nj))lgi,jSG

0000000031 (c)000
Pf A =0.

00000 102000000000 350000000000
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gooooo mi mo m3 Mg M5 Mg N1 N2,...,N¢
W(2k,0) k+1 k-1 3 2 1 0 0 0

WEk+1,0) k+1 k 3 2 1 0 0 0

WEe2k+41) k k+j 3 2 1 0 1 0

01 m; 0n; 00

00000000F,000000000000000000O0O000000Double(V) O DoubleAdd(V)
oooooooooooooooOoOoOboOobooboboooo

W(2,0), W(—4,1), W(=3,1), ..., W(3,1), A=W (5,0)> — W(4,0)W(2,0)> + W (3,0)>.

000o0o0oooooow((m,0), W(m,)0OOODODOODO0OOD0OODOOODOOODOOO

Algorithm 1 Hyperelliptic Net Algorithm
Input: 000 W(i,0) (=6 <i<9)0W(i,1) (-4 <
mO 2000000 m= (dedp_1...dy)s (dp =1
Output: Hyperelliptic net 00 W(m,0) 0 W(m,1)
1. V « [[W(-6,0), W(=5,0),...,W(9,0)], [W(-2,1), W(=1,1),...,W(4,1)]]
2: for i =k — 1 down to 1 do
3: if d; =0 then

4: V + Double(V)

5.  else

6: V + DoubleAdd (V)
7. end if

8: end for

9: return V[0,7], V[1,3] // 0000 W(m,0)O0W(m,1)

Algorithm 10000000000 W(i,0) (=6<i<9)0 W(i,1) (-4<i<4)0000000000
D0000000000000000

P, Q0 Mumford 00000000 (#2 4+ upyt + uie, virt + via), (82 + ugit + ugs, var1t +v90) 00 O 0O
0000000m,n0000000 W(m,n)00O0O0D0O0O000OO00OO0O

W(0,0)=0, W(L,0)=W(0,1)=W(,1) =1,
W(2,0) = (—4ui2 + 6uil’ + (—b22 —4ag)u11 + b1be + 2a3)vi2 + 211> + (3b; — 3b2u11)v112
+ ((—8ui1 + by? + dag)uis + Quq1® + (l)22 — 2a4)u112 + (2a3 — 2b1b2)u11 — bobs + b2 — 2a2)v11
+ 2bouio? + (bourr? — 4byury — azby + 2a4by — 2b)urs — bourr® + (agbs + by)uir®
+ (—agby — agby + 3bg)u11® + (azbs + azby — 2asbo)ur1 — azby + agbo.

mO00n00000O00W((m,n)000000000000DOO0O0DODOO0OOOOOODOOOOOOD
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00000000 W(,0) (3<i<9), W(i,1) (-4<i<—1,2<i<4)000000

W(i+1,0)W(i — 1,0)

W (i,0)2
W(i+1L,1)W(i—1,1)

W (i, 1)?
D000OW(1,0)=100000000®,_,)(P,Q)0000000000

=@, -y([i]P, P), (2)

=@, n([{]P + Q. P). (3)

q’(l,—l)(RQ) = *(vfl —bau11v11 + b1vir — urrure + uifl — a4u%1 + agui)

2 3 2
+ (v31 — baug1va1 + b1var — U1 U2 + U — AaUs; + A3ULL) — Ui2U21 + U1 U2

0(2),3)00000000W(3i,0)#0(2<i<8), W(,1)#0(-3<i<-1,2<i<3)000000
OooOoooOooooooo
000W(—4,0)=-W(,0)000000W(4,0) (-6<i<-2)00000000000000000
W(,0) (-6 <:<9)0 W(,1) (-4<:¢<4)000000000000
000000000 Algorithm 1 00 O O hyperelliptic netd O O O Tate-Lichtenbaum 00000000
gobooboobogoo

00 s.2. 000OO0OOCOODOOOOOOOCOO
W(2,0), W(3,0), ..., W(8,0), W(—4,1), W(=3,1), ..., W(3,1), A. (4)

Oo0ooo0W(m,0)0 W(m,1)O O(logm)00000000O0D0DOO0OOODO Tate-Lichtenbaum 00O
00 7(P,Q)0 O(logm) 0000000000000

00 5.3. 0000 P,QUOCO0O0DM)000DOODODOO0ODODOO (4000 P,QUUDODOOD
oooooooooJxJoooooooooo

00 5.4. Miller 00000000 7,(P,Q) 0 Ologm) 0000000000000
Hyperelliptic net 0 Tate-Lichtenbaum 0000 0000000000000 DO PARI/GP [6]00000O

0 5.5. q =47, C:y?> = 2° + 2+ 41/F;; 000O0P,Q € J(Fy;) O Mumford DO O DOOO P =
(22 + 62+ 16,31z +3), Q = (22 +29+24,22: +14) 0000000000 W(m,n) 00 2000000
Dooooooooo w(,0)0000

m=23000000000m0O ¢g—1=460000000

Wpom+1,1) =43, Wpo(m+1,0)=8, Wpo(1,0)=Wpg(l,1)=1
000000 Tate-Lichtenbaum 000000000
Tm(P, Q) = 3 mod (F}7)** = 23 mod (Fj;)**
goog

O000000000000O0Stange 000 0000000000000 0OOOOOMiller00O0OOO
00007,(P,Q)000D000 mDO Homming 0 OO OOODOOOODOODODO0O0OODOOOODOOO mO
Hamming OO O OOOOOO
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71121 2136|1933 |39 18
14 |38 |14 |10 | 23 | 21 |36 | 9
1313113218 8| 2| 2|16
14 115 |43 |19 | 44| 5| 22 | 42

25 613311 ]10| 36|21 | 16
25 8 2113|1632 | 14
0 1] 1]23| 4]29]|40 |43
Q| 0| 1137|1836 | 2| 7|45
P —

0 2 Hyperelliptic net W (m,n)

00000 2000000Miller0000000O000DOOOO0ODOOOOOOOOOODOOOOODOO
00o00o00o00000o0o0000o0o000o000o0o0o0o0o00o000000000000¥F, O
coobooooooooooboooooOoocOoobooooo

oo 3000000000000 0ODO0O0O 310000000000 OODOOoOOoOoOOOODOOODOO
0000000000000000000000000D0 hyperellipticnet 00 000000000000
ooboboboooboooobooooooon

gooo
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Abstract

In this paper, we introduce our formalization of the definitions and
theorems related to an elliptic curve over a finite prime field. The ellip-
tic curve is important in an elliptic curve cryptosystem whose security
is based on the computational complexity of the elliptic curve discrete
logarithm problem.

1 Introduction

Mizar[l, 2] is an advanced project of the Mizar Society, led by Andrzej Try-
bulec, which formalizes mathematics. The Mizar project, which was developed
to describe mathematics formally, describes mathematical proofs in the Mizar
language. The Mizar proof checker operates on both Windows and UNIX en-
vironments and registers proven definitions and theorems in the Mizar Mathe-
matical Library (MML).

In this paper, we formalize the definitions and theorems related to an elliptic
curve over a finite prime field[3]. An elliptic curve is a non-singular cubic curve
defined by the equation y? = x3 4+ az +b. An operation on points on the elliptic
curve is defined. A set of points has the structure of an Abelian group using
this operation.

An elliptic curve is an important mathematical concept related to fields
such as number theory, algebra, analysis, topology, and algebraic geometry.
One of the most important applications of elliptic curves is in an elliptic curve
cryptosystem(ECC)[4]. The ECC uses scalar multiplications of the Z-module
constructed using the Abelian group. The security of the ECC is based on the
computational complexity of the elliptic curve discrete logarithm problem, in
which s is computed from sP (multiplication of a scalar s and a point P).

*This work was partly supported by JSPS KAKENHI 21240001 and 22300285.
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Recently, it has become necessary to prove the security of cryptosystems.
A mathematical proof checker is important for this purpose. However, the
formalization of mathematical definitions and theorems of the elliptic curve is
not yet included in the MML. Hence, we need to enrich the MML by including
the definitions and theorems.

This paper is organized as follows. In Section 2, we explain a finite prime
field IF,, and its formalization. Section 3 introduces the definitions of projective
coordinates and an elliptic curve. In Section 4, we describe the relationship
between the number of points on an elliptic curve over F,, and Legendre symbols.
Section 5 explains an operation on points on an elliptic curve. We conclude our
discussion in Section 6. The definitions and theorems in this paper are described
as formalizations in Mizar and have been verified for correctness using the Mizar
proof checker.

2 Finite Prime Field F,

In this section, we describe the definition of a finite prime field. A finite prime
field F),, where p is a prime number, is used as the definition field of an elliptic
curve.

First, we introduce the definition of a subfield.

Definition 2.1 (Subfield)

definition let K be Field;
mode Subfield of K -> Field means
the carrier of it c= the carrier of K
& the addF of it = (the addF of K) || the carrier of it
& the multF of it = (the multF of K) || the carrier of it
& 1.it = 1.K & 0.it = 0.K;

Here, “the carrier of it” is a set constructed by the subfield of a field K,
and “(the addF of K) || the carrier of it” and “(the multF of K) ||
the carrier of it” are limitations of the addition and multiplication of K
in the set, respectively. “0.it” and “1.it” refer to the identity elements of
addition and multiplication in the subfield, respectively. Definition 2.1 defines
a field satisfying the following conditions as a subfield of K:

e A set constructed by the field is included in a set constructed by K.

e Addition and multiplication of the field are limited to those of K in the
set constructed by the field.

e Identity elements of addition and multiplication in the field are equal to
those in K.

We now introduce the definition of a prime field.

Definition 2.2 (Prime field)
definition let IT be Field;

10



AC2011

attr IT is prime means
K1 is strict Subfield of IT implies K1 = IT;
end;

Definition 2.2 indicates that a subfield of a prime field is the prime field itself.
For IF,,, where p is a prime number, the following theorem holds:

Theorem 2.3 (Prime field F))
theorem
for p be Prime holds GF(p) is prime;

Here, “GF(p)” denotes [F,. Theorem 2.3 indicates that F,, where p is a prime
number, is a prime field.

We introduce an outline of a proof of Theorem 2.3. The basic construction
of the proof is as follows:

(1) proving that all elements in K =T, are in a subfield K’ of K, and

(2) proving that K is a subfield of K’ and K = K’ because K’ is the subfield
of K.

(1) mentioned above can be proved by the inductive method. The detailed proof
is as follows:

(a) 0is included in K’ because 0.it = 0.K.

(b) When we assume that a natural number n (0 <n < p—1) is included in
K’', n+1 is included in K’.

(c¢) Because of the induction of (a) and (b), all elements of K (0,1,---p—1)
are included in K.

(b) is proved by using the following theorem[5]:

theorem :: BINOP_1:17
for f being Function of [:X,Y:],Z st x in X & y in Y &
Z <> {} holds f.(x,y) in Z;

The inductive method used in (c) is as follows|[6]:

scheme :: INT_1:sch 7
FinInd{M, N() -> Element of NAT, P[Nat]} : for i being
Element of NAT st M() <= i & i <= N() holds P[i]
provided
PIMO] and
for j being Element of NAT st M() <= j & j < N() holds
P[j] implies P[j+1];

Here, “P[j]” indicates that a natural number j is included in K’, and “M()”
and “NO)” are set to 0 and p — 1, respectively.

11
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3 Elliptic Curve

This section defines an elliptic curve.
We define the projective coordinates on which the elliptic curve is drawn.

Definition 3.1 (Projective coordinate)
definition let K be Field;
func ProjCo(K) -> non empty Subset of
[:the carrier of K, the carrier of K, the carrier of K:] equals
[:the carrier of K, the carrier of K, the carrier of K:]
\ {[0.K,0.K,0.K]};
end;

By Definition 3.1, when P is in “ProjCo(K),” P = [Xp, Yp, Zp] € K3\{[0,0,0]},
where Xp, Yp, and Zp are the X, Y-, and Z-coordinates of P, respectively.
The projective coordinates of P and ) are defined as follows such that their
coordinates are equivalent:

Definition 3.2 (Equivalence of projective coordinates)
definition
let p be Prime;
let P,Q be Element of ProjCo(GF(p));
pred P _EQ_ Q means
ex a be Element of GF(p) st a <> 0.GF(p)
& P1 = axQ‘1l & P2 = a*xQ‘2 & P‘3 = a*Q‘3;
reflexivity;
symmetry;
end;

Here, “P€1(Q‘1),” “P‘2(Q°2),” and “P*3(Q‘3)” are the X, Y-, and Z-coordinates
of P(Q), respectively. “_EQ_" denotes the equivalence relation of the projective
coordinates. Definition 3.2 indicates that P and @ are equivalent when a( 0)
exists such that Xp =a x Xq, Yp =a x Yy, and Zp =a x Zg.

We describe the definition equation of an elliptic curve as follows:

Definition 3.3 (Definition equation of an elliptic curve)
definition
let p be Prime;
let a, b be Element of GF(p);
func EC_WEqProjCo(a,b,p) -> Function of
[:the carrier of GF(p), the carrier of GF(p),
the carrier of GF(p):], GF(p) means
for P be Element of [:the carrier of GF(p),
the carrier of GF(p), the carrier of GF(p):] holds
it. P = ((P2) [72)*(P3)-((P‘1) |73 +ax(P‘1)*(P‘3) |~2
+bx(P€3) |°3);
end;



AC2011

Definition 3.3 indicates that an elliptic curve is defined by the equation Y27 —
(X3+aXZ?4bZ%) = 0. Note that the equation Y27 — (X3 +aXZ%+bZ3) =0
is valid for the definition field F),, where “p > 3.” In this paper, we consider
p> 3.

Because the elliptic curve is a non-singular cubic curve, the discriminant
§ = 4a® + 27b* (“Disc”) is not equal to 0. The discriminant is defined as
follows:

Definition 3.4 (Discriminant of an elliptic curve)
definition
let p be Prime;
let a, b be Element of GF(p);
func Disc(a,b,p) -> Element of GF(p) means
for g4, g27 be Element of GF(p) st g4 = 4 mod p &
g27 = 27 mod p
holds it = gé*al|~3 + g27*b|"2;
end;

A set of F-rational points on the elliptic curve is defined as follows:

Definition 3.5 (Set of F,-rational points)

definition
let p be Prime;
let a, b be Element of GF(p);
func EC_SetProjCo(a,b,p) —-> non empty Subset of ProjCo(GF(p))
equals {P where P is Element of ProjCo(GF(p))
EC_WEqProjCo(a,b,p).P = 0.GF(p)};

end;

Definition 3.5 denotes that F,-rational points on the elliptic curve are points
satisfying the definition equation “EC_WEqProjCo(a,b,p).P = 0.”

4 Number of F,-rational points on an elliptic
curve

In this section, we explain the definitions and theorems related to the number
of Fp-rational points on an elliptic curve over [F,. The number of F,-rational
points on an elliptic curve is counted without the equivalence of the projective
coordinates.

4.1 Legendre symbol

The number of F,-rational points on an elliptic curve can be calculated by
using Legendre symbols. Legendre symbols are related to the quadratic residue
defined as follows:

13
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Definition 4.1 (Quadratic residue)
definition let p, a;
attr a is quadratic_residue means
a <> 0 & ex x being Element of GF(p) st x|"2 = a;
attr a is not_quadratic_residue means
a <> 0 & not ex x being Element of GF(p) st x[|"2 = a;
end;

Definition 4.1 indicates that a(# 0 mod p) is a quadratic residue when z exists
such that 22 = a, and is not a quadratic residue when z does not exist.
Legendre symbols () (“Lege_p(a)”) are defined as follows:
Definition 4.2 (Legendre symbol)
definition let p, a;
func Lege_p(a) -> Integer equals
0 if a = 0,
1 if a is quadratic_residue
otherwise -1;
end;

Definition 4.2 denotes that
° (%):OvvhenazOmodp7
°
°

The number of solutions of a second-degree equation b*> = a over F,, is related
to the Legendre symbol as follows:

) =1 when a(# 0 mod p) is a quadratic residue, and

e

) = —1 when a( 0 mod p) is not a quadratic residue.

e

Theorem 4.3 (Number of solutions of the second-degree equation)
theorem
2 < p implies card({b : b|"2 = a}) = 1 + Lege_p(a);

Theorem 4.3 indicates that the number of solutions of the equation b2 = a over
Fy is equal to 1+ (2).

4.2 Relationship between Legendre symbols and the num-
ber of [F,-rational points on an elliptic curve

An F,-rational point is equivalent to [0,1,0] or [X,Y,1] (X,Y € F,) as per the
following theorem:

Theorem 4.4 (Equivalence of points on an elliptic curve)
theorem
for p be Prime, a, b be Element of GF(p), x be set st
p > 3 & Disc(a,b,p) <> 0.GF(p)
& x in Class (R_El1lCur(a,b,p)) holds

14



AC2011 15

( ex P be Element of ProjCo(GF(p)) st P in EC_SetProjCo(a,b,p)
& P=[0,1,0]

& x = Class(R_E1l1lCur(a,b,p),P) ) or

ex P be Element of ProjCo(GF(p)), X,Y be Element of GF(p)

st P in EC_SetProjCo(a,b,p) & P=[X,Y,1]

& x = Class(R_EllCur(a,b,p),P);

Here, “Class(R_E11Cur(a,b,p).P)” is an equivalence class of P defined by the
equivalence relation in Definition 3.2. “Class(R_-E11Cur(a,b,p))” denotes all
the equivalence classes, that are a set of F)-rational points. By Theorem 4.4,
the following theorem of equivalence classes holds:

Theorem 4.5 (Equivalence classes of points on an elliptic curve)
theorem

for p be Prime, a, b be Element of GF(p) st

p > 3 & Disc(a,b,p) <> 0.GF(p) holds

Class (R_EllCur(a,b,p)) = {Class(R_EllCur(a,b,p),[0,1,0])}

\/ {Class(R_EllCur(a,b,p),P)

where P is Element of ProjCo(GF(p)):

P in EC_SetProjCo(a,b,p) & ex X,Y be Element of GF(p)

st P=[X,Y,11};

Theorem 4.5 indicates that the set of all equivalence classes of F,,-rational points
consists of an equivalence class including [0, 1, 0] and equivalence classes includ-
ing [X,Y,1].

We count the equivalence classes to calculate the number of [F,-rational
points on an elliptic curve (cardinality of the equivalence classes). For this
purpose, we prove the following:

(1) the equivalence class of [0,1, 0] and the equivalence classes of [X,Y, 1] are
disjoint, and

(2) the equivalence class of [ X7, Y7, 1] and the equivalence of class [Xa, V>, 1]
(X1 # X3) are disjoint.

(1) is described by the following theorem:

Theorem 4.6 (Relationship of equivalence classes 1)
theorem
for p be Prime, a, b be Element of GF(p),
F1,F2 be set st p > 3 & Disc(a,b,p) <> 0.GF(p)
& F1 = {Class(R_EllCur(a,b,p),[0,1,0]1)} &
F2 = {Class(R_EllCur(a,b,p),P) where P is
Element of ProjCo(GF(p)): P in EC_SetProjCo(a,b,p) &
ex X,Y be Element of GF(p) st P=[X,Y,1]} holds F1 misses F2;

(2) is described by the following theorem:
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Theorem 4.7 (Relationship of equivalence classes 2)

theorem
for p be Prime, a, b, X1, Y1, X2, Y2 be Element of GF(p)
st p > 3 & Disc(a,b,p) <> 0.GF(p)
& [X1,Y1,1] in EC_SetProjCo(a,b,p)
& [X2,Y2,1] in EC_SetProjCo(a,b,p) holds
Class(R_EllCur(a,b,p), [X1,Y1,1]) =
Class(R_EllCur(a,b,p), [X2,Y2,1]) iff X1=X2 & Y1=Y2;

Theorem 4.7 indicates that

(equivalence class of [ X1, Y7, 1]) = (equivalence class of [X2, Y, 1]) (4.1)
S X1 =X&Y = Y5 ’
A contraposition of Theorem 4.7 is (2).
The number of equivalence classes of [ X, Y, 1] is equal to that of the solutions
of the second-degree equation Y? = X3 + aX + b by the definition equation
Y2Z — (X3 4+ aXZ% +bZ3) = 0 of the elliptic curve. Therefore, the following
theorem holds by Theorem 4.3:

Theorem 4.8 (Relationship between the X-coordinate and the num-
ber of points)

theorem
for p be Prime, a, b, X be Element of GF(p)
st p > 3 & Disc(a,b,p) <> 0.GF(p) holds
card ({Class(R_EllCur(a,b,p),[X,Y,1])
where Y is Element of GF(p) : [X,Y,1] in EC_SetProjCo(a,b,p)})
=1 + Lege_p(X|~"3 + a*X + b);

By Theorem 4.6, 4.7, and 4.8,

1

1+Z{1+(X3+aX+b>} +p (X5+aX+b) (4.2)

p X=0
Hence, the following theorem holds:

Theorem 4.9 (Number of F,-rational points on an elliptic curve)
theorem

for p be Prime, a, b be Element of GF(p)

st p > 3 & Disc(a,b,p) <> 0.GF(p)

ex F be FinSequence of INT st len F = p &

(for n be Nat st n in Seg p ex d be Element of GF(p)

st X=n-1 & F.n = Lege_p(X|"3 + a*d + b)) &

card(Class(R_E1lCur(a,b,p))) = 1 + p + Sum(F);
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5 Operation of points on an elliptic curve

This section describes an operation on points on an elliptic curve. An addition
operation of points on the elliptic curve that has an identity element O = [0, 1, 0]
is defined in this section.

An inversion element —P = [Xp,—Yp,Zp| of P = [Xp,Yp, Zp] is defined
as follows:

Definition 5.1 (Inversion element of a point on an elliptic curve)
definition
let p be 5_or_greater Prime;
let z be Element of EC_WParam p;
func compell_ProjCo(z,p) ->
Function of EC_SetProjCo(z‘1,z‘2,p), EC_SetProjCo(z‘1,z2,p)
means
for P be Element of EC_SetProjCo(z‘1,z‘2,p)
holds it.P = [P‘1,-P‘2,P‘3];
end;

Here, “compell ProjCo(z,p).P” denotes —P, and “z‘1” and “z‘2” denote a
and b, respectively. EC_WParam p indicates the parameters a, b satisfying that
the discriminant § = 4a3 + 2762 # 0 mod p.

Yp = —Yp and Yp = 0 (because p > 3) hold in the following theorem since
P=-P 75 0= [XP,YP,ZP] = [Xp,—Yp,Zp]:

Theorem 5.2 (2-torsion point)

theorem
for p be 5_or_greater Prime, z be Element of EC_WParam p,
P be Element of EC_SetProjCo(z‘1,z‘2,p) st P‘3 <> 0 holds
P _EQ_ compell_ProjCo(z,p).P iff P‘2 = 0;

As P=—-P = P+ P=2P =0, the above P is called a 2-torsion point.
A set of Fp-rational points on the elliptic curve has the structure of an
Abelian group by the following operation:

Definition 5.3 (Addition operation on points on an elliptic curve)
definition
let p be 5_or_greater Prime,
z be Element of EC_WParam p;
func addell_ProjCo(z,p) -> Function of
[:EC_SetProjCo(z‘1,z¢2,p) ,EC_SetProjCo(z‘1,z‘2,p):],
EC_SetProjCo(z‘1,z‘2,p) means
for P, Q, O being Element of EC_SetProjCo(z‘1,z‘2,p)
st 0 = [0,1,0]
holds
(P _EQ_ 0 implies it.(P,Q) = Q) &
((Q _EQ_ 0 & not P _EQ_ 0) implies it.(P,Q) = P) &
((not P _EQ_ 0 & not Q _EQ_ 0 & not P _EQ_ Q) implies
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for g2, u, v, A being Element of GF(p) st g2 = 2 mod p &
u=Q‘2%P‘3 - P‘2*Q‘3 &
v =0Q1*P‘3 - P‘1%Q‘3 &
A= (u |"2)%P‘3*Q‘3 - (v [73) - g2x(v |"2)*P‘1*Q‘3
holds it.(P,Q) = [vxA, ux((v ["2)*P‘1xQ‘3-A) - (v [|"3)*P‘2*Q‘3,
(v |73)*P3%Q3]) &
((not P _EQ_ 0 & not Q _EQ_ 0 & P _EQ_ Q) implies
for g2, g3, g4, g8, w, s, B, h being Element of GF(p) st
g2 =2mod p & g3 =3 modp & gd =4modpé&g8=38modpk&
w=(zD*x(P3 [72) + g3x(P1 |"2) &
s P‘2*P‘3 &
B = P‘1#P‘2xs &
h = (w |"2) - g8*B
holds it.(P,Q) = [g2*h*s, wx(gd*B-h) - g8*(P‘2 |"2)x(s |"2),
g8x(s [73)1);
end;

Definition 5.3 indicates that the addition operation (+) for P = [Xp,Yp, Zp|,
Q=1[X0,Yy,Zg], and R= P+ Q = [Xg,Yr, Zg] is defined as follows:

1

) in the case that P = O, R = Q;
(2) in the case that P # O and Q = O, R = P;
)

(3) in the case that P # O, Q # O and Q # P,

Xp = vA (5.1)
Yr = u(v?XpZg—A)—v*YpZg
Zp = v¥ZpZg

s where u = YQZP — YPZQ, v = XQZP — XPZQ, A= UQZPZQ — ’US —
202X pZg; and

(4) in the case that P # O, Q # O and Q = P,

Xr = 2hs (5.4)
Yr = w(4B —h)—8Y3s? (5.5)
ZR = 883 (56)

,wherew:aZl%+3X123, s=YpZp, B=XpYps, h=w?—8B.

We must prove that “addell ProjCo(z,p).(P,Q)” (called “R”) is in
“EC_SetPorjCo(z‘1,z‘2,p)” to show that the above operation
“addell_ProjCo(z,p)” is defined in points on the elliptic curve over F,. This
is shown by proving the following propositions:

(a) R is included in ProjCo(GF(p)), i.e., addell ProjCo(z,p).(P,Q) is not
equal to [0, 0, 0], and

10
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(b) R satisfies EC.WEqProjCo(z‘1,z‘2,p) .R = 0.GF(p).

(a) naturally holds in cases (1) and (2) in Definition 5.3. In case (3), (a) is
satisfied as follows:

e in the case that P = —Q, as v = 0 and u # 0 by Definition 5.3, Yz # 0,
and

e in the case that P # —Q), as v # 0 by Definition 5.3, Zg # 0.
In case (4), (a) is satisfied as follows:

e in the case that Yp = 0 (that is P is a 2-torsion point), as w # 0, Yr # 0,
and

e in the case that Yp # 0, as s # 0, Zr # 0.
Here, w # 0 holds in the case that Yp = 0 by the following theorem:

Theorem 5.4 (Discriminant of an elliptic curve and a 2-torsion point)
theorem
for p be 5_or_greater Prime, z be Element of EC_WParam p,
g3 be Element of GF(p), P be Element of EC_SetProjCo(z‘1l,z‘2,p)
st g3 =3 mod p & P2 =0 & P‘3 <> 0 holds
(z1)*(P3 ["2) + g3*(P‘1 |"2) <> 0;

Theorem 5.4 indicates that for P # O satisfying Yp = 0, w # 0 holds. The
theorem is proved by using the characteristic that the discriminant § # 0(a
2-torsion point P is non-singular).

As (b) mentioned above (R satisfies EC_ WEqProjCo(z¢1,z2,p) .R = 0.GF(p))
is proved by using complicated transformation of equations, we omit its expla-
nation.

6 Conclusion and future work

In this paper, we introduced our formalization of the definitions and theorems
related to an elliptic curve over a finite prime field F,. We explained in detail
the definitions and theorems of a finite prime field, an elliptic curve over I,,, and
an operation of points on the elliptic curve. The correctness of our formalization
of the definitions and theorems was proved using a formal verification tool in the
Mizar proof-checking system. Our formalizations are very important to prove
the security of the ECC.

The operation on points on the elliptic curve can construct an Abelian group
from a set of IFp-rational points on the elliptic curve. For the construction, we
need to prove the commutative law (P + @Q = @ + P) and the associative law
(P+(Q+R) = (P+Q)+R) of the operation. However, we have not formalized
these laws yet. We plan to formalize these laws and complete the formalization
of the Abelian group constructed from the set of F,,-rational points on the elliptic
curve in the near future. We will also formalize other definitions and theorems
related with cryptosystems, particularly those used in the ECC.

11
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On elliptic curves having everywhere good reduction: Computational approach and

its recent progress

00 0000000000 Shun’ichi Yokoyama (Kyushu University)
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goooooooooooodoobooobo.bocoooboooobobooobooooo,b0b00oob00o0on
gooboooo.oo,000bbo0oobooobooooooooboboooooon.

Abstract O Determination problem of elliptic curves having everywhere good reduction (especially over
some real and imaginary quadratic fields) is very interesting and important problem from the viewpoint
of modularity conjecture. In this talk, we report recent progress including our latest result. We also
explain other cases with some ideas to solve. This work is partly joint work with Yu Shimasaki (Kyushu
University).

1 0Oood

goooobooooo

000000 KOOOoOOoooOoOoOo. 00O KOOOOOOOOoeverywhere good
reduction: 00 egr. 00000000000 DOOCOOO0ODOOOO0OOODOOO
gbooobooboooobooo

000000000 K=QOOoOoooooooooooooooooooOdUOTateOOOO.
00,0000 K=QW-d)Od>0,square-free000000000000O00O00OO0ODODO.

00 1.1 (Setzer 78 [16], Stroeker '83 [17]). K 00D DDDDD. 000 KOOOO 60000
0KOegr.00OOOOOOODO.

O000000000,0000000008 (blo00ooooo’el [(400000oouooog
OO00000O000.00,0000000D00D000 SetzerOOOOOOOODODOO.OOOO
admissible 000000, egr. OOO0O0ODOOOOODOOOODO.

00 1.2. 0000 FO KOO admissible curve 00000, K O egr. OO0O0O0O0O 20
K,-000DOooooooo.

00 1.3 (Setzer 78 [16]). 0000 K =Q(v—d) O admissible 00 000000000000
oboOo0,d=65m; 000 my: square mod 5 and 13 000 65: square mod m; 0000000
oog.

0000000000000 admissibe 00000000000. 000
m = —65, —910, —1885, —3315, —3965, - - -

00000.00000,00000000 Ky=Q(Wd)Od > 0, square-freed 0000 Setzer O
000000000000000YL, 00000000000000.000020110 1100000
000000 d<1000000000000000.

000000000000 00000000,00000000000.000 [5)0000p0 800000 5000
0000,K=Q(,/p) 0000 30000, KO admissible 100000000000000. 000000,0000
gooO0oO000oo simple0000O0O0O0OOOOOCOOO.



AC2011 22

00 1.4. 1.d=23,510,11,13,15,17,19,21,23,30, 31, 34, 35, 39, 42, 43, 46, 47, 53, 55, 57, 58,
59,61, 66, 69,70, 73,74, 78,82, 83,85,89,93,94,95,97 000, Ky 0 egr. 00000000
ooo.

2. d=6,7,14,22,29,33,37,38,41,65,77 000, K, 0 egr. 0000000000000 O0

3.d=26,7986 000, K;0 egr. 0000000000 DOOOODODOOODODOOOO
gooooo.

4. d =62,67,71 000 Kgy0O egr. 000000 ODOO0 3000000000000D0O
oo.

00000000000000000000i6),[7),[8],[9],[10], [11]0000. 000000000
0000[12),[13)00,00000000°97 (1500000000. 00000000000000
0000000000000000000,0000000 best-possible 100000011 [22] O
00000000 [20)0. 0000000 200000.

0000000000000,00000000000000000000000. University of
Warwick 00 0000000000000 John Cremona 000000,0BO0000O0O0O000
0000.0010000,000000 KOOOOOOOOOOOODOOO descent package O [
00000,00000000000.0000003000000

000,00000000000000000000000000000000.0000000
000000000 1000000 Bertolini-Canuto 88 [1)0, 000000000000. 000
400000.

2 QJOoodol

0000000, 0000000000000000000O00O0O00. 000000 [21)
O0000000.000000000000D0000. 00 Setzer OO0 [16)]000000O.

00 2.1 (Setzer [16]). F O K, 0OOOO0O0OOOO. K, O0OOO 6000000 E O global
minimal model O 0O O .

00 FO KgO egr. 0O0D0OODOOO.OOO0O E O global minimal model O
E: y2+a1:vy+a3y:x3+a2m2+a4x+a6

0000Da € Ok, (i=1,2,3,4,6)0. 00000 A(E) O
(B) = G5
1728

0O a,ceOk, 00000000. 00000 20000000000000O

e 0 K;O00O0ODO good reduction 0 00O,
e A(FE) € O;}d.

DDDDDDDDD,O[XQDDDDD K, 0000D e0000 £e" 0000000000, Ky
00000000 e000000000.000 a,6€0k, 000000

EX(Ok,) ={(z,y) € Ok, x Ok, | y* =2® £1728"}, 0<n <12

gobooboooboob,0oboobuooboobobbobooboobo0o.booboboo
gboooooo,bobobooboobooobobooobog.
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00 2.2.0050000000000000,Ky0 egr. 000000000000 Ky030
ooooo

1. K,0000600.

2.30 K,0000O.

3. Kg(v/-3)0D000O300000.

4. K4(¢/) 0000 200000.

5.3000 K, 000000 p000,X3=e0mod p?000 X €Ok, 00DODODO.

00 238. K, 00000, FED0 K, O00OOO0OOO0ODODODOOOO. FO2000 egr.0,0000
20 K,0000000000, Kg(E[2)/K.(v/AE) 0200000000 3000000. O
0 Kaq(y/A(E)) O ray class number mod [[,,p 0 3000000.

0000000,000000000 Mordell-Weil 0 EX(K,;) 0000000, elliptic logarithm O
oo0o0ooobooOOooooOoooooOoO0ooO.OoooOo0o0ooOoOOOobOO0,d<200000000
oooooOO0O0O0O0O000000000. admissiblecarve 000000000000 Comalada
000 [200000o0oooooo.

00 2.4 (Y.-Shimasaki '11 [22], Y. [20]).
1. d =43,46,59,103,137 000, K, 0 egr. 00000000000.
2. d=118,134,161,166 000, Ky 0 admissible 10000000

3.d=62,67,71,139,151 000 Ky 0O egr. 0000000000 300000000CO0OO
googoo.

4. d=107,127,131,163,179,199 000, K, O admissible 000000000.
5. d=158,161 000, admissible 0000 egr. 1000000000.
(a) d=15800,E0 2 +ay+ 168y =2®—22+ A2+ B000000. 000

A
B

—361817559192191668851 — 28784659475803145415v 158
3691288333191863812738417681108
+293663132146367649175848062813v/158

0oo.
(by d=16100,E0 ¢’ +ay+y=2—-2>+Cz+D000000. 000

C = -3680+ 290v161
D = —148482+ 11702161

god.
000U0o0O0o000o0oO0o0oUooO0O,000o0ooouoo
http://www2.math.kyushu-u.ac.jp/ s-yokoyama/ECtable.html

gboboobooboooooboooboo,boobobo0ooboooboo.obboooobooob,0b00Dbo
ooooooOoooooOo,0b00oooo0ooooo0.oopoo d<g200000000001
00000000000000000000,00 (2000000000000 Appendix AOOO
gsbooon.
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3 UOOooIr

000000,00000000000 Cremona-Thongjunthug 000000 OO0. O00OO0OOO
Thongjunthug 0000 [18] 000 Cremona 00000 40000000, 0000 Thongjunthug
DoDOO0O0 [1990000.

ooboobooobuoo,00bdbid egr. obobooboobobbooboob.obOo
00,000000000000000000000O00 canonical height 0 bound OOOO, 000
0 0O period latticed O elliptic logarithmO OO0 00 ROOO COOODOOCOODO. egr. OO0
goooobo,bo0d000obobbo0ooooobobbod.egr. 000000 OOoooOO,
Cremona-Lingham 000 (3]0 0000000000O0OOOO. 00000000 OOOOOOO.

00 3.1. KOOOO,O0x OODOOOOOO,S8S0 Ok 0000COCOO0OODODOCO. OCO
re KO S-integer 00000, 000p¢SO000 ordy(x)>00000000000.

S-integer 000000000000 OxsO000O0.000 meZy,00,0000000000
go.
K(S,m)={z e K*/K™ | ordy(xz) =0 (mod m) for all p ¢ S}

000 K*=K\{0}00OO. 000000000 z€K*0 K(S,m)00000000 zK*™ €
K(S,m)00000000000000. K(S,m)00000000000000.

oo 3.2.m,n00000000O0D00O0O0O,
K(8,mn) ~ K(8,m) x K(S8,n)

00000.000000 ww (w,w)000,0000 am+bn=1000 (u,v)+ v*™ub" 00
gooo.

egr. 00000000 0O0UODOOO,00 m=4,6,120000, natural map K(S,12) — K(S,6)
000000 K(S,6,0000000000000.00000O0DO0O0O0O0O,m=2,3,400
oooooooobob. mODOO0OO0O0,00 m=2300000 Magma OOOOOOOOO
00 pSelmerGroup 000000000 OOOOO,00 m=40000 Cremona 000000
goooooooo.

0000000000 Db0000. PO KOOOOOODO, OO Weierstrass model O 200
oboooooobooooooooo.

00 3.3. E0 pO000O0OOOgood reduction at pO0 00 00O O, p-integral modeldie. OO0 3
0000 ordy(a;) >00000,0000 model 00000 p-unitdie. ordy(A)=0000000
ooo.

KO SOODOegr. 000000,000000000000000000000000. 000
000000000000 K(S,6),,000000000000.

00 3.4. E0D KO SOOO egr. 000000,4-000 j(E)0 000 17280000000
000 w=j2(j—1728)3 0000

Ae K(Sa:[?)v j€ OK,Sa w e K(S76)12
00D000.00 jeOks D w=3%j-1728) € K(S,6)1o 0000,0000
E# o g2 =23 — 3uj(j — 1728)z — 2u3j(j — 1728)>

0 j(F#*)=30000,00 S® =8Su{p| ordy(6) >0} 000 egr. 000. 000 ue K* 0O
(3u)Sw e K(S8,12) 0000

24
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000000000 S0S® 0000000l egr. 000000000000000 p|6000
000000 pO0 reduction 00000000, 00 E O quadratic twist E®WOwu € K(S,2)0
00o00o00,00000000.

000000000000000.00000,;000000000000000000000
00000000000000.0000002000000000000.0000000000
oooooo.

00 3.5. J0000000OO0O0OO. P=(z,y) € E(K)O S-integral point 00000, z,y O
000 OgksO0OO0O0O0O0OCOOO. OO S=0000000000o Oks=0rg 00000,0
0O P O integral point 00O 0.

00 3.6. we K(S,6)000. j2(j —1728)3 = wlmod K*000000 j € Ogs\{0,1728} O

JJS 2

j=2 —1ms &
w w
000000.000 P=(z,y)0ay£0000000
Ey,: y? =23 — 1728w
O S-integral point 00 O .

000000 egr. 00000O0ODOOOODOOOOOO,S=0000000. 00000000,
procedure O OO0 O0O0O0O0O0OOODO.

1. K(0,2), K(0,3)00 K(®,6)0000,00 we K(0,6)1o 0000000 representative set
wooooo.wonooooooooo.

2. 0weWDOOD,E, 00000000 j=2%/wec0x00000000000D0O0D0O0.

3.000 50 52 —1728)2 € K(0,6),, 0000000, (3up)852(j — 1728)% € K(0,12) OO
00000 weK*O0OOOODOD.00000O

E# g =2 —3udj(j — 1728)x — 2uj(j — 1728)?

Op|600000000000000DO0OO0OO0OO0OO0OO. D0DODOOOUODODOOO
gooooa.

4. quadratic twist 0w e K((,2)0 00000 3. 00000.

00 procedure O j(E)#0,172800000000000O0O0O0OO, j(F)=000000000
000000000000 0000000000Ooo. 00 j(B)=172800000000000
0000o0oO0o0o0oo. 000 BJooooooog.

000000 Cremona D000 0OO0OOOODODODOODODOO,d<L1I0000ODODODODODOODODODO
o.00,000000000 1400000000.

00 3.7 (Thongjunthug "11 [19]). 0000000 K = Q(Vd)O.
1.d=5578,95000,K,;0 egr. 00000000000,
2. d=38,41,65 000, K, 0 egr. 00000000000000D0.
00,00000000000000000000.

00 3.8 (Thongjunthug '11 [19]). d = 26,29,31,59,83,870 K = Q(v/—d)0 000, K, O eg.r.
ooooOooooooO.
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4 000000

gobogboooboobgoobg,boobuoobobobob.bobooboobooobabo
god,0gogooboooooboobboo. oobboooobboooobboboooobbooo
go.

00 4.1 (Bertolini-Canuto 88 [1]). Q(¥/2) 0 egr. 00000000000,

gboocoooboooobooooobooboo,booob0booboobooobo.oooooboaoon
0000000,0000000000000000 Q(v2)00000000000000000
oboo.gooooo

1. 00 Q(¥2)0 egr. 00000000000,000000 admissible 000.
2. 000 Q(¥/2) 0 admissible 00000000000.

gbobz2000000000.000000000000000,000000D0000ODOOOC
gbooooboo,oboobooboooobobooooobo,0coboboboboooooboOoboooon
oboobooobooooooooooobobobobo. ob0,000o0b0O0obDobO0obOo,0000
ooooooobooooooobobo,booooobooo.
gboooboooobo,bobotbooboboobobobooboboooboobooobobooobOoboon
0. 00000 21000 230000, 000000000000000000000000RC
oboobooo.0oboobobooooooboboobooboooo. oog Lsz(e/g)DDD 100,
1<d<20000 d0 cubic-free 00000. 000000000 [2000000000.

00 4.2 (Yokoyama 11 [20]).

1. d=3,4,5,6,9,10,12,17,18,25,29,36,100,116,137,173,197 00,00 L, 0 egr. 0000
0D000000,000000 admissible 000. 000000000 egr. 0000000
020 L,00000000.

2. d=23,44,45,75,87 00 ,egr. OOODOOO 20 L,p-000000000admissible 0000
gbooobO,b0obo30oboooboobooboooooboon.

3.d=4600,Ls0 egr. 0000000 OOO. OO0 admissible 00O00.

00 4.3. 0000000000000,00100000000000000000000O00O0O0O%
gbooooodbo 200000000000

E: >+ aizy + asy = 23

00000,000000 A(E)=da3(a3—-2703) 0000. 000010000 EO0O0OOOOO
000000,000 ad(a3 —27a3) =100000,000 (ar,a3) = (¥/28,1) 0000. 000
Ly =Q(v/28) 000000

E: y2—|—\3/278xy—|—y:x3

000000o0o0oobo0oobOoO. 00 LgOOooo 300000, 00000000b0O00DbO

O00.00000000 Mordell-Weil 00 Z/3Z 000000, admissible 0000
oboboooboooo,0oo0oboobobobobooooooooobo. oco,0b0bo0oboboon

oboooooboooobobooooboboboooo.

200000000000000000000000.
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5 HUooon

obooooo,oboobooobooboooooobooon.
1. 00,200 300000000000000000000O0O0

20 DOOO0O0O0O Mordell-Weil DODODODDODDODODODDD, 00000000 ODOODOOO
oboboooocoooooobooo,0co0ocobOooboboboooooo,0oboboooon
gooogoboooobooooobooobo. oooobboooboooooobooooDo.

30 OD0O0OO0000DODOOO000DODOOO0000DODO0O0O, admissible 0000D00O0O
oooooooooooooboooooboooooboooo. boooboooobooooo,
gboobooboooboooooooboooboobooboob,0b0obo0oooon.

O0bO00egr. JOOOODOOODOOOD,3000000000O00O00O00ODO. DOODO
gbobooboobooboooooob. bobobobobobobobooo,b0oboooon
oboobooooobOoboooooooobobooooo,bobo0oobooboobooboooon
gbooooobooooobooo.

2.40000000000000D0, admissible 000000000D00000. 00O admissible
OO000O0O000DOo,000000000D0D000 Comalada DOOOOODOOO. OOO
obooboooooobobooooobooboobobooooooobobobo,bobobooo
0000000000.00000000000000000000000003.

3.230000000000400000000000D0ODOOO0OOO,0000000 d£d
00000 Ly~Ly, OO0DDOO0ODOO0OODOOCOODDOOODDOO squarefree 100000
oo0oooooooo.bo0od<20000010 LyO00ODO

Ly ~ Ly, L3~ Lg, L5 ~ Las, Lg ~ L3, L1o = L1oo, L12 ~ L1g, L45 ~ L5

oboboo. obooooboo,bo0oboboboboboboboboboboobooobooooon
gboooboooboooooboboooooobo.b0bobobooooobooo.

4. 000OO0O0OO00OO0OO0obOO0bOOO0OOOOOobOObOOOOO0OOO0oOO0bOOO, 00000000
OO00000D0DO0O0O0000DO0O0000. OO0 potentialegr. OOOOOOOOOOO
gbooooooboooobooboooboobooooo.

HEN

gboobooobooooboooobooobooocooboooobooooboboooooon, o
goboobooboobodgbooobo. b, 0boobobbobooboobooboboa
gobgobooobooboooboooboon.

300,00000000000000000000000000000000000000000O0O0000OO0. 000
O Bertolini-Canuto 0 00000000000, 00000000000000D0000 egr. 000O00OO0OOOO,O
0 admissible 00 0000000000000 000O0O0. O0O0OOO0,0000000000000000000000
goooooooooOoOoobooobooo 12000000, 0000,0000000000000000O00.
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A 0ODO00O0obOoOoOooboooboobg

Cased=62 000 Ey, E;, E;.

| E; ]| rank | generators (free part) |

B 0 —
By 1 Gia
Eg 1 ?7?

oob0: e=—-63+8v62

000 Gia = (3522 — 3812./62, - 3377956 + 85121/62).

Cased=67 000 Ef, ES, Ef.

l EZ H rank ‘ generators (free part) ‘

Ef 1 Gaa
EF 1 ??
Ef 1 ??

OO000: e = —48842 4 596767

000 Gaa = (25, 23V67).

49 7 343

Cased=71 000 Ei, E;, E;.

| E; ]| rank [ generators (free part) |
E; [1<r<3 G3a, 77
B, B GsB, Gsc
Es [1<r<3 L&

O000: e =3480+ 41371

ooo

__ (15025056 |, 1782764 82351180712 _ 9773265400
Gsa = ( 49 + = 71, 71)7

343 343
GBB — (165300 + 39;35 717 377028253 + 447543329 \/ﬁ)’

GSC — (1560402848 + 185192868 717 _ 87152513410872 10343100438152 71)

3025 3025 166375 - 166375

Case d=107 000 Ef, Ef.

| E; [ rank generators (free part) |
Ef 1 Gaa
Ef [[o<r<2 Gug, 7?

ooogd: e =962+ 93v107

oono

__ (19415435 8270595739 /
G4A _( 53824 12487168 1 7)7

__ (13090698150670419032 1265524873193709948 _/
G4B - ( 982587075600025 + 982587075600025 1 77

30800415205591905656125 30800415205591905656125

_ 86054966004386357832502428984 8319247567666298770020529400 /107)

Cased=109 00O Ef, Ef, EJ.

l EE H rank ‘ generators (free part) ‘

Ef 0 —

Ey 2 Gsa, 77

Ef 2 Gsg, 77
0000: e= 2t + 2109

oono

(10154 | 970 . /700 _ 4210060 _ 403268 /700
Gsa _( st 1T s V109, 729 729 1 9)’

__ (916346 | 87770 1613792380 _ 154573276
G5B_( st T a1 109, 729 729 109)'

28
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Case d =127 000 Ej.

=

rank | generators (free part) |

(E: [0=r<2]

77 |

OO000: e = —4730624 4 419775127

Case d=131 000 Ef, ES, Ef, BT, Ey, E5.

| EE H rank generators (free part) ‘
Ef 1 Gra
Ey 1 77
Ef 1 77
E, ||[0<r<2 7
E; 2 Grg, 77
E. |[0<r<2 7
0D000: e=—10610 + 927131
ooo
Gra = (— 2732229567 2621048172152 \/ﬁ)’
G = (158;256 _ 693?96 131, 3262?42120104 _ 2850122354952 \/ﬁ)

Case d=139 000 Ef, ES, Ef.

| E; ]| rank | generators (free part) |

Ef 1 Gsa
EF 1 77
Ef 1 77
0000: e = —77563250 + 65788291/139

000 Gsa=(—3%,-%V139).

Case d =151 000 E, E;, E5.

[BEf | rank generators (free part) |
Ef |0<r<2 I
B, [0<r<2 ”
E; 2 G9A7 77?

O0000: e = —1728148040 + 1406346931151

000 Goa = (—3346088623246672 + 272300830362362v/151,
14594621900373131762079562 — 1187693486265246101920898+/151).

Cased=163 000 Ef, Ef, Ef, Ef, EJ, ES.

l EE H rank generators (free part) ‘
Ef 1 G1oa
Ef o<r<s 77
Ef [lo<r<2 77
EF 2 Gom, 77
Ef lo<r<2 77
Ef [[o<r<3 ??

O000: e = —64080026 + 5019135163

goo

G104 = (640320,401330161/163),

Giog = (1281600520 — 1003827001163, —57451588558840 + 4499955710712\/163).

29
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Cased=179 000 EF, Ef, Ef, Ef, Ef, EF.

l EE H rank generators (free part) ‘
EJ 1 Giia
Ef lo<r<2 77
Ef Jo<r<i 77
Ef [fo<r<2 77
Ef Jo<r<1 77
EFf [o<r<2 77

0000: e =4190210 + 313191179

__ (__ 250557131968 118938892316317192 /770
000 Gua= ( 113819191641’ 38399294503115811 1 9)’

Case d=193 000 Ej.

l EE H rank ‘ generators (free part) ‘
Bl 2] Con?
OO000: e =1764132 + 126985v/193

74908961 5392065 2297340821745 165366210833
000 Gioa = (74208961 4 5392005, /793 2207340821745 _ 165366210833, /193

Cased=199 000 Ef, Ef, Ef.

l Ex H rank generators (free part) ‘
E; 1 Gi3a
Ey [0<r<1 I
Ef [0<r<1 I

O000: e =—-16266196520 + 1153080099199

ooo G13A — (527238916 859565955248 \/W)

6477025 ’ 16484028625

00000 20120 10300 00000

10
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SOME CONCEPTS AND METHODS TO INVESTIGATE PROBLEMS
OF WARING TYPE IIl

R. MORIKAWA

1. INTRODUCTION

1-1. Let B € N be square free and B > 11. We put V(1, B) =
{z?> + y?B|z,y € N, (z,y) = 1}. Our concern is to clarify the structure of V.

We put 4B = D, and classify the members of V' as follows:

(a) R(1,B) = {p € V | prime, p{ D}

(b) S(1,B) = {n € V | composite, (n, D) = 1}.

() T(1,B) = {n e V | (n.D) > 1}

These sets are simply noted R, S, T.

Here if we clarify S, the other R, T are determined simply from S. Thus we concentrate
the structure of S. Namely we treat the following problems.

Problem 1. To determine the prime divisors of S. We denote this set PS.

Problem 2. To obtain a criterion for a product of primes of PS whether € S or not.

Here we explain the contents of this report.

1. We classify B as follows.

() B=1or2 (mod4), (8)B=3 (mod8) (y) B=T (mod 38).

We use (d) as a general name of («), (8), (7). And we write simply B € (9).

2. In §2, we classify the class group of Q(v/—B).

3. In §3, we separate PS into Cells, and define SC (Structure Constant) of S(1, B).

4. In §4, we explain the correspondence between H(B) and SC of S(1, B).

5. From §5 on, we treat Problems 1,2 for B € (). For Problem 1, we introduce T’
sequences. And for Problem 2, we make (£) cycles.

6. In §9, we give a partial answer to Problem 2.

7. §7 discusses the attainability. We say an abelian group A is () attainable if there
exists B € (0) whose H(B) is A. This problem is very difficult.

(Important Remarks) 1. It is regrettable that many propositions given in this report
have no proofs. But they are supported by numerous numerical researches (with no
exception!). Thus we use in the report Assertion instead of Proposition to indicate the
situation.

2. My old friend Professor I. Wakabayashi of Seikei Unversity has been treated this
Problem from somewhat different standpoint [6]. The method is a continuation of D. Cox
[3]. It allows some proofs of the Assertions of the report. I hope to amalgamate his result
with those of mine, and write a joint paper in a near future.

Date: March 8, 2012.
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2. CLASSIFICATION OF CLASS GROUPS

2-1. [6] suggests the importance of H(B) the class group of Q(v/—B) for the problem.
We classify H(B) from our standpoint. For tables of class groups of imaginary quadratic
fields, we refer [1], [2] and [5].

2-2. We decompose H(B) as a direct product of cyclic subgroups. And denote
(1) H=<(r1)(r2)...(rg) > where rj44|r; for 1 <j <Fk—1.

In (1), the latter r’s are of the form (2)...(2). We say this part Tail of H. And call
the former part of (1) Head of H. (If H =< (2)...(2) >, we consider the first (2) to be
Head of H.)

2-3. We treat in the following H with no Tail. We call < (r) > a Single Head and
< (r)(s) > where s|r and s > 3 a Double Head. It is known the existence of Triple Head
etc. But we confine hereafter to Single and Double ones. H denotes the set of class group
of those type.

2-4 We classify H. Here h means the class number, and 2||r means 2|r and 4 1 r.

Take H(B) € H with B € (§). They are classified as follows:

(1) Type K : The H with odd A is called Type K. They separate into K (3) with B € ()
and K () with B € (7).

(2) Type I: In case 2||r, we say H is of Type L.

(3) Type II : We say H is of Type II for Single < (r) > with 4|r. For double < (r)(s) >
it is of Type IT if 4|r and 4 1 s.

(4) Type Il : We say H is of Type Il if it is Double Head < (r)(s) > with 4/|s.

3. CELLS, STRUCTURE CONSTANT

3-1. Let B be square free and > 11. We put D = 4B. Let r be the cardinality of prime
divisors of B. We put 2.J = 2"*! for B =1 (mod 4) , and 2.J = 2" for other cases. For
UcIl,D—1], we put Q(D;U) = {p | prime p = u (mod D) for some u € U}. And PS
is the set of prime divisors of S.

3-2. We define the following sets step by step.

Step 1. We put F' = {n (mod D) | (n,D) = 1}. We consider F C [1,D — 1], and a
multilicative group. We put G = {u? (mod D)|(u, D) = 1}. And consider G a subgroup
of F.

Step 2. We put M = G for B=1 (mod 4). And M = G UpG for B = 2,3 (mod 4)
where p is chosen by the following (CR1).

(CR1) Consider prime divisors p of B + r?, taking r = 1,2,3.... Take first p such that
pt D and B+ r? = p'u? with odd t and u € N.

Assertion 3.1. We take p with (CR1), and make M = G UpG. Then M is a subgroup
of F'. Here [F': M] = 2J.

Step 3. We arrange cosets of F//M as follows:
(C) M, toM, ... toy M.
For (C), we make Q(D;t;M) (2 < j < 2J).

Assertion 3.2. We choose those Q(D;t;M) for which it contains p € PS. Here exactly
J — 1 cosets of (C) are chosen. We put them x;M (2 < j < J).
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As easily seen, Q(D; M) D R. We say V (1, B) is Full-case if R = Q(D; M). In the case,
the structure of V' is fairly simple. This case is explained in [4]. Thus we treat hereafter
Non-Full case.

Step 4. We put M(7) = Q(D; M)\ R and Q(j) = Q(D;z,;M) (2 < 5 <J).
Assertion 3.3. PS=M(1)UQ(j) (2< 7 < J).

To study PS, we separate M(7) and Q(j) (2 < j < J) into subsets which are called
Cells. For u,v € SP we put u ~ v if uv € S. It is notable that in many cases u + u. And
u~ v, u~wand v # wimplies v ~ w.

For u € PS, we put (u;~) ={v|uv € S, ve SP}U{u}.

(7-separation) We take y; the smallest member of M (7). We put (y;;~) = M(n).
Here M (m) C M(7). If M(7) = M(7), the process stops. And if M (1) \ M(r) # 0, we
take the smallest member y, from the set , and make (yo;~). We put M(7m2) = (y2;~).
Here M(mp) C M (7). If M(7) \ (M(m) U M(73)) # 0, we continue the process taking ys.
Thus finally we obtain ~ classification of M (7).

Assertion 3.4. By ~ classification of M(7), we obtain a finite classication M (1) =
Up_, M(71,), where M (1) = (yg;~) with 1 < k < K. We call each M (1) M-Cell.

Remark. We give for some cases a simple process to obtain yi,...yx ( cf. §5).

(j-separation) We operate ~ classification for each Q(j). We call this process
j-separation.

Assertin 3.5. By j-separation, each Q(j) separates L(j)(< oco) sets. We call them
L-Cells.

Remark. For some B, there is a simple process to obtain these L-Cells.

(Structure Constant) We arrange (K; L(2),...,L(J)), and call it SC (Structure Con-
stant) of S(1, B). (In SC, L(j)’s are arranged as L(2) < --- < L(J).)

(Complete Top System) We take the least prime from each Cell. Collecting them, we
make Complete Top System of SC.

4. CORRESPONDENCE BETWEEN H(B) AND SC

Let H be as introduced in §2-4. Assume B € (0) have H(B) € H. Let h be the class
number. In Assertion 4.1., Case 1 means B € («) U (), and Case 2 means B € ().

Assertion 4.1. (1) If H(B) € H be of type K, then SC of S(1, B) is (K). Here K = [h/2]
for Case 1. And K = 3[h/2] + 1 for Case 2

(2) Let H(B) be of Type L. (i) Let H(B) =< (r) >, 2||r or H(B) =< (r)(s) > with
odd s. Then SCof S(1, B) is (K; K +1), where K = [h/4] for Case 1. And K = 3[h/4]+1
for Case 2.

(ii) For H(B) with 2||s, SC of S(1,B) is (K; K +1,K + 1, K + 1). Here K = [h/8] for
Case 1, and K = 3[h/8] + 1 for Case 2.

(3) Let H(B) be of Type II. (i) Take H =< (r) > wih 4|r or H =< (r)(s) > with odd
s. Then SC of S(1, B) is (K; K) where K = h/4 for Case 1, and K = 3h/4 for Case 2.

(ii) For H =< (r)(s) > with 4|r, 2||s, SC of S(1, B) is (K; K, K, K +1). Here K = h/8
for Case 1, and K = 3h/8 for Case 2.
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(4) Let H(B) be of Type . Namely H =< (r)(s) > with 4|s. Then SC of S(1, B) is
(K +1;K,K,K). Here K = h/8 for Case 1, and K = 3h/8 for Case 2.

5. I' SEQUENCES

We treat in this §B € (y) whose H(B) is a cyclic group of odd order h. We put
K =[h/2].

(2-order) For u € PS, we say u has 2-order p if p is the smallest number for which
27y € T. Here we denote p(u) = p.

In the following we assume B satisfies the following:
(Cond B) 2" ¢ T for 3 <r < K.

Remark. This condition is satisfied wth almost all B.

Assertion 5.1. Let B be as above. Then we can make I' sequence whose length is K.
(T)  8u? — Sujuy — -+ — S8ug ug
which satisfies the following conditions.

(1) uy,us,...u; are different primes contained in PS.

(2) 8u?, ujujiq (1<j<K—1)areallinT.

(3) UjUjy1 (]_ S] S K- ].), and UjUjyo (]_ S] S K- 2) are ¢ S.

(4) u; (1 < j < K) are the smallest primes under (1)-(3).

We call u; (1 < j < K) the vertices of (I'). We put U = {u;| (1 <j < K)}.

Assertion 5.2. (1) The set U is Complete Top System of S(1, B).
(2) p(uy) = K =j+3 (1 <j<K). And (u;~) ={ue SP|pu) = K —j+3}.

Assertion 5.2 is a curious one. To explain this, we introduce the following concepts.

(Class representation) As well known, each ideal class of H(B) corresponds to a triple
(a,c,b) with B+b? = 4ac where |b| < a < c. Principal ideal corresponds to (1, B+1/8,1).

For other classes , we consider C' U C’ where C” is Conjugate class of C'. Here C'U C’
corresponds to (a, ¢, £b). Thus we make K pairs of ideal classes, and denote H/ < 2 >=
{C;ul] |1 <j< K} Wesay (a,c, +b) to be Class representation of C'U C".

For u € PS, we put u > (C,C") if

(1) (—B/u) = +1 (Legendre Symbol).

(2) Let p = PP’ where P, P' are prime ideals. Then P,P' € C' U (",

Here the following criterion is proved in [6].

(Criterion of Wakabayashi) Let B € () and > 11. Then

(1) w € PS if and only if (—B/u) = +1.

(2) Let u,v € PS and u # v. Then uv € S if and only if u > (C,C") and v > (C,C")
with some C, C".

Assertion 5.3. We take AU A~ whose Class-representation is (2, B + 1/4, +1).
Then u; > (AKFH177 A=K for 1 < j < K.

. Table 5.1. We give numerical examples of (I') sequences for smaller K taking suitable
B’s. (We note the sequence of vertices.)

K =1. B =23. 3 is the isolated vertex.

K=2 B=47.3—=T.

K=3.B=713—=5—19.

K=4 B=199. 5 —7— 13 — 3L

K=5 B=167. 7—3— 19 — 11 — 31.
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6. B=191. 5 —+23 -3 =13 — 17 — 79.

7. B=239.11—-3—>17T—-5—71 — 29 — 31.

8. B=383. 7—43 - 17—3 — 23 —- 19 — 29 — 103.
9.

1

B=313. 75533113 —>79 =5 — 73 — 47 — 47 — 67.

0. B=5647. 59 — 101 - 7 — 103 — 53 — 127 — 89 — 179 — 353 — 709.
=19. B =5119. 61 - 13 - 67 — 251 - 43 - 17 > 79 — 19 — 47 — 127 —
131 -5 — 137 —- 83 — 71 — 97 — 167 — 353 — 641

Remark. We take B = 431 for K = 10. In the case 27 € T. We have I' sequence;
8.612 — 8.61.41 — 8.41.109. And in the case, we have 8.11.59 — 8.59.23 — 8.23.3 —
8.3.19 — 8.19.29 — 8.29.11 — (cycle). Here {61, 41,109, 11,59, 23,3, 19, 29} makes Com-
plete Top System. And this U makes the same (£) cycle (cf.§6) with above B = 5647 for
K =10.

RERRRRR

6. (§) CYCLE

In this §, we assume Cond. B. Thus we identify v € U and (p) for which ¢(u) = p. By
making I' sequences, we get U Complete Top System of S(1, B). To attack Problem 2,
we separate U into (f) cycles.

Assertion 6.1. For v € U, there exists unique v € U for which u?v € S. In the case we
put u = v. If u = v, we see v?u € S. And if u # v, we choose w € U for which v?w € S,
and we make u = v = w. We continue this process till it returns to u. If it returns to
u, we make a (f) cycle. If there remains x € U which does not appear in this () cycle,
we start from x and do the same process. Thus finally U decomposes into disjoint sum
of (1) cycles.

Assertion 6.2. Let B satisfy Cond B. Assume u?v € S for u,v € U. We put p(u) = p
and ¢(v) = 0. Then

(1) If2p—2 < K +2, then 0 =2p — 2.

2) U K+2< 2p—2, then 0 =2(K —p) + 7.

Assertion 6.2. allows us to obtain (%) cycles for each K.

Example 6.1. We explain the process taking the case K = 16. We put K = [3,4,...18].
We start from (3). Applying Assertion 6.2., we obtain (3) = (4) = (6) = (10) =
(18)(= (3)). We denote this cycle I (3)(4)(6)(10)(18) . We start from (5), then we
get = (5)(8)(14)(11)(17) H. Next - (7)(12)(15)(9)(16) - appears. F (13) - is an isolated
cycle.

In the case, we put K =16 =145+ 5+ 5, and call (f)-relation.

Table 6.1. We give exaples of (f)-relation. (We omit the case all U makes one () cycle.)

The first spritting (f) cycle appears in case h = 9 K = 4 = 1 4+ 3. The next case is
h=15K=T7T=1+2+4 Forh=17, K =8 =4+4, For h = 21,K = 10 = 1+3+6. For
h=25,K=12=2+10. Forh =27, K =13 =1+3+9. Forh =31, K = 15 = 54+545.
Forh=233, K =16=1+5+5-+5. For h = 35,K = 17 = 2+ 3+ 12. Finally if h = 189,
we have K =94=14+3+34+64+6+6+6+94+ 18+ 18+ 18.



AC2011 37

6 R. MORIKAWA

7. ATTAINABILITY

7-1. For an abelian group A, we say A is (0) attainable in case there exsists B €
(0) whose class group H(B) = A. We use abbreviation (d)-able, and (J)-nable for not
attainable case.

We denote in the following K () Double as < (sf)(s) > where s, f odd and s > 3.

7-2. Consulting [1]and[2], we see the following < (sf)(s) > are (7)-able.
(1) For s =3, f =5,11,13,15,17,19,23,25,27. (2) For s =5, f = 3. (3) For s = 7,
f=11,13. (4) Fors =9, f =3,9. (5) For s =11, f =3,7,9. (6) Fors =13, f =5
(7) More larger (y)-able A’s are < (15)(15) >, < (105)(15) >, < (85)(17) >, < (57)(

7-3. On the other hand, notable (y)-nable A’s are

(1) Fors =3, f = 1,3,7,9,21.

(2) For s =5, f =1,5,7,9.

Remark. Also (f)-able A’s are very subtle. For example < (3)(3) >, < (5)(5) >,
< (7)(7) >, < (13)(13) > are (f3)-able. But < (11)(11) > and < (17)(17) > are (/3)-nable.
In short, the property of attainnable Double A is mysterious.

8. K(v) DOUBLE

Let H =< (sf)(s) > where s, f odd. We treat here only the case s = 3. By studying
the cases f =5,11,13,17,19, we obtain the following Assertion.

Assertion 8.1. For () Double with H =< (3f)(3) >, we obtain the following two (I')
sequences.

(1) T(1). 8u? — Sujug — -+ — Sug, UK,
Here K; = [3f/2], and I'(1) is taken so that it satifies properties given in Assertion 5.1.
for H =< (3f) >.

(2) We put V(3) = {v € SP |v® € S,v ¢ T'(1)}. Then [V (3)] = 3. We make:
['(2)  8vivy — 8vouz — - -+ — 8uk, 1Vk, —. (cycle)

Here T'(2) satisfies the following properties.

(a) ['(2) is a cycle whose length Ky = 3f.

(b) vy € V(3). Weput V = {v; | (1 <j < Ky}. We denote v; € I'(2). We consider
UKy+1 = U1 and UKy+2 = U2.

(c) 8vjvj41 € T for 1 < j < K.

(d) vjvjqy1 ¢ Sfor 1 <j <K, Andvjvjo ¢ Sforl <j <K,

(e) V are the smallest primes under condition (a)-(d).

Assetion 8.2. The set U UV is Complete Top System of S(1; B).

Exmple 8.1. Let B = 25447. Then H(B) =< (15)(3) >. We have
') 59— 113 — 199 — 409 — 809 — 1601 — 3181.

We take A U A~! which has Class-representation (2,3181,4+1). Then I'(1) satisfies
properties of Assertions 5.2.-5.4. for < 15) >. Thus we have (f) relation K; =7 = 14+2+4.

We have the following I'(2) sequence, whose length = 15.
'(2) 97— 43 — 157 — 37 — 103 — 53 — 139 — 31 — 107 — 101 — 191 — 17 —
211 — 151 — 47 —.

We obtain from I'(2), (%) cycles which have the relation Ko =15 =1+1+14+4+4+4.
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Example 8.2. We give here a very rough explanation of B = 38047 whose H(B)
=< (15)(5) >. In the case we have three I' sequences.
['(1) 79— 173 — 397 — 597 — 1223 — 2381 — 4797
['(2) 283 — 263 — 163 — 37 — 131 — 89 — 179 — 29 — 223 — 197 — 41 — 137 —
151 — 281 — 17 —.
r'3) 53 —103 — 67— 71 — 101 — 191 — 367 — 13 — 379 — 211 — 181 — 239 —
23 — 227 — 167 —.

Here T'(2),T'(3) are sequences of length 15. Note that 283% 53 are € S.

We put U; = {u; € T'(4) (1 <i<3)}. Then U UU,UU 3 make Complete Top System
for S(1, B). From U, we have () cycles with K; =7 =14 2+4. And from I'(2) UT'(3),
we have (f) cycles with Ko =30=2+2+2+2+24+4+4+4+4+4.

9. S COMBINATION

In this section, we treat K () Single with Cond B. Thus the Top elements u € U are
identified with its 2-order ¢(u) = p. We consider
(2) x=wuj"...ui" where uy; € PS and s; € N (1 <i<t).

If in (2), u;’s are taken from g different Cells, we say = to be g-segmental.

(Critical Order) Let u € PS. If there exists the smallest 7 for which u™ € S, we call 7
the citical order of w.

Assertion 9.1. (1) For any u € PS, there exist the critical order 7, and 7|h.
(2) Each vertex of () cycle has the same critical order 7. We denote this cycle as
t(m, ), where m is the length of ().

(S combination) If z of (2) is € S, we say (2) is an S combination.

We denote §(m,7)d(B) in case this cycle is of S(1,B). For example £(1,3)(23),
4(2,5)0(47), £(3, T)O(71), 4(3,9)0(199), £(5, 11)T(167), and #(5, 31)0(1719).

(Corecombination) We make the set of Corecombination omitting the following S com-
bination:
If x of (2) decomposes to x = uv where u € S and v € S.

Assertion 9.2. For z of (2), assume u;’s are taken from Cells of one f(m, 7). Then
Corecombinations are determined by (m, 7).

Assertion 9.3. Let z of (2) is 1-segmental. And assume the taking Cell (u;~) = U
belong to §(m, 7). Then Corecombinations are as follows.

(a) tu with ¢ # u.

(b) Any 7-combination.

(c) v*" with v € U.

To treat Corecombinations for g > 2, we introduce the following concept.
(Taking Combination) Let x of (2) be g-segmental with ¢ > 2. Then the combination
of the cardinalities of taking elements from each Cell is called Taking Combination of x.

Assertion 9.4. (Lifting Principle) Let ¢ > 2. Then for x of (2), x € S or not is
determined by its Taking Combination.

To determine Corecombination is a difficult problem. We treat here only the case that
all Taking Cells belong to one g(m, 7). For the case the following translation rule holds.
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(Translation of Taking Cells) We explain by a numerical example. Let take (5, 11)3(167).
This cycle is = (3)(4)(6)(5)(7) 4. And since B = 167, its another expression is 31 = 11 =
3=19=7=.

For g-segmental x, we arrange g Taking Cells as [(p1) ... (py)], by the order of (£) and
translate them as follows:

[(5)(7) )] = (cycle)
(5)(3

(a) [(3)(4)] = [(4)(6)] — [(6)(5)] = [(NB)] =
(b) [3)(6)] = [(4)(5)] = [(6)(7)] = [(5)(3)] = [(T)(4)] — (cycle)
) [[( )(7 )]] [[(5)(7)( )] = 1(7)(3)(4)] = (cycle)

)
() [(3)(4)(6)] = [(4)(6)(5)] = [(6)(5
(d) [3)(4)B)] = [(4)(6)(N] = [(6)(3)(3)] = [(B)(7)(4)] = [(T)(3)(6)] = (cycle)

Assertion 9.5. (Translation Rule) About two g-combination which are translatable,
their Corecombinations coincide. For example about (b) above, 5 numbers
31938, 11219°, 3278, 19°31°, 7°11% are € S or ¢ S simultaneously.

_>
%

Table 9.1. (Examples of Core-combinations)

(1) £(2,5)0(47). Then 2 Coreconbinations are (1,2), (1,3), (2,1), (3,1).

(2) 4(3,7)0(71). The () cycle is = (3)(4)(5) 4. For 2-combination [(3)(4)], Core-
conbinatios are (1,3),(1,4) (2,1), (5,1). And 3-Core conbinations are (1,1,2), (1,1,3),
(1,2,1), (1,3,1), (2,1,1), (3,1,1).

(3) £(3,9)0(199). Then (£) cycleis - (3)(4)(6) . For 2-combination [(3)(4)], Corecom-
binations are (1,4), (1,5), (2,1), (3,3), (7,1). And 3 Corecombinations are (1,1,2), (1,1,3),
(1,2,1), (1,3,1), (2,1,1), (3,1,1).

(4) £(5,11)00(167). (a) For 2- combination [(3) (4)], Corecombinations are (1,5), (1,6),
(2,1), (3,4), (5,3), (9,1).

(b) For 2-combination [(
(c) For 3-combination [(3
(2,1,1).

(d) For 3-combination [(3)(4)(5)], Corecombinations ars (1,1,1), (1,2,1), (1,2,1), (1,2,2),
(13.2), (213), (23,1), (3,1,2).

(e) For 4-combination [(3),(4),(6),(5)], Corecombinations are (1,1,1,1), (1,2,1,1), (1,1,1,2),
(2,1,1,1).
(f) 5-Corecombinations are (1,1,1,1,1), (1,1,1,2,1), (1,1,2,1,1), (1,2,1,1,1).

3) (6)], Corecombinations are (1,3), (1,8), (3,2), (4,1), (7,1).
),(4), (6)], Corecombinations are (1,1,2) (1,1,3), (1,2,2), (1,2,3)
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1992). PGL(2,29) 0000 As 00000000000, PGL(2,29)/A5 O 5
regular 0 2-arc-transitive graph 000 0. 0000000, 00000 ¢O
000 PSL(2,q)/As, PGL(2,q)/As 00 5-regular O 2-arc-transitive graph [
000000000, 000000000. 00, multiplicity-free 00000
PGL(2,29)/As OO 00O0O0DO0O. D0DO0OOO0OOOO0ODO MAGMA O GAP O
ggd.

1 Introduction
1.1 Example

O00,00000000000000000 “2-arc-transitive graph” 00000 O
00000oOO00. 0Dooo0oo0,000D0o00oo0ooo0o0d suborbit O, 000
0000000000 graph O0OO0OO0O,0000000000R0O.

Example. Scott (1993) G = PSL(2,29) 0000 H;,H, 00000000000
go:

1. Hi§A5,
2. {10 H, O GOOOOOO,
3.Q;:=G/H;(i=1,2)0000,20000000 ZG-00: ZQ ¢ Z8s.
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000 Zz0O0OO0O0O0O000OOO0OO0OO0O0O0O0O0DOODOO0OO0O0. DO Q000000
OO00O0Ooooog, Q; 00 G-suborbits 00O subdegree 500 6 00 O0O0O0OOO0O
0,PGL(2,29) 00000000000 H, 0 H,0OOOOO, PGL(2,29)/A4;5 00
PGL(2,29)-suborbits 0 0, subdegree 5, 6 0 D0 000 0O. OO subdegree 500 6 0
suborbit 00 “2-arc-transitive graph” 00 0000000O0O.

1.1.1 character table

graph 0000000, PSL(2,29)/4; 00000000000 MAGMA 000D
gooooguooo. bbogoooboo, bbb oooouoooooo. oo
0,000000 PSL(2,29)-suborbit 0 00O symmetric 000000000000
multiplicity-free 00000, 0000000000.

suborbits
principal character || 1|12 20 20 30 30 30 60
30(1]ay Qo Qasg oy Qs g Q7
301 041”2 a2‘72 043"2 044”2 a5"2 046"2 a7"2
301 Oé104 04204 (11304 01404 05504 Oé6a4 0«47‘74
28(1 1|53 B2 B3 Bs  Bs B B
28| 1| 177 BT BT BT BsTP BeTP BT
B[ 1|87 B B B BT BT B
2811 51Tp3 527’)3 53”)3 54Tp3 55Tp3 BGTPB 57Tp3
ooo,
Gal(Q(¢7)/Q) = (o) (0(¢r) = ¢7),
Gal(Q(C15)/Q) = (1, p) (1(¢15) = Ciss p(C5) = Cis),

vi=Cr 80 =Cs+¢lA00na

()i =(29% + 2, =47, 27 + 2,
— 292 =374+ 2, -2 — v+ 1, =592 + 8,697 + 4y — 14),

(Bi)i_, =(—20% — 6% 460 — 1,6% +20% — 46 — 5,46% + 26% — 115 — 4,
—38% — 202+ 1354+ 2,36% —36% — 120 + 9, —26% + 6% + 56 — 3,
— 0+ 82+ 35+ 1).
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1000 principal character 000 700000,00 300 (7,400 (5000000
O00.000,000000000 Gal(Q(¢r)/Q), Gal(Q(¢15)/Q) D OoOoooong.
1.2 Definition

I'=(V,E) O (undirected simple connected regular) graph 00, GO I'00000
O Auwtl’ 0O0O.

Definition 1 (2-arc-transitive). G O I' O 2-arc-transitive 0000, GO0 I'O000O
0 2-arc 000

{(0171)27,03) | (U’ivv’H—l) S (Z = 172)701 7& U3}
O transitive OO0 O0O0O0O0O0OOO.

goboboooooo,

LUy " ug = g(v2)
- 3 3ged

~~U3:g(v3)
By ;
‘ ,'u1:g(U1)
00000 200 2-arc (v1,v2,v3), (u1,ug,u3) 0000, 2-arc 0000000000
geGUOOOO0DO0D0D0DODODDOOOD. 00 GUOOOOOODO,veV O GOOOOO
00 G, 0000000000000 o0oooO0. 000000 G, 0o0o0oooooon
g, gobobboooobooo.

I' = (V,E) O (simple connected regular undirected) graph, G O I' 000000
Autl’ O vertex-transitive 0 000 00. v € V OOOO v 000000O0DO00ODO
{ueV|(uv)e B} O T(v)OOO. OO0OO

Remark 1. G O I' 0 2-arc-transitive 0000000000 G, O I'(v) OOOO
doubly transitive 0000000 O0ODO.

gooboooooo,
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uy = g(v1)

0000000 o 000000000 (vy,v2), (u,upx) D000, 00000000
ge G, 00000000 0O0DODOOO0.

1.3 2-arc-transitive graph

00,000000000000000. valencyd O graph T 0000 G, (v e V)
0 I'(v) O doubly transitive 000. 0000 G, 00000000000, 000 7T
00000000000000000000 (Cameron, 1983).

00 Cameron 0000000000,0000000000.

Theorem 2 (Cameron (1974)). G O primitive 0, G, =S5, 000 A4, 000,00
o0 10o00000o:

1. 00000 x,zeVOOOO, {yeV | (x,y),(y,2) € B} =1,
2. I' O folded cube graph,
3. I' O complete graph.

00 PGL(2,29)/As 00O suborbit 000, G, = A; 000 5-regular 2-arc-transitive
graph 0 10 000000000000, PGL(2,29) O imprimitive 000, 00000
gooboboooobbbooobbboooon.

2 Problem and approach

2.1 Problem

000,000000000000000000.
2-arc-transitive graph 0, 000 0000000000000, 000 PGL(2,29)/As
0 suborbits 00000000 PGL(2,q), PSL(2,¢) D0O0D00O0O0O0O00O0DOO,
PGL(2,q)/As, PSL(2,¢)/As OO suborbits 00 0000000000. 00000 ¢
000000000,00000000000000000000000, MAGMA,
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GAPUOOOOOODDOOODOOODOOOOODOD. OODDOODOOOOOO.

2.2 The Series of PGL(2,q), PSL(2,q)

gogooboobooboboboobboobooog,bbbooog,bbb g oooag
gogoobooooooboobooon.

Theorem 3 (Dickson (1901)). ¢:=p" 0000000. 0000, As C PSL(2,q) O
000000000 g(¢2—1) =0 (mod 5).

00 PGL(2,q)/As O suborbit 0000O0O0D000, 000 As € PGL(2,9) O
000000000 As € PSL(2,¢q) 000. 000, g(¢2—1) =0 (mod 5) 00O,
PGL(2,q)/As,PSL(2,q)/As O subdegree 5 000 6 O suborbit 000000000
gogoooo.

2.3 Approach(1l) — suborbits 00000

q(?=1)=0 (mod 5) 0000000 ¢O00O00,000 As < PSL(2,q), PGL(2, q)
000 cosets 00O suborbits 000000, subdegree 5, 6 000000000 OOO
0000000000000 00000000000 (DoooOO0oOoUUoo,0000
2GBU0000D0D0OD0OO ¢g=571000).

2.4 Approach(2) — normalizer 00000

O00,00000000000000 subdegree 00 suborbit 0000000000
goob.doobobooooboboo,0gooboboooon.
GOOO QoOUoooooo,K<GOoooo

In(K):={beQ|Vge K, bJ =0},
Apu(K):={KY9|ge L, KI<M} (L,M<G@Q)

000.a€Q, H=G, 000. 000 Hy,...,H;0 HOOODOOODOOOOOOO
o, :=H/H;0000,Q=yJ,ysQ 000000. 000 v 0O H-O0O0 Q0 H-
000 H-orbit 0OOOOO.

gobobooooo,obobogaan.
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Proposition 4 (Bannai-Iwasaki (1974)).

E:%M2 O = o (H;)|, "
|Ac,u(Hj)||Na(Hj)|
oty = o EINe(E),
o ) = W Iy

00000 (x) 0000 Az (K)| O normalizer 00000000000,0000
00y 0O0000.000000000000000000000.
G:=PSL(2,q),G>H:=As, H>H,,...,Hy: 000000000000000

Zyzlfg D = Ta(H;)], )
|AG,a; (H;)|| NG (Hj)|
[lo(Hj)| = 4]
_ INe(H))|
|Na, (Hj)|’

00000 (¥*)000000 ¢q0000000 |Ng(H;)|0OO,0000 A5 000
0000D0000. 0000000000000 % 000000, 000000000
oo.

agoo

As > Hy = A5, Hy = Ay, --- ,Hg =1,

|AA5,Hi(Hj)||NA5 (HJ)|

= |Iq,(H;)| =
’ | Hj|

(1>4d,57>09)

oooboooao,
¢:= (Cij)?,jzl

O90000b000oon.
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000 q: q(¢?—-1)=0 (mod 5) 0000

G:=PSL(2,q) > H=A45,j=1,...90000 Ng(H,;,) 0000. 000000
0,00000 (¥)000.

D00 Cctoooo,y,...

(yl,...,yg)C:<

[Ne(H)))

[N (Hy)| >

[Nas (HO)™ " [Na, (Ho)

Ly 000,

46

OO0D000D0 ¢g=5710000000000,000000 ¢=7090000000.

2.5 Results

000, PSL(2,¢)-00 PSL(2,q)/As OO subdegree 0 O suborbit 0000000
0O0. ¢=11,19,25,29,31,41 000000 [J00000000. 000000000
PGL(2,q)/As5,PSL(2,q)/As OO suborbits O 2-arc-transitive graph 00 00000
gogobooboo,goooboogd.

q subdegrees|| 60 30 20 15 12 10 6 5 1 q subdegrees|| 60 30 20 15 12 10 6 5 1
9/ 0 0 0 0 0 0011 121]/236 12 8 0 5 1 111
11{/f 0 0 0 0 0 1 001 125]1 258 1510 0 12 0 00 1
6/l 0 0 2 1 1 0001 131{{ 300 1510 0 6 1 001
190 1 1 0 0 0101 139(1 360 16 11 0 6 0 101
25|l 0 2 1 0 4 0002 14911 445 1812 0 7 0 001
2911 3 2 0 1 0001 151)/ 464 18 11 0 7 0 011
31{| 2 3 1 0 1 0011 169]/ 655 1912 0 8 1 011
4111 7 3 2 0 1 0 111 179(1 780 2014 0 8 1 101
491113 4 2 0 2 1 011 1811807 2014 0 8 1 101
591124 5 4 0 2 1 101 19111950 2214 0 9 1 011
61|27 5 4 0 2 1101 199111076 2315 0 9 0 111
6467 0 10 5 6 0 001 211(/1284 26 17 0 10 0 00 1
711144 7 4 0 3 1 011 229111646 27 18 0 11 1 00 1
791162 8 5 0 3 0111 239(|1874 2718 0 11 1 111
81|65 8 12 0 3 0 111 241111922 27 18 0 11 1 111
89190 10 6 0 4 0 011 251(/2172° 3020 0 12 1 00 1

101(/134 11 8 0 4 0 101 2564636 0 42 2125 0 001
109({170 12 8 0 5 1 001 269(|2677 33 22 0 13 0 001
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subdegrees|| 60 30 20 15 12 106 5 1 subdegrees 60 30 20 15 12 10651
27101 2738 3321 0 13 0 011 719|| 51554 87 58 0 35 1 111
2811 3055 3322 0 13 0 111 729|| 53716 90 120 0 36 0 011
28913325 3422 0 14 1 011 739]1 55980 91 61 0 36 0 101
3111|4148 3724 0 15 1 011 751 58754 93 61 0 37 0 011
331|| 5004 4127 0 16 0 00 1 761|| 61135 93 62 0 37 0 111
349|| 5870 4228 0 17 1 001 769|1 63085 94 62 0 38 1 011
35916392 4228 0 17 1 111 809|| 73458 100 66 0 40 0 011
361|| 6500 4228 0 17 1 111 811|| 74004 101 67 0O 40 0 001
3791(| 7524 46 31 0 18 0 101 821|(| 76778 101 68 0O 40 0 101
389|| 8137 4832 0 19 0 001 829|| 79046 102 68 0 41 1 001
401 8917 48 32 0 19 0 111 839(| 81944 102 68 0 41 1 111
4091 9463 49 32 0 20 1 011 841 82532 102 68 0 41 1 111
419({10176 50 34 0 20 1 101 859|| 87948 106 71 0 42 0 101
421((10323 5034 0 20 1 101 8811 94885 108 72 0 43 0 111
431((11078 52 34 0 21 1 011 911(/104918 112 74 0 45 1 011
439([11708 53 35 0 21 0 111 919(/107708 113 75 0 45 0 111
449112528 55 36 0 22 0 011 9291111264 115 76 0 46 0 011
46113562 56 38 0 22 0 101 941(/115634 116 78 0 46 0 101
479115218 57 38 0 23 1 111 961(/123170 117 78 0 47 1 111
491({16392 60 40 0 24 1 00 1 971127056 120 80 0 48 1 001
499((17208 61 41 0 24 0 101 991135074 123 81 0 49 0 011
509118265 63 42 0 25 0 001 1009(|142573 124 82 0 50 1 011
5210119591 63 42 0 25 0 111 1019({ 146856 125 84 0 50 1 101
5291120509 64 42 0 26 1 011 1021147723 125 84 0 50 1 101
5411121939 65 44 0 26 1 101 10241/298163 0 170 85 102 0 00 1
569125530 70 46 0 28 0 011 1031(|152108 127 84 0 51 1 011
571125800 71 47 0 28 0 001 1039155678 128 8 0 51 0 111
599029792 72 48 0 29 1 111 1049(/160218 130 86 0 52 0 011
601(/30092 72 48 0 29 1 111 1051(|161136 131 87 0 52 0 00 1
619(|32880 76 51 0 30 0 101 1061||165782 131 88 0 52 0 101
625(133828 77 51 0 124 0 0 0 2 1069169562 132 88 0 53 1 001
63134832 78 51 0 31 0 011 1091({180252 135 90 0 54 1 001
641(36517 78 52 0 31 0 111 1109(|189325 138 92 0 55 0 00 1
659(/39684 80 54 0 32 1 101 1129(/199759 139 92 0 56 1 011
661140047 80 54 0 32 1 101 1151(|211670 142 94 0 57 1 011
69145756 86 57 0 34 0 001 1171222900 146 97 0 58 0 001
701({47774 8 58 0 34 0 101 1181(|228662 146 98 0 58 0 101
709(|49430 87 58 0 35 1 001 1201({240482 147 98 0 59 1 111
0

gooooooo,0ooo0o0ooooo
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Jo0o0obodooooooooog ¢, 0g

oooot
goboboooobbodad

1 0000

000000000000000000 CO00000000000000000
0000000000Y.Zw 7000000000 VOOOO 20000000
A(V)O V/Cy(V)0DODDOOO000020000000000000000000
000000000000000000000000000000000A(V) O
V/C,(V) 0000000000000 VOOOOO0O0000000000000
000000000000000000

000000000000000000000000000000000000
000 C,00 V/Cy(V)DOO000000000000000000 K(g, k)00
000000000 Le0OO g00000000 #0000000000000
00 g=s,0000000K(sh,k) 00000000000000000000O
000000000000000000(1,2]00000002000000000
O0K(sl,k)O ¢, 0000000000000000000000000000
00000000

000000000 Le00 ¢g0000000000000000000 K(g,k)
O0O0Dong 0 Wang [3,4 0000000000000000 g=sl, 000000
000000000000 0K(gk) O K(ge,ke) 00000000000000
0000000000 LiedO ¢g00000000000g,0 00000 s,
000000 Le0OOOOk O «0000000000000000000

0000000000000 ChingHmg Lam D00000000000000
000000000

000000000000000000000000000000000000
000000000000000000000000000 Risa/Asir 00000
0000000000000000000000000

0DD0O0D0D000000000000000D0 0000 (C) No.23540009 00000000
g
2210000000 AC007000000
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2 JOooooooo ¢, o

O0O000O0o0bOoobooo c,000bo0boobooooooobooDbo
0000000000000 [6)0000000000(V,Y,1,w) 000000
0V OOO0O0O000DO (vertex operator algebra, VOA)OO OOV O V = @px>oVin
oooooooooVv, oo n000000000000000000 Vi,
0000000 n000000veV 00000Y(1,2) =3 cptnz ™10 v 0
000000000 (vertex operator) 000000 v, € EndV O00Y (v,2) 0 2
dooboooobob vbboboooooboboooobbbooouobobooboooo
VibOboO0O0ooOOoO 0000 0, 0000000000000000w € Vi
0000v,Vie) C Visgmn—y 0000001000 w 0000000000000
00 Virasoro 0000 (0D0O0)00000O0O0OOOOOO

000000000000 Y(v,2) OOOODODODODOOOOODODOODOOOOO
gobobo20000booboooobn

[ty va] = > (T) ()i (2.1)

1>0

(Umv)n:Z(—l)i(T?) (um_ivn+i—(—1)mvm+n_iui) (2.2)
>0

wveVOneZDDDOOuw,v O VIOOOOOODODOOO 0O o0V OO
0000000d00OoooodoOooOno voooooooooooooooos o
VDDDDDDDDDSDDDDDDDDDDDDDDDDDDDDDu}“---ufhv
(weSveS ne€eZ)DO0D0O0 VIOOOOODO (S)oOOOOS)=v oo
Oo0o00oDOo0o000opoooO vo sooooooobooooo sgvooooad
Oodooooodod n, DO0O0000oooddn; D000 0oooooo
u£m1~~uimTv(uiES,veS,mizl)D Vioooopoooso vooooo
Ooodoooon

uow (u,veV)ODOD VOOOOODODDODOODDOO Cy(V)ODOODO

Co (V') = spang{u_gv |u,v € V}.

Co(V)ODOODOOO Ry=V/Cy(V)OUOOu-v=u—v 000 {w,7} =uev O
0000000000000 Poisson JO0O0O00000000000=0v+Cy(V) O
00000 Poisson 00 Ry O Zhu [7]00000000C, 000000 Zhu O
Poisson 000000000 w-v=w_p0v 0000 Ry OOOOOOOOOODODOO
0000000000000 D0O0O0000 VO C, 000 (Cy-cofinite) 0000
000

SO VDOOOODODODODOOORy O {mwlue S} 000000O0ODOOODODODODO
D000000000 SO00000 S={!,...,w'}00000Ry O ul, ..., u"

2
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00000000000 00000-00000000000000000000
D000000R, 000000000000, i=1,...,r 000000000
0000000000
000000000000000000 K(sly,k) O Co 00 Rgaer 0000
000000000000000000000

3 00000000000 O0000 W= K(sl,k)

D0D000W=K(sl,k)0000k=23,40000W00000 £(1/2,0)
(Ising model), £(4/5,0) & L(4/5,3) (3-state Potts model), V. (000 (o, ) = 6)
O0000000000000000000 (cf. [2,Section 5)) 0000000000
O k>500000000 LieOO ;\ZQDDDDD 000 k0000000000
goooo L(k,O):LsAZQ(k,O)DDDDDDDDDDDDDDDDDDD W O Osly
O Cartan 00000000000 L(k,0) D000 Heisenberg 00000000
0 (commutant) 00000000 0sl, 0000 kO Weyl OO V(k,0) = V5, (k,0)
0000 Heisenberg 0O ODOOOOOO YOOOOYOOOOOOoooOOoO
O0zZ0o0000oow=y/Z20000

sly O Chevalley OO0 {h,e,f} OOO0OLie OO [hye] = 2e, [, f] = —2f,
le,f]=h 0000000000 Killing 0D (,) 0000 (BA) =2, (e, f) = 1,
(h,e) = (h, f) = (e,e) = (f,f)=00000000000 Lie OO

sly = sly ® C[t, 7] @ CC
00000Weyl 00 V(k,0) 00
V(k,0) = Indj;@(c[t]@(cc C= U(;\m Bushecysce) C

0D000000000000000CO shLeC)0 000000CO00 kOO
00000 shoClt)leCCOO0D0000e®t" 0 V(k0)00000 a(n) 000
0000000000000

la(m), b(n)] = [a, b](m + n) + m(a, b)min ok (3.1)

O0001=1®1000000000R>0000 e(n)l=000000000
0 (3.1)000000000a(n) 0 V(k,0)OOODDODODOOOODODODOO

h(=ir) -~ h(=ip)e(=jr) - -~ e(=jg) f(=ma) - -+ f(=m,)1, (3.2)

(112ZZpZL]lZZ]qzlymlzzerLp,anZO)D V(kaO)D
oboooog
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000[1,2]0000 vOOO WOOOOOOOOOO0O0O00000000o0o0
000000 [1,2]0000V(%,0) 0 (-1 000000000000000
0(00000)00000000000000000000 L(k0)000000
0000ae(r) 000000 L(,0)0000000000 o(r)000000000
yoov=1{veV(k0)|hlin)v=0foralln>0}000000 V(k,0)000
0000000000000 W ={ve Lk, 0)|h(n)v =0foralln >0} 0000
e(-1)*110 y0O000000VO0OO0OO000000000 Z0

u0 — f(o)k+1€(_1>k+11

0000000
yO00O000000000000000 (cf [1,2])0

(1) 40000000 vOoOoOOOoOoo {WQ,W3,W4,W5}DDDDDW’"DDDD
Or-0000W?20 VirasoroOJOODO w O OO0

(2) W2, W3, Wt wsoooooooo

(3) VODOOOOODO ¢00000000 2000000600000 W* (s =
2,3,4,5) 0 6(W*) = (=1)*W* 000000

(4) 0000 80 null field 00000000 OOD v O00OD0D0OOOOOO
k+10000000 uo

ooooo {w2w3wiwsiooooy o

2 2 1173 3 14
W2, W2 WE W W

—i1 —Jj1 q  —my

WAL WEL W (3.3)

—ni

(> 2ip>l, 1> 2jg21Lm>-->m>1,n > >n,>1)000
goooooobooboboobooboboboboboooooboobooboboo 7
goboobobouobobooboobosuuobooboobobo200000
000000000000000000 v'=00 nullfieldv? 000000000
O00000000000000 8000000 00OnO Cy(V(k,0)OODODODOODO
Ryvpoy DOOOO ODOOOOOOW, 000000 Y(WS,Z):ZneZV[ﬂfZ*"*l
0000 Endyv0OO040OoOnO0

Wrwe O (3.3) D00D00000000000000000000 (2.1), (2.2)
D0O00W: 0D0D00O0D0 [Wr,Ws 0000000 (2) 0000000000
(33) 00000000 ooUooUoowwWsOOoODOOoooooooo (cf. 2,
Appendix B|)O
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4 WO GO0 Ry =W/Co(W)

0000000000 W=Y/Z0000C,0000000 Co(W)=Co(V)I/I
000 W/CW) = V/C,(V)IDDODO00000000(G) Ry =V/Co(V)O (i) O
00000 Z00000000002000000 Ry =W/C,(W)DOOOODO
O0000O00R,0000000000O000O00

W2W3 WA WP 0 vooooooOOO0ORy, O W = W+ C(V) (s =
2,3,4,5)00000000000000000000

¢ : Clxg, x3, 14, 25] = Ry; x5 — W

000400000000 Ry 00000000000 0W 00000 s0000
000000000 2 000000000000 sO00000

O00Ry 0 Ry 00000000000000000000000 VOO
00000 UD0000C, 00000 CU)CcUNC(V)ODDDD0000000
O0A=V+C(V(k,0)OOOOD

Ry = A, W4+ Cy(V)— W+ Cy(V(k,0))
0000000000000000ue V(k0)0000D0T =u+ Cy(V(k0) O

0000000y =h(—D)1L,y=e(-1)1, 3= /(-)100000(3.2) 0000
0000 V(k0) 00000000000 Ryky 0 vy, 0000000000

Clyo,y1,2] 00000000000y =uw,2=u»y. 00000

W: (y2—2k2)7

2k(k +2)

W3 = 2(y® — 3kyz),

W1 = —(11k + 6)y* + 4k(11k + 6)y%z — 2k%(6k — 5)22,

W5 = —2(19k + 12)y° + 10k(19k + 12)y32 — 10k*(10k — 7)yz>
D000000D0O0ACCy,2] 000000000000000 V(k0)000
00 h(-D1,e(-11, f(-1)1 000000000 100000000000 y, 2

0000000000 1,20000
0O ¢ 000

o : Clrg,xs, x4, x5) = Ry — A, xSHWSHW

004000000 Clag,z3,24,25) 002000000 Cly,2) 000000000
Kerpop O 0ODDODOOOOOKerypo 0OO3000000000O00OOO0O0O
gboboboooobboood

— 112k*(k + 2)*(3k + 4)(6k — 5)(64k + 107)z5 + k(k + 2)(16k + 17)%(26k + 83)xy73
— 4k*(k + 2)%(36k + 61)(64k + 107)z524 + 2(64k + 107)z7 + (16K + 17)*2375,

5
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— 16K*(k + 2)*(674k* + 637k — 1100)z5x3 + (16k + 17)(64k + 107)z3
— 4k(k + 2)(358k 4 559)wowswy — 112k%(k + 2)%(3k 4 4) w25 + dayas,

128K (k + 2)°(6k — 5)(64k + 107)(305k* + 777k + 306) x5
— 4k*(k + 2)*(16k + 17)(17696k + 71122k* + 91905k + 29934) 253
+ 32K (k + 2)*(64k + 107)(1108k* + 1853k + 17)x5x4 — (16K + 17)(64k + 107)%x324
+ 16k(k + 2)(64k + 107)(83k + 119)m9z] + 2(16k + 17)%x3.

00 2, 000000 s000000000000000000000 8,9,100
000000D0000000003000000000000000000000
00000000 120000010000000400000000000000
000 12000000003000000000000000000000
Kerpop 0000000000 0000000000 Risa/Asir 0000000
00000000000000000

[2, Section2] 000000000000 8,9,100 null fieldd0000 (3.3) 00
000000 VOOO0OO00O0000000 RyOOOOO00000 2,23, 24, 5
0000 By, B, B, 000000000B, 0 -B, 000000008000 9
0000000000B, 00000000 100000000000By, By, B, O
0000000000000 300000000000000000000000
0000200000000000000000000000000000000
D000nulfieldd VOOOO 0000000¢(By) =¢(B1)=¢(B,) =000
00By, By, B, 0 Kerpop 00000000000 000000000000
000000000000000000

00 1. C(V)=VnCy(V(k,0)000 Ry~ A

000000 uw = f0)e(-)M1 000000 VOOOOODODODOD Z
D0000uw =u’ + Cy(V(k,0) eCly,2] 000D0O0

()

foly,2) = 0t 1)!uo € Cly, 2]

0000 foly,2) DCOODODOOOOOOOOOOO

g 2.

[(k+1)/2]

iy (k1)
foly,z) = Z Yy, ¢ = (—1) ( )
=0

(k+1-=25)!(")*
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000000 000000000 WPeEndyOOOOOOOOOC[y, 2 0O
000000000

0 o)
— 2 _ —_
D= ((k+2)y Qhﬂay+%3k+4nmaz (4.1)

oow00000000000000a0

003. veVO0OO0O007T = v+ Cy(VE,0) € Cly,2z] O fly,2) 00000
—6kD f(y,z)=W3v 000000

fly,2) =D foly,2) (r=1,2,..) 00000000 W) u"eZO ADOO
000000000000

0fo/0y 0fo)0z
0f1/0y 0f1/0z

gbobbuoooobbbuooobobon

£0

00 4. fo(y,2) 0 fily,2) 00000000000

foly,2) 0 fi(y,2) 000000 ADD0O0O0O00 (fo, fA)A0000000000
0000000000D0000000

005. A/lf,, 1)y 000000000

W/C,W) = V/Co(V)ZOOOOR, 2 A0 (W)’ eZ 0000000000
0000000000000000000000

006. Ry=W/Co(W) 000000000
py,2) = —(k+1)(k+2)%((k+1)y® + k2), qy) = (k+2)2k+3)y 00D ODO

f2(y,2) = p(y, 2) foly, 2) + q(y) f1(y, 2)

00000000Cy,2000000000000000 fo(y,2) 0 fily,z) 0 2
000000000000p(y,2) 0 qly) 0 Cly,2] 0000 ADDOODOOO
000000 foly,2) 0 fi(y,2) 00000 Cly,2] 000000 JOOOOO

dimCly, z]/J = (k+ 1)(k+2)/2

0000000 foly, 2), fily,2), ..., fra(y,2) 000000 ADO0O0000 1,0
0000LCLCL, 00

dim A/, = (k+1)(k+2)/2,

dimA/I3 =k(k+1)/2+1,

dimA/I, = k(k+1)/2
ooooL=JNnA000OCDOOOO0OOOOD »rO0000 f.(y,2) €l 0000

7
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5 U0

000000000000000 W=K(sl,,k)04000OO00OODOOOO0ODOOO
W2 W3, WA weyoooooooo G, 00 Ry=W/C,(W)0 4000000
O000000000R, 000000000000 mullfield0000000000
000000000 w=f0)le(-) 10000000 WPOOOODOOOOO
0000000000000 000000000000000000000000
0oo00oooo

null ield 000 0000000000000 300000000000 8,9, 10
0000000000000000000000000000000000000
000000000000000000000000000000000000 &
00000000000000000000000000000000000

000000000 W O0000000000000000000000000
000000000000 £000000000000000000000000
000000000 k000000000000000000000000000
0000000 A000000000000000000O00O00O0000000
0000000004 00000000D0D00000D0O000O0D00O0 Cly,2]00
00000000Cy,2]0000 AODODDOOOODOOOOOOOOOOOOO
0000000000000 000000000000000000

00000000000 nullfield 0000000000000 00OO0O0OO0O
0O« O0000000000000000000000000000000000
0000000000000 0000000o0o0o0ooooooooooon
0ooooooooQ

oo

[1] C. Dong, C.H. Lam, Q. Wang and H. Yamada, The structure of parafermion
vertex operator algebras, J. Algebra 323 (2010), 371-381.

[2] C. Dong, C.H. Lam and H. Yamada, W-algebras related to parafermion alge-
bras, J. Algebra 322 (2009), 2366-2403.

[3] C. Dong and Q. Wang, The structure of parafermion vertex operator algebras:
general case, Commun. Math. Phys. 299 (2010), 783-792.

[4] C. Dong and Q. Wang, On Cy-cofiniteness of parafermion vertex operator al-
gebras, J. Algebra 328 (2011), 420-431.

[5] 1. B. Frenkel, J. Lepowsky and A. Meurman, Vertex Operator Algebras and the
Monster, Pure and Applied Math., Vol. 134, Academic Press, Boston, 1988.
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[6] J. Lepowsky and H.-S Li, Introduction to Vertex Operator Algebras and Their
Representations, Progress in Math., Vol. 227, Birkhauser, Boston, 2004.

[7] Y. Zhu, Modular invariance of characters of vertex operator algebras, J. Amer.
Math. Soc. 9 (1996), 237-302.
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Hlal 7 2 7 O mutation DXL T B EEIZDOWLT

ML 68 Yuki Irie*

1 BUSHIC

ZE 8 (mutation) (&, B2 7 7139 28 (REIOIN & 232§ 28(F) 22F L 728/ TH D, Fomin
& Zelevinsky 737 7 28 —fREUCEBWTEHAL % [3]. 77 7 I %6 mutation Z#EDiIELTROENE 7T 7
2% I’ ® mutation FfERH LMER. 2D & ¥ mutation 1& I' @ mutation FEFH EOME 2 D E 2 5.

AWHFEo HiYIE, mutation % mutation [FfER LoE#L L AT, Z OREE 2515 - %52—3‘5 ZLETHD.

Z DFER, 13 E A EDGAITAREE 7 ENTRRE & 72 205, Z ECTIHFRED 4 DREBDHEIC 2 DD
HOBRIBN L BANH S T Ldtbhot, £k, F, THEAKA 3 OBE I HIIMI PSL(2 p) £7:43
PGL(2,p) (p, q 13F5) 23BNz Ry 23 L, —MUCEEH L 72, Z DRI, 3 TE,‘%@% @ mutation %
HER7%.

2  mutation DEE
R &I U, R 705 R ~OE |- | 12
la| = | — a| € {a,—a} (Va € R)

ZiileTET5. ¥, a e RIENLTlal=aDEEa>0,lal=-aDEEa<0ERTILILTS.
I = (bij) Z2IRTB R D m XRZMRATH &L, BRI T 077 7 LR—HT 5. ZoL &, JHA
ke{l,2,...,m} I2&% ' ® mutation ZXD m KZATHI T = (b];) TEET %:

—bi; (i=korj=k)
bi; = { bij + |bik|br;  (bik, br; > 0 or bix, br; < 0),
bij (otherwise).

I IZ mutation Z# DB L L TR o 217504k %Z T O mutation FfEE LN, Or E£T. 2D L ZF,
# mutation (¥, Op LD 2 DEME %S, 22T, Gri=(r:Or - Or | ke {1,2,...,m}) £&L. C
DEE NN AEOr}EGr D7y 7RICKRZDT, 2O7 0y 7 Z~DIEHO K T Gr 2#l- 7%
B% Gr £ L, T’ ® mutation 23R T 2 HE & WS,

Or F—MUCIZERE IS 2wvens, ST TRAERLE R 2560H %W .

* TEERFIAHZER email: yirieQmath.s.chiba-u.jp
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3 7Z E® mutation(R = Z DFR)

Aficlix, Z £ mutation FfEEIEIR E 722 75 7 DO NATIREZ A L 725, Z415 D mutation
PERT ZHOFHEMREZIBRS. DT, m =2 D5&8IZHHRZD, m>2 75,
3.1 BREBDIZ7DHEE

7 @ mutation 22T, Buan & Reiten (& HRXIGAEKDEH G ZIGH L, mutation HEE Or 35
B 7% % tree 5% L7 [1].

EIE 3.1 (Buan, Reiten, 2006). I" 23 tree ® & & Or ﬁfﬁﬁﬁ}: %501%, T 26 RAZROIER S 5 71
Coxeter-Dynkin ¥ A,,, D,,, Eg 78 &£ ZDILKICHR 25512 R%.

I D 7T 712DV T, Felikson 5233 L 72 [2].

EE 3.2 (Felikson, Shapiro, Tumarkin, 2008). Or 75§ﬁBE E 7% % D%, block decomposable 7 b D B>,

Coxeter-Dynkin [XJF E677,8,E67778,Eé’17”1§ & Xor X225 6I1CRS.
®.
) o e T /\ VaN

\.M o >0 »e

E(71’1) —./ﬁv‘
W

NVAYA)

E(1’1) ._./.vﬁ ° ° —o AN
° W c’/=:\o

1 BISICEREZ 2757 (HEDA->THAVIRELSEEFTORWI E2HEKT 3)

¥, 77 7% block decomposable £ &K 2 @ 6 EHD 7 7 7o HANFA L2 HREIE—LHLTTE 3
CEzET (BARFA-HTET, —BER—-EHL AR R2). AAALEZFE 8L TTE 3% block
decomposable 7% 7' 7 7 Dl %X 3 12217 5.

3.2 mutation DEKT B8

mutation F{EEIERE 2 77 7 DN, THREDY 8 HLLT D tree & Z Dt D DEEHIZDOWTHD
WG ZIRE L7, 1 E£2 PHERTH 3.

*1 tree DA, RAIDIAE ZLIEICZ 2 TH mutation [FETH 3.
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Q o 9 / \ o\<7.
o—>©° O’L\o ./ \. ./ \’ OWO /o\l

2 block decomposable

VAL VANVANE VANRVANE VA
/

O

3 HMNZF—HL TTE % block decomposable % 7' 7 7

r Gr
r G )
r Dy S35
As S, Ds Agi00
Ay (Asze x Aszp) 1 2 Dg S198450
As  Sogo D As715360
As  Air160 E, A
6 21420

A A F

7 360360 Eg A252000

As  (Auass360 X Aaas5360) © 2

Dy Ao

ESMY T (Asg000 % Az91000) © 2

E- A1048320
D5 Ajpge F A21168000
D¢ As0160 Ey (A15800400 X A15800400) © 2
D7 Ass1440 X A
Dg  Aj1s91880 Xi A:Z

#1 A, D,

mutation FfEEPHMNEIX GAP ZHWTEE L&, 22T, WHRHERPRMABIZRD X J ITREDBIKRE WY
ATHRFHTHETE 22, £/, By & £ 2 DOOXRMRBEOERBMPEN 2 5E41%, ROFETRETE 72

()T ZmIESEZ 778, H%Gr D2 OO (nnK, K, ..., nmmK) 35,

(2) HOWEIZ 225D, ALRKES nTH2IEDBDLEDT, ZN6% 01,0, £T5. 2 LT, Kl
ICH ZHIRS 2 & n KRBT 2 2 L 2HERT 5.

(3) O1 DILDAE»T H DILh XD K IH I L THES:

*2 GAP W TIE Jordan 12X 2 "R¥ n DFBERH 2FE K p < n — 2 1N LT p-cycle ZFTE, n ROMIREE £ 7213 5EE
VI FERZICHL TV 3,

60
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(a) 2506 m £THEF VI MCUARE S DE iyig, ... imr £ 5.
(b) o :=mm, 1Ty 1T, K EBL.
(¢) ol 301 DILDAREDT & ) BB/NDIERESL | %23k, h % ol £ T 5.
(4) LOAFETHL 20D h ZED, TNOERT 2803 n REMRHEL 25 2 L 2 HER

4 3BERTZ7
Zliﬁﬁ'c“ X, STEM Y 7 7 THEIFMIC BEDSEHEARE & 72 2 251 % fAA LRI Z DRV E RO - Ehse

rjfn}l

4.1 F, lcBITDERERER

100 LT O#FRE p it LT, Fp, L T3THHDETD S 7 7122 mutation 2VEKT 2#% GAP 2
WTERHE L2, ZDBX, || Fp —» Fp 13X & L7

|a:{a’ (ae{l’Q,...’%})’

—a (otherwise).

ZOFER, 13 L A ERTOBETRRBEDRFEE (52 VIS 12 2 BED 3 BEAO LR & 2o 7
LL, RO 2 S0OBEDHBISAIC PGL(2,7) k%o 7

o p=143, T =(2,19,19),
e p=97, T =(2,30,30).

ZIT (a,be) EREERT:

M4 (a,b,c) DERMZ T 71k 5381

4.2 mutation FEE

:(a byc) ITXLT, a,b,c>0 F£71lF a,b,c<0DEE, T % cycle LMY, %9 Th\ & ¥ acycle & W
29 %, 3TEHRDOEA, mutation THRELEIIFET 5.

E&E 4.1. T'=(a,b,c) LT, n:=#{xe{abc}|2<0} L, mr ZRTEHRT 5:

— a?+b%+c*—abe (n=0,1),
71 @+ + 2 +abe (n=2,3)

[ @+ b2+ —allbl|c] (T cycle),
T @+ b2+ +allblle] (T acycle).

4
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EHE 4.2. mr 13 mutation THRZ.

43 PGL(2,p), PSL(2,p)

pETEM KK Za? =1%27Ma#1%260ET%. a; =o' +a7 ), T = (ag,a1,a1) £T 5. THIC
a; >0E%5Lk9, 5% || K— K #%IL5.
CDEE, mp BEZLIETROMERES.

Wl 4.3. (1) (a5,ai15,0)™ = —(ai, aixj, a5),
(aisaj,aitj)™ = —(ai, aj, aix;),
(@i, ai,a;)™ = —(aizj, i, a;).
(2) Or = {£(ai, aj,a;1;) | i,5 € {0,1,..., 252} }\ {£(ao, ap, a0)}, FIC |Op| = p* — 1.
(3) fEED (ai,aj,an) € Or KN LT, {£(ani, anj, ann) | n € {1,2,..., %}} 13 Gr DY A X p—1 DI
JFih7ay 7.

WEOIEEIR 70y 7026752570y 7 RADEHADKT Gr 2#l-> 7% Gr ££T &, Gr 3RICK 3.

T 4.4.
o= { P5L0D =1 (md 4
| PGL(2,p) (p=3 (mod4)).
SE 3

[1] A.B. Buan and I. Reiten. Acyclic quivers of finite mutation type. International Mathematics Research
Notices, 2006.

[2] A. Felikson, M. Shapiro, and P. Tumarkin. Skew-symmetric cluster algebras of finite mutation type.
ArXiv e-prints, November 2008.

[3] S. Fomin and A. Zelevinsky. Cluster algebras I: Foundations. J. Amer. Math. Soc., 15:497-529, 2002.
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Joooo pu0bobbobuobogoooon

Scott modules in finite groups with cyclic Sylow p-subgroups

gobobooooboobboooobobooood

E-mail address: 08sm1113@graduate.chiba-u.jp

1 0000

00000000 Scott 0000000000 Op000000 Scott 000000000
000000000 Green 00000000000000000000000000000
O0GAPOOOOOOODOOOOO0OOOOOOOOOOOODO

0000000 Sylowp-00000000000000Brauer tree 0000000000
p-000000000 Scott 00000 DDDOOO0O0OOO Sylowp-0000000000
Scott 000 DDD0D0D0D00 Brauer tre 000000000000 000000000OO
0000000000000000000000000000000Scott 00000000
000000000000000

00000000000 0000000-00 [7]0 1.8000. 0000 O trivial source
module 0000 Overtex 00000000 O0000DO DO OO00O0O0OOOOO
Ne(D)DDDOD BOOO Brawer 000000 Ng(Dy) 00000 B, O PuigOOoO
000000000000 (000D, 0 DOOO pOO000). 0000000000
00000000000000 trivial source module 00000000000 000000
00000 Seott 0000000000000000000O0O0O0OOO.

2 ScottOO0OQOQ

pO0000KDOOD pO0O0O0OO0OO0GOOOOOOO.O0OODOOOUDOOOOODOOO
Oo0o0oooo. 000000 kG-000 ke ODODO.

o0 21. HO GOOOOOOO.
00 2000000000 kG-00000000000GO HOOOO (Alperin) Scott
00D0000. 00000000 Scott(G,H)OOO.

(1) kg 1°=ky @y kG OOODOODODOOOOO. *!
(2) socle 00D D0O0000O00OD kgOOD
(& radical quotient 000000 ke OOD.)
1

*1je. Scott 00DODOOD source 00DOOO0DODO.
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Secott 00 0DO0ODOO (ke O0ODODODOOD)000D. DO0ODODOODODO.
GOO0000000000 Seott 0O0OODDODOOOO0ODOOOOODOOGO pOOOOO
00 Seott 00 DO0O0OODDOOOODODOOOODOOOO.

00 2.1 (00-00 [8]IVDO,0 85). HLH O GOOOOOQ,Q' 00000 H,H O
Sylow p-000000.00000000.

(1) Scott(G, H) = Scott(G, H').
2) QD QU0 G-0000D.

00 O Scott(G, H) = Scott(G,Q) OO DO.

00000000 Scott OO Scott(G,1) O ke O projective cover 00 0. O0OOG O
Sylow p-000 POOODO Scott 00O Scott(G,P) = ke OODO.

O000O0oO0oOooooDpooDoOoOSylow 00000 GO p-0000000 Scott OO0
ooo.

3 0

G :=PSLy(8)0p=3000. GO Sylow30000 POODOOOP~Cy, 0000
Ng(P)ODOD 1800000000000. A, =2Cs0 POODODO0OOScott(G,Py) 0
GAPOODOO0O0OO0O0OO0OOO0OD0.

kGOOODOO ADDOODDOBrauer tree J000000000. 000 107000
000000 Brawer 00000000,

All 7
O °
71 = X2 1 X1 X6 Xexe
T2 = X3 1
73 = X4 1
T4 = X5 1
8 = X6 1 1

gopooooo m=4000.
00000 GAPOOUOOOoOoOoooooog;

gap> G:=PSL(2,8);

Group([ (3,8,6,4,9,7,5), (1,2,3)(4,7,5)(6,9,8) ])
gap> P:=SylowSubgroup(G,3);

Group(] (1,8,6)(2,9,7)(3,5,4), (1,2,3,6,7,4,8,9,5) ])
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gap>StructureDescription(P);

770977

gap> N:=Normalizer(G,P);

Group([ (1,8,6)(2,9,7)(3,5.4), (1,2,3,6,7,4,8,9,5), (2,5)(3,9)(4,7)(6,8) ])
gap> StructureDescription(N);

77D1877

gap> T:=CharacterTable(”PSL(2,8)”);;
gap> Display(T);
2 3 3

3 . . . .
7 1 . . 1 1 1

la 2a 3a 7a 7b T7c 9a 9b 9c
2P la la 3a 7 T7¢ T7a 9b 9c¢ 9a

3P la 2a la 7c 7a 7b 3a 3a 3a
7P la 2a 3a la la la 9b 9c 9a

L2(8

®) X.1 1 1 1 1 1 1 1 1 1
X.2 7 -1 -2 1 1 1
X.3 7 -1 1 D F E
X.4 7 -1 1 E D F
X.5 7 -1 1 . . . F E D
X.6 8 . -1 1 1 1 -1 -1 -1
X.7 9 1 A C B
X.8 9 1 B A C
X.9 9 1 C B A

A = E(T)+E(7)°6

B = E(7)"3+E(7)4

C = E(7)"2+E(7)"5

D = E(9)"2+E(9) 4+E(9)"5+E(9)"7

E = -E(9)"4-E(9)"5

F = -E(9)"2-E(9)"7

gap> BlocksInfo(T mod 3);

[ rec( defect := 2, ordchars := [ 1, 2, 3, 4, 5, 6 ], modchars := [ 1, 2|,
decinv :=[[1,0],[0,1]], basicset := [ 1, 2],
brauertree :=[[1,6],[2,3,4,5,6]]),

rec( defect := 0, ordchars := [ 7 |, modchars := [ 3 ], decinv:=[[1]],
basicset := [ 7] ),

rec( defect := 0, ordchars := [ 8 |, modchars := [4 ], decinv :=[[1]],

rec( defect := 0, ordchars := [ 9 |, modchars := [ 5 ], decinv :=[ [ 1] ],

basicset := [ 9] ) ]
gap> D:=DecompositionMatrix(T mod 3,1);
[[1,0],[0,1],[0,1],[0,1],[0,1],[1,1]]

65

basicset :=[8]),
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Scott(G,P,) 00D0OD00DO0D0D0Seott(Ng(P),P,) 000000000 0000.
Scott(Ng(P),P,) D0kNg(P) 0000000000 200 1000000 15, 1,000
0000b0DbO0O 300000000,

1y
Scott(Ng(P), P1) 2 1,
11

00 Ng(P)OODOOODODO ”X14X.3» O00O0O0OOOooOoooQO.

gap> t:=CharacterTable(N);;

gap> Display(t);

CT1
2 1 1 .
3 2 2 2 2 2
la 2a 9a 9b 9c 3a
2P la la 9b 9c 9a 3a
3P la 2a 3a 3a 3a la
5P la 2a 9c 9a 9b 3a
7P la 2a 9b 9c 9a 3a
X.1 1 1 1 1 1 1
X.2 1 -1 1 1 1 1
X.3 2 A B C -1
X.5 2 B C A -1
X.6 2 C A B -1
E(9)"24+E(9)"7
B = E(9) 4+E(9)°5

C = -E(9)"2-E(9) 4-E(9)"5-E(9)"7
Dooo0’X14+4X3 0 Goooooo
(X14+X3)1% =x14 x5+ xa + X5 + X6 + 2(x7 + Xs + Xo)
0oooo;

gap> ind:=(Irr(N)[1]+Irr(N)[3])"G
Character( CharacterTable( Group(] (3,8,6,4,9,7,5), (1,2,3)(4,7,5)(6,9,8) ]) ), [ 84, 0, 0, 0, 4, 3,
0,0,0])

gap> List(Irr(G),x -> ScalarProduct(x,ind));

[1,0,1,1,1,1,2,2,2]

*2 trivial source module 000 0000000000000 00OOOOOOON.
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000000D0000000000000 yr,xs, xe 000003
Scott(G, P1) 0000000000 xg wzp,, U

Xseoto(Gopy) — X1 T X6+ X3+ Xa + X5
, X8TXa T X5
exrc.
oooooooon.
DDDSCOtt(G,Pl)DDDDDDDDDDDDDDDDDDDDDDD.

Scott(G, Pr) ~ 4 7 7\
\ . 7 1,

4 000

000PO GOOO Sylowp-000D000.

|P|=p" (n>1)000P 0 POOODO |P|=p 00000000. 000uO PO
DO000EP) =exp(X41) 000, Ie(P) 3 A s u— E@P")Y 0000, {A, h<j<m O
Ng(P)DOODOOD Ie(P)— {1} 0000000000000, O

h
o, =— 3 X (w
h€Ng(P)
000 Goooooooon.
kGOOOOOOO AODODOOOO inertialindexO e00O0. OO0OOOOOOOOOOO
O000O0Oe=| Ng(P)/Cq(P)|0ODO. OODO
Pl-1_pr-1 i1
m = = -

y  Mp—4 =
(& & &

ooo (ooooztoooo).

Brauer tree 01 0000000000000 D0O00DDOOO Bravwer 00 (00 kG-00)0O
0000.0000D00 BravertreeDOOODODOODOOOOOCOOOOOODODODODDOODDO
0000 (exceptional vertex) 000000000000 0OOOD. 00D0DO0DO0OOOOOOO
gooboboboood nO00O.

*3 trivial source module 0000000000 p-00000000000000000000O0O00O00
goooooooooOoOOOOO0OO0O0OO0O0O00O0O0O0OOOOOn.
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00 4.1. (1) GOOOOOOO Bravertree 00000000 x; 00000D0OODO
U000 xeree UO0ODOOOOO0OODOOOODODOOOOD. DDODOOODDOOO

0000000000000 000 k-00000.

0000«;* := Homg(a, k) (j=1,2,...,t) 000.
(2) M; = Scott(G, P;) (i=1,2,...,n—1)000x,;, 0 M;00000 GOOODO™

goo.
(a) AO Bravertree 0000000000 0ODODOO vy 0000000DOOOOO

Xeze OO OOODOOODOOODOOOODOO

P * R *
o ag ) a;t 0‘5+?\ Xs1,r
o 1 2 s s +1
X2 Xs Xs+1
X1 o
Qg1 Qsit Q51,1 Qst1,r

oooO0l>002<s<2000.00000000000000O000O00O00OO

gooboobobooo.
00000M, 000000000000000D0000O0DODO0OO0 (DODOD0OO

00000 Janusz [6]0 000 Feit [4] VII Section 12 00 0).

S 20+1 s +1 s—1
1 oy G+l Rt S, Qs,1 ", 2
M; = L agy Qstlr 00 alipg st "
2 s—1 s +1 Ba s 1
20+ 1
Ba
20+ 1

oobooooo sbooobooooo.

* (K, O, k) O splitting p-modular systemOM; 0 M; 0 © 00 lift 000000M; ® K0DOOODOO
oag.
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M; 0000000000000 20+100000 m,_;+1000000000
000000000000000000 8 (j=1,2,...,¢) 00000 my_; O
00.000M;,00000000000000000.

Xar, = X1t X2+ X3+ + X1 + Z XA, -
pi‘tjv 1§JSm

b) AO Bravertree 0000000000000 x, 0000000000000
X
Xeze JOOOO0ODOOOOOOODOODOO;

21

ooool>102<s<2/-1000. 00000OM, 000000DODODODOD
gobooooo.

S 21 s +1 s—1
1 Qfp Cst1,1 51 S0, Qs,1 " 2
Mi = - 05;1 Qsi1r - - a:+~1’1 a:s,t L
2 s—1 s +1 Ba s 1
21
“ Ba

2l
00000000 s0000000000.
M; 0000000000000 200000 m-m,_;+1000000000
000000000000000000 8;(G=1,2,...,) 00000 m—my,_;
ooo.
00O0M;00000000000000000.

Xar, = X1+ X2+ X3+ -+ xu+ Z XA, -
piity, 1<j<m

0oo0 1. p=20000G0 2-0000000.0000kGOOOOOODO EKPOOOOO
0.000000Scott(G,P) 000 pn 000000000000 00D0O000OO.
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5 ddouuooooon

Janusz [6] Section 5 0 0 O Brauer tree 0000 Scott 000000000000 DOOO
00.000000 Seott 00000000000 ODODOODOOOOOOOOOOO. OO
000000000000 000D0000DO0O00. 000000 Ng(P) O Scott 0ODOO
00 Green 00O Alperin [1] Section 4, 190000000 GO Scott DODODO0ODOO
godod pOObo0ooooobobb. bbbbboooooobbbbbbooooo p-bo
0000000000 (Feit [4] VO O 6.30 Brauer [2] 00 2A 00 )0 Dade [3] 000 0O
gooboobog pOObO0oobobbbooobbbooobbooobbooobbo. ooo
Scott DO DO0ODOODOO0OODOOOOOOOOOOO.

6 DOonogo

O0000000000S. Koshitani - N. Kunugi [7] 000 OG. Hiss - N. Naehrig [5] O
00000, 0000000000000 00000DO000000O00OOO0oOOo
000000000000 Bravertree 000000000 O0OOOODOOODODODOODO.

ggoo

[1] J. L. Alperin, Local Representation Theory, Cambridge Univ. Press, Cambridge
(1986).

[2] R. Brauer, On finite groups with cyclic Sylow subgroups: II, J. Algebra 58 (1979)
291-318.

[3] E. C. Dade, Blocks with cyclic defect groups, Ann. of Math. (2) 84 (1966) 20-48.

[4] W. Feit, The Representation Theory of Finite Groups, North-Holland, Amsterdam
(1982).

[5] G.Hiss and N. Naehrig, The indecomposable liftable modules in cyclic blocks, Preprint.

[6] G. J. Janusz, Indecomposable modules for finite groups, Ann. of Math. (2) 89 (1969)
209-241.

[7] S. Koshitani and N. Kunugi, Trivial source modules in blocks with cyclic defect groups,
Math. Z. 265 (2010) 161-172.

[8] 000 -0000,000000,000 (1987).
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J,000000000

g oo

J,0000

J,O00197400 1300000000000 20000000000 0000D00DO0O0ODOO
0GoO0O00kO0O0p,0000000O0UOO00O0O0O0O0OO0GOnOOODOOOODOOJ,O0O
000 GF(2)00 112000000000000000000000000O0O0O0O 13330000
0000000000000 00O0UO00)0000000U00O0OUn 1333000000000
gobobgoobooboobobooobooobo 4yOO000000000000 13330000000
gboooobooooboooooga

1 GF(2)0DD00000 GL(Us)
1.1 IVggooooooon

Us0 GF(2)005000000000000 {uy,us,us,ug,us} 0 Us 0000000000
0000 U;0 (u | 1£5<4)  (i=1,2,3,4,)0000000

0CU1CU2CU3CU4CU5
0000000000000 L0 :=GLUs) = Ls2)0oo0oonoooon L = {z ¢
L | U =Uy,us® =us} =Ly(2) 00000000 Altg D000 DOOO0O0
0000 b eLldg
J us + U; j = 5
oooOBW :=(b;eLl0l |1<i<4)=2*0000000HO0 L0 OOO0O0OVOU;000
O00000O0H(V):={heH |V'=V}0O0OOODODOOOOOO
LOw,) = B . LI = 2% . 1,4(2)
0ooQ
LON(U3) = 25 : (L3(2) x La(2)) = 20 : (L3(2) x Syms)

000000000000000Ly(2) =Syms000000000000000000 : Uy — L
0 (w):=b0000000000000(000)0000000(000)000000000
oooooooO

00000000000000000000000 (C) Ne.ODDODDODOUDODDODODOODOO
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1.2 A°Us0000

QL DDOD 20D00ND0N0000N000 A’Us:=(uiAu; | 1<i<j<5)00GF(2)0
0100000000000000000 ~:A°Us—QY%0GF(2)0000000000000
000000 2-00000000000000000000000  :U; — Q0 a;:= (u) =
“(uiAus), 1<i<4) 000000000 Al :=(g; | 1£i<4)=2¢00000000000
AN Usc N’Usoo0o0 zW .= ~(A°U,)=2000000Q0 = ~(A*Us) = zMAl =200
0o00oooo0o0oQYo A°Us00000000

1.3 Gl g ogpoon

LYooo A°Uso0o0o0000o0o0o0000 GO:=Q: Ll popooooooLlloooon
BllopoooO 2-0 QU .= . pltl = ZzARl . Bl o0+ OpQpOOOOO0O0O0O0DD
00600000020 =2@QM)0D0006) = ~“(ujAu)xa; (1<i,j<4)00 af € ZWxq;
ooooooooo QU/zMonoDe; 0 b 0000000000000QM/ZIM = Alllx Bl = 28
goooQM =28 gpooooooooooog

GOl oooo GO .= LioN(uy) = zMAN . (B . Ly = Q. LM oozWNoooooo
nooooooQt/zM =AllxBll =2¢x2¢00 Ll oooooooooooooooooQW
0000 DM :=( (u) (w) |ueU,)0DDOO0O0O( (u) (W)?=1, (w) (w) (u;) (u;) (u;+
uj) (u;i+u;)="(wAu;)eZlDoDoDoDoDoDooooopPMpozlooooo 2000
goooooooooooooooo ploorMoooooooooooooocooon
oooooo pM. Lt =2 ,()ooooooooGcl oo, 0000000000000
00000000000 J,0 valency 0 310000000000000000000GY 000
00000 100000000006 D000 00000000000D000000onaoonog
000000000J,00000000000000000000000000000 200 4
oooooGgi:=(G" +,)00000000000000000J,=(G% ¢,)000000

2 Gl_.gopgooo

nlo Ccoo 1333000000000000J,00000000000000000000
oopooooonflooooo egllooooooo (@ooGlono®poooo)oooooon
KO J,000000000

Y = (v el | vz e K, 0" =0}

nooooooooooonY 00N, (K)DODO0D000000000000

2.1 Symplectic form O L0000
0000000000000 fO0O00O00DOOOOOSymplecticform JO00O0O0OO0ODOO
(1) Yu € Us, f(u,u) =0

(2) Yu,v € Us, f(u,v) = f(v,u)
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000Us OO0 Symplectic foom 000000 S(U;) 00000000000001<s<t<5
ooooo
_ )1 {stp={ij}
Fsy (i ug) = 65,0145y { 0 {s.0} £ (i}

0000000 f.n € SUs)000000S(Us) 0 GF2) 0000000000000 fun
00SWUs)0000000dimS(Us) = 10 000 Symplectic form f 000000, 00000
Rad(f) :={ueUs | Yo e Us, f(u,v) =0} 000000000 Rad(f) =0000000 00
non-singular 0 0 0 O O O non-singular 0 Symplectic form 00000000000 OCO0OO0OO
000000000000000f0 Us/Rad(f) 00 non-singular O symplectic form 00000
0000000Us/Rad(f)0000000000dimRad(f) 001000 3000000000
0o0Lf 002000 fO0000000f(u,v):=f(u® ,v* )000000S8(Us)O LO-
000000000000 L0 0000 HOOOOOH(f):={zcH | f*=f0000000
000z € H(f) DOORad(f)* =Rad(f) 0000000000 fi == frsy, fo := frasy + fiaa
0000000000 Rad(fy) =Us, Rad(f,) =0, 000000L0 0 ;000000000
LO(fHyoooooooLll(f) =25: (L3(2) x Syms), LI (f,) =2%: 8,2 00000000
008,(2) 00 f, 0 Us/U; OO non-Singular Symplectic form f, 00 000000000000
000600000 Symg00O000D000000D0000000D000ononoo|AX”| =155
12" =868 000000 1554+868=1023 000 S(Us) 0 000 0 Symplectic form 00 f1 0 fo
00000000000000000000dimRad(f)” =dimRad(f)0000008S0000
00000 S8, :={feS8Us) | dmRad(f) =3}, Sy :={f € S(Us) | dimRad(f) =1} 0000
000&00£00000000000000|8] =155, |Sy| =868, S(Us)\{0} =8 US, 00
0000

2.2 Symplectic form 0 A’ Us; 0 Hyper plane

A’ Us O Hyper plane 000000 P := {P Cc A\’Us | dmP =9} 0000000000
DDPDDLMDDDDDDDDDLMEDDDDDDDDDDA%QDDDDD(A%@ =
{@\@:N%%HGF@}DDDDDSW@DPDDDDDDDDDPDDDDDDDDDDDD
DDDfeswgummumﬂmwy:ﬂwmumfe(Aﬁg)DDDDPUy:KmfePDD
00000000000zeL0000D0OP(f7) =P(f)*000000000000P; :=P(S))

ooDooooP=P,UuP,0 L0 000000000 OOR :=P(f;,)000P,0000000
0o0o0o000Ll(f) =Nm(P(f;) 00000000

2.3 NIMggGPlooQ

ooonPMoolWoooooooooPfuuooooooooooooon®oo oo
000000000000 O0oo0OO0

n =@ ufe G o

PeS, PeS,

0000000S| =155, |S| =868 00 dimIly =3, dimIly) =10000000
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GOO feSU)ooooooagl/Ql = Pl goooooooooo GO(f) = QU -
LO(fHyooooooGll(f) =l . LN (Us) = 210 : (26 : (L3(2) x Syms)), GO(f2) = QI :
L) (f2) = 1010 : (24 : 4(2)) 000000, =00 00000, 00000 GO(f,)-00
00000000000 GO(f)-00 I;0 GOO000000465(=3x155)00 8680000
oo n” .= ooooooooooon®o GR-ooo ol gy =M e 0000 O
00o0oooo

3 GMlpopooon

oooom¥ .=’ 0 G 00DD0D00000D0Mackey D0DD0000000D00
goooocoooo /0 /000000000

3.1 GMogpooooooon

oooooooo GRU(f) =cP(U;)ooQP (BN (23: 13(2) 00000000000
00 GOU(fy) = GO (fo)nGOU = QIO (24 : (22 :2x L»(2))) 00000000000/ 0000
0000 (A =160 GPU(f)] = |La(2) : (2 : Ls(2)] = 15, |7 = (GO : GRU(fy)] =
26.32.5.7/(24.3)|=4200 00000

00002z GO0 ff=f,0000000000Rad(ff) = (u1,uz,us) ¢ Us D00 f£ O
A0000GYM 0000000000000, cU,000yeGO0 fY = fuy+fay DO
O0000000Rad(fY) = (us) ¢ U, 000 ff00£000000000000f0 f£00
0000000000GPU(fF) = GOU((uy,ug,us)) OO QIO = (26 : (Syms x Symz)) 0000
ooooo GOU(fY) = GO NGO = GOl (us, () =QY . 5,(2) 0000000000 fF 0
Doooooo|Ee" | = |G GOI(fE)| = 241 Ly(2) : (2° : (Syms x Syms)| = 140, f¥ O
ooooooo |9 = |Gl . GOU(YY| = |Ly(2) : S4(2)| =448 0000000000000
15+140=155, 420+448=868 0000 S, S, 0000000000000 O0O0O0O0

3.2 GMgogoo

pooo n? .=, 0 g oooD000000310 GO OO0 2,y0 000 Mackey O
0000000
0 glol alo1l . aglotl
H[l ]lG[Ol] = IIlT |@lot = I—[llG[O](fl)mc;[‘)l]T ® HlfG[O](fl)mmG[Ul]T
[01] TG[OH

0 alol el
H[2 ]lG[OlJ =1L’ LGl = HQLGW(fz)ﬁG[O”T b H2ZfG[0](f2)yﬂG[01]

[01]

[0]
=1L, 0 ¢gPoooooony! =L o gyneon ¢
TG[OU

o

1
01 Gglou 01 Glou 01

H[12] = ngfG[o](fl)zmg[m]T , H[Ql] = H2ic;[0](fz)mg[m]T , H[22] = Hzi/G[o](fz)ymG[m]

0000000000000000000000000000000000000045=(3x 15),
420=(3 x 140), 420=(1 x 420), 448=(1 x 448) 000000

goooooooboooooboon
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4 Gl-ooDOO

0000000000 DOoDOoo0 G oooooOooOoooooooooooogly =
zWANBN . plloooo zMMoooooonyooooooo Ao BMooooooooozl
0000oo000ooo000(ztl4)0ooo2"0000000000(ZUL0 ) =27: L,(2)
DoooooooooooLl =Asooozl oo LMooooooooo0oO0O0O0O00Dn

41 ZWpoo Moooo4OOO0OO0OO

GF(2)00 800000000 VzOOOODODOOOVE :=((1,1,1,1,1,1,1,1) € Vg) O V§ :=
{fveVg | wt(v) =0mod2} D0 D0D0D0000wt(v) D0D0D000 v000 10000000
0000000000000 00000000 L = As000D0000000000060000
oooo Vg/vgoo cMooooooooooooooo ZzMo0ooo000000o0oooog
(zWLW ) = (V3/V§) : Alts 0000000000000 1.30 pMooooopl oy 0000
DooooGll = zWAWBU: Ll ggoo pWLH =210 Ly(2) 0 (DULE ) =211« L,(2)
Oooooooot 0 AN, BllooooooooooooooDoooooooocMooooo
DoDooDooo0

gooo

[1] A.A. Ivanov, The fourth Janko group J;, Oxford mathematical monographs, Oxford :
Clarendon, 2004

GAPOODOOO

0000000000000000 J,0000000000000000([1)0000000
0OGAPOODOODOOOODOOOODOOOODOOOOODOOOOODOOODODOODOOOOOQ
GIOU(fy), GOU(f,), GOU(fp), GOU(fY) DO 111, 121, 112, 1220000000000000

HHBHRHHHHHH R R R R R R
#

# Basic objects, groups and homomorphisms
#
g s s s s s s

N:=5;

IdxSq:=[];

for j in [2..N] do
for i in [1..j-1] do

Add(IdxSq, [i,3j1);

od;

od;

g

#

# Define elementary abelian permutation group 2710 named QO
# and subgroup Al, Z1 such that Q0=Z1A1

#

ql2:=( 1, 2);;q13:=( 3, 4);;q23:=( 5, 6);;q14:=( 7, 8);;q924:=( 9,10);;
q34:=(11,12);;q15:=(13,14) ; ;q25:=(15,16) ; ;935:=(17,18) ; ;q45:=(19,20) ; ;
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genQ0:=[q12,q13,923,q14,924,q934,915,925,q35,945] ;
Q0:=Group(genQO) ; ;

genAl:=[q15,925,935,q45];

Al:=Group(genAl);
Z1:=Group([q12,q13,923,914,924,q934]1);

HHHH R
#
# Define vectors space U5 of dimension 5

#
ul:=[1,0,0,0,01*Z(2)
u2:=[0,1,0,0,0]*Z(2)
u3:=[0,0,1,0,0]*Z(2);
u4:=[0,0,0,1,0]*Z(2);

u5:=[0,0,0,0,11%Z(2);

genU5 —[ul u2 u3,u4, u5]
:—VectorSpace(GF(Q), enU5)

U4:=VectorSpace(GF(2), genU5{[1..4]});

U3:=VectorSpace(GF(2),genUE{[l..3]});

Ul:=VectorSpace(GF(2), [genU5[1]1]);

U3x:=VectorSpace(GF(2) ,genU5{[1,2,5]});

Uly:=VectorSpace (GF(2), [genUS[S]])

HEHBHHAH B HBHHAHBHHBHHAH B HAHHEHBHHAH B HBHHAH RS R HAH B HHE

#

# Define vectors space A2U5 of dimension 10

# and Multiplicative Group M2U5 of order 2710

#
ul2:=[1,0,0,0,0,0,0,0,0,0]1%Z(2);
u13:=[0,1,0,0,0,0,0,0,0,0]*2(2);
u23:=[0,0,1,0,0,0,0,0,0,0]1%Z(2);
ul4:=[0,0,0,1,0,0,0,0,0,0]1*Z(2);
u24:=[0,0,0,0,1,0,0,0,0,0]1%Z(2);
u34:=[0,0,0,0,0,1,0,0,0,0]1%Z(2);
u15:=[0,0,0,0,0,0,1,0,0,0]1*Z(2);
u25:=[0,0,0,0,0,0,0,1,0,0]1%Z(2);
u35:=[0,0,0,0,0,0,0,0,1,0]1%Z(2);
u45:=[0,0,0,0,0,0,0,0,0,11%Z(2);

genA2U5:=[u12,ul3,u23,ul4,u24,u34,ul5,u25,u35,u45b] ;

genM2U5:=List (genA2U5,u->AdditiveElementAsMultiplicativeElement (1)) ;
A2U5:=VectorSpace (GF(2) ,genA2U5) ;

M2U5 : =Group (genM2U5) ;

HHHHHHHH B HG G R RSB RS H R SE RS E R R R H
#

# Define homomorphism between M2U5 to QO

M2U5t0Q0 : =GroupHomomorphismByImages (M2U5,Q0, genM2U5, genQO0) ;

HESHHHHFHHAFHHRHHHHA SR BB F RS H B H B H B R AR RS H RS

#

# Define L_5(2) as permutation and matrix group named LO, mLO.
#

genL0:=[

(16,24) (17,25) (18,26) (19,27) (20,28) (21,29) (22,30) (23,31),
(1,2,4,8,16)(3,6,12,24,17) (5,10,20,9,18)(7,14,28,25,19) (11,22,13,26,21) (15,30,29,27,23) 1;
LO:=Group(genL0) ;

mb51:=[[1,0,0,0,0], [0,1,0,0,0], [0,0,1,0,0],[0,0,0,1,0],[1,0,0,0,1]1%Z(2);
mb52:=[[1,0’0,0’o],[011 O’O:O]’[0,0’1,0701,[0’0,0’1:0]’[0,1’0:0,1]]*2(2);
mb53:=[[1,0,0,0,0],[0,1 0,0,0],[0,0,1,0,0],[0,0,0,1,0],[0,0,1 0’1]]*2(2)s
mb54:=[[1,0,0,0,0],[0,1,0,0,0], [0,0,1,0,0],[0,0,0,1,0],[0,0,0,1,1]11%Z(2);
mc4:=[[0,1, O 0 O] [0 0, 1 0,01, (0,0,0,1,0],[1,0,0,0,0], [O 0, O 0 1]]*2(2)
mc5:=[[0,1,0,0,0], [0,0,1,0,0], [0,0,0,1,0], [0,0,0,0,1],[1,0,0,0,0]11%Z(2);

mLO:=Group( [mb51,mc5]) ;
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mb12:=mb51~ (mc571);
mb23:=mb51~ (mc5°2) ;
mb34:=mb51~ (mc5°3) ;
mb45:=mb51~ (mc574) ;
mb13:=mb52" (mc5°1);
mb24 :=mb52~ (mc5°2) ;
mb35:=mb52~ (mc5°3) ;
mb41:=mb52~ (mc574) ;
mbi14:=mb53~ (mc571);
mb25:=mb53~ (mc572) ;
mb31:=mb53~ (mc573) ;
mb42:=mb53~ (mc5°4) ;
mb15:=mb54~ (mc571);
mb21:=mb54~ (mc5°2) ;
mb32:=mb54~ (mc573) ;
mb43:=mb54~ (mc5°4) ;

’O!O’O] b [0’11030,0] 3 [O)O’O’O’j‘] b [O’O!

[[1,0 0,1,0]11%Z(2); # (3,5,4)
[[0)0,0’011]’[0,1’010’013[01031’0’0]’[0,0’

!O’ ]
,0,0,0,011#2(2); # (1,5)

O
. .

H#BBHHHHHH R R R
#

# Isomorphism between LO and mLO

#
PermToMatInLO:=GroupHomomorphismByImages (LO,mLO, [LO.1,L0.2], [mLO.1,mL0.2]);
MatToPermInLO:=GroupHomomorphismByImages (mLO,LO, [mLO.1,mL0.2], [L0.1,00.2]);

HHBHHHHHHHHH R R R R
#

# Programs

#

g g
#

# [i,j] -> k in [1..10]

#

IndexToNumber:=function(idx)
return idx[1]+(idx[2]-1)*(idx[2]-2)/2;
end;

HES
#

# Define 5xb-matrices which are basis of

# Symplectic Form Space SU5

#

BasisOfSymplecticFormSpace:=function(IdxSq,N)
local Bs,m,idx;
Bs:=[];
for idx in IdxSq do
m:=NullMat (N,N,GF(2));
m[idx[1]] [idx[2]]:=Z(2);
m[idx[2]][idx[1]1]:=Z(2);
Add(Bs,m) ;
od;
return Bs;
end;

HESHHBHFHHRFH BB HRA SR BB F RS H R R BB R R S
#
# Radical of Symplectic Form
RadicalOfSymplecticForm:=function(B)

return VectorSpace(GF(2),NullspaceMat(B));
end;

FHHE
#
# Transrate Symplectic Form to Dual of A2US5.
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#
SymplecticFormToDual:=function(B,IdxSq)

local V,idx;

V:=[1;

for idx in IdxSq do

Add(V, [B[idx[1]1][idx[2]111);

od;

return V;
end;

HHBHHHHHHHH R BB R R R R
#

# Kernel space in GF(2)~10 of dual a

#

KernelOfDual:=function(a)
return VectorSpace(GF(2),NullspaceMat(a));
end;

R
#
# Define wedge matrix from 5x5-matrix A
#
WedgeMatrix:=function(A)

local v,a,i,j,k,1,N;

N:=Size(A);

a:=[];

if N<2 then return fail; fi;

for i in [2..N] do

for J in [1..i-1] do

=[1;
for 1 in [2..N] do

for k in [1..1-1] do
ad(v,afi] e (31 [11+A[4] [21%A[5] (kD)
od;
od;
Add(a,v);
od;
od;
return a;

end;

HEHBHHAH B HBHH AR RS HAEHHEHBEHAFHEHBEHAH B H B R AR RS H AR AR RS HH
# q is permutation in 2710 on [1..20]
# return vector in GF(2)~10 corresponding to q
#
ElementsQOToVec:=function(q)

local idx,v,i;

idx:=[2,4..20];

V:=[O30,O’O:0,O:O,O’O:O];

for i in [1..10] do

if Is0ddInt(idx[i]l"q) then

v[i] :=1;
fi;
od;
return v*Z(2);
end;

HHBBHHHHHHH R R A R R R
#

# Define action of 5x5-matrix A in mLO to q in QO.
#
OnActionForQO:=function(q,A)
local v,a;
v:=ElementsQO0ToVec(q)*WedgeMatrix (A) ;
a:=AdditiveElementAsMultiplicativeElement (v);
return Image(M2U5toQ0,a);
end;
H#HHHHHF R R R R R B H R SHHRH HHH  H HH
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#
# Define action of 5x5-matrix A in mLO to B in SU5.
#
OnActionForSU5:=function(B,A)
return A"-1xB*TransposedMat (A) "-1;
end;

HESHHHHFHHAFHH B HHA SR BB H RS H B H B H R RS H RS S
#
# Define action of permutation x in LO to B in SUS.
#
OnActionForSUSByPerm:=function(B,x)
return OnActionForSU5 (B, Image (PermToMatInL0,x)) ;
end;

HESH
#
# Define action of permutation x in LO to subspace U.
#
OnActionForU5ByPerm:=function(U,x)
return U~ Image(PermToMatInLO,x) ;
end;

g g
#
# Define automorphism of QO from 5x5-matrix A
#
AutomorphismForQO0:=function(Q0,A)
local gen, gen_images;

gen:=Generators0fGroup(QO) ;

gen_images:=List(gen,q->0OnActionForQ0(q,A));

return GroupHomomorphismByImages(Q0,Q0,gen,gen_images);
end;
s s s
#
# Define Symplectic Form Space S(U5)
#

BS:=BasisOfSymplecticFormSpace(IdxSq,N);
SU5:=VectorSpace (GF(2) ,BS) ;

£12:=BS[IndexToNumber ([1,2])];

£34:=BS[IndexToNumber ([3,4])];

£45:=BS[IndexToNumber ([4,5])];

£1234:=BS[IndexToNumber ([1,2])]+BS[IndexToNumber ([3,4])]
£2345:=BS [IndexToNumber ([2,3])]+BS[IndexToNumber ([4,5])]
£2534:=BS [IndexToNumber ([2,5] ) ]+BS [IndexToNumber ([3,4])]
HHHHHHFHHHHHHBH S H R R B R HH RSB R SE R H S 7 #
#

# Define G0:=2"10:L5(2)

#

genAutoQ0:=List (genl0,x->AutomorphismForQ0(QO0, Image (PermToMatInL0,x)));
AutoQO:=Group(genAutoQO) ;

HomForSemidirect :=GroupHomomorphismByImages (LO,AutoQ0,genl0, genAutoQ0) ;
GO:=SemidirectProduct (LO,HomForSemidirect,Q0) ;

#

# From LO to GO

LOToGO:=Embedding (GO0, 1) ;

#

# From QO to GO

QO0ToGO : =Embedding(GO0,2) ;

#

# From GO to LO

GOToLO:=Projection(GO) ;

#

# Define Bl in LO of order 274

genB1:=List ([mb51,mb52,mb53,mb54] ,m->Image (MatToPermInlO,m)) ;
B1:=Group(genB1);

#

5
5
5
#
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# Define L1:=L4(2) in LO
genLl:=List([mb12,mc4] ,m->Image (MatToPermInlO,m)) ;
L1:=Group(genL1);

#

# Define D1 in GO
eltA1:=[q15,925,q35,945,q15%q25,q15*%q35,q15%q45,q25*q35,q25%q45,q35*q45] ;
eltBl:=List(
[mb51,mb52,mb53,mb54 ,mb51*mb52,mb51*mb53 ,mb51*mb54 ,mb52*mb53 , mb52*mb54 ,mb53*mb54] ,
m->Image (MatToPermInlO,m)) ;

genD1:=List([1..10],i->Image(Q0ToGO,eltA1[i])*Image (LOToGO,eltB1[i]));;
D1:=Group(genD1) ;
#

# Define GO01/Q0 and G01:=2"10:(2°4:L4(2)) in LO
genGO1q:=List ([mb51,mb12,mc4] ,m->Image (MatToPermInlLO,m));
mGO01q:=Group ([mb51,mb12,mc4]) ;

GO1q:=Group(genGO1q) ;

GO1:=PreImages (GOToL0,GO1q) ;

HHFHHHFH R R GG R R R R
#

# Define Subgruoups H11,H12,H21,H22 in GO

#

# Define G02/Q0 in LO
G02q:=Stabilizer(LO,U3,0nActionForU5ByPerm) ;
H11:=PrelImages(GOToL0,G02q) ;

#

# Define G02x/Q0 in LO

GO02xq:=Stabilizer (L0,f34,0nActionForSU5ByPerm) ;
H12:=PrelImages (GOToLO,G02xq) ;

#

# Define GO4(£)/Q0 in LO

GO4fq:=Stabilizer (L0,f2534,0nActionForSUSByPerm) ;
H21:=PrelImages (GOToLO,G04fq) ;

#

# Define GO4(£)y/Q0 in LO
GO4fyq:=Stabilizer(L0,f1234,0nActionForSU5ByPerm) ;
H22:=PreImages (GOToLO,G04fyq) ;

HHAFHHEH R R
#

# Define Subgruoups I11,112,I21,I22 in GO1

#

#

# Define G012/Q0 in LO
G012q:=Stabilizer(G01q,U3,0nActionForU5ByPerm) ;
I11:=PrelImages(GOToL0,G012q) ;

#

# Define G012x/Q0 in LO
G012xq:=Stabilizer(GO1q,f34,0nActionForSU5ByPerm) ;
I12:=PrelImages(GOToL0O,G012xq) ;

#

# Define G014(£f)/Q0 in LO
G014fq:=Stabilizer(GO1q,f2534,0nActionForSUSByPerm) ;
I21:=PrelImages(GOToL0,G014fq) ;

#

# Define GO14(f)y/Q0 in LO
GO14fyq:=Stabilizer(GO1q,f1234,0nActionForSU5ByPerm) ;
I22:=PrelImages(GOToL0,G014fyq);

HHFHHHF R R R R



AC2011 81

000000000 ElkiesODODDOOOOOO II

00000 (thasegawa@suou.waseda.jp)

25/Feb/2012
Contents
1 000000 Elkies OO 1
2 0000O0O000000000O 2
3 (2,4,12) 000 (Elkies) 3
4 (2,3,9 000 (Elkies) 4
5 (3,3,6)000(C0000) 5

1 000000 Elkies OO

gLO000O00 EpO ¢?000000000000000000 F.O00000O FO Fpe
00000 F/F, 000000000 ¢(F)00D0000O0O0O0OO NFEODODOODDOOO

F = (Fo,F1,F,..)0 Fp 00 00000 00000000 0000000000(1) O
000000 Fuy/F;000200000000000@Q) 00s000 gF)>10000

MF) = limi N(F;)/g(F) O F/F, 0 00 O0000<AF)<q-100000000
0 (Drinfeld-Vladut (1983))0 F/F, 0 00 00 AF)=¢q-1000000000

fe,y) 0 Fp, 00 200000000000000 F/F0 000 f(r,y)=0000
0000000000 D0000000000000000() Fy =Fe(x) 00000
00000@Q) F = Felrox) 0000000 f(x,x) =0000000000000(2)
PZZ]qu(xO,xl,)Q)DDDDDDD f(xo,xl):f(xl,xz):ODDDDDDDDDDDD(3)

gogboobooogbobodgo

0 O (Garcia-Stichtenoth (1996))0 0 0O O y2+(1—x)2—1:0D OO00o0O0oDoooogon
OF0OOO0OD0O0O0O OO O0OO0O0OO0O o

0 O (Garcia-Stichtenoth (1996))0 O O O y3+(1—x)3—1:0D OO0000oDOooogoon
O0F,0000000000D0000 0

000 F/F,0 00000 0O0O00O0O0OFF,0000000000000000000O
000000000000000000 ¥/F, 000000 0000000000 Fi/Fe
gobbooaobbodn

gogbbbuooobbboooobbbuoooobobodao



AC2011 82

Elkies 00O (1997) 0000 f(x,y) =00000000000000 F, 0000000
0000 (@U0oOo000DOo00ooO0o0ooO00oDo00oooooooOonD)0oo0 o

00 (Elkies(1997))0 0000000000 DOOOODODOOOOO

AC0090 0000000000 0DOO0O0DOOOODOOOOO (AC201yDOOOD
0000000000000 0DODO00D0O00 EkkiesOOOOODOOOODOOOODOO

2 Jubotubootobtotbobogn

gobboboooobobbbooogbobobooooboboboooobobobod
0000000000000 000000greprSL,(z)oooooooo sooooo
O0o0OooobOoonNsooooobO0obOoooo0 boboobooooooboo

gooNDOooobono

To(N) = {( ch Z ) € PSL,(Z)

D0000000000T,WN)\SOOODODOD0000000 Xo(N)OODODOOPSLy(Z)\$ O
00000000000 X()0OO0O000O00000000000000000 o

00000 XN)0ooooooooooooooooooooo
Xo(N?) = Xo(N) — X(1)

ggbbobobbouooooobbbbuoooooboboobbooooobbobboooooon
gogbobbbboooooobbbboooogoboboobbooooobbobbodooooon
goboubdbdboooogboobdbdooooogodabg-oooooogbodod

O00X1)O X3 Uohooooooooooooo

¢ =0 (mod N)}

1
i) = p + 744 + 196884q + 214937604 + 8642999704° + - - - ,

73(q) = % +15 + 54q — 76g* — 2434 + 11884*

gobodbodbdbdooooobodibg-000aoao

@) = j3@)Galg) + 216)°/(ja(q) — 27)°
goono o

O0boob0oobooKOoooooooD A0 KOoobooooopoorcecAoooooo
OodoooooOoooono oooo oooonsoooooooooOooooooo
goboboobbogobobboooboboobbooobbuooobbooobboboon

O000(01) OO0 AD0OODODOOOONO A/KODOOOODOOOO
'Y ={xe O|N(®x) =1}, I'Y={xeO|Nx)O KODOODOOO }
00000000000TMMSO0 IS0 X(1)0DO0000000000000o0o0o0

(2) 000000 John Voight 0000000 (e,e,e) 000000000 ADOOOOO
0000 KOODOOOODOOODOO0O000000000000000000000000 o

gooooboooooobooodgooooooodgoobodgodbodg-ubaoaodn
000000000000 0000D000X(1) O (e,e0,e3) 0000000 0OOOODODOO
Xo(h DO ADDDDOOOOODDO KOOOOD IODDDOO0O0000Do0O0o000o00o00o0oX(a)
00000000 eg,e,es 00000000 0OODODOOODO Xo()—-X1)ODDOOODOOO
gobbbooodgbbobbboooobbbuooobobbbooobboboooobo

2



AC2011 33
3 (2,4,12) 000 (Elkies)

OO0OOCOElkkiesOODO (2,4,12) 0000000000000 00DOO0O0ODODOOOOO

KODOOQ(V3)00O Ox00000 Z[V3]000000000p,00000 p=200
000 KOOOOOOOOp=20 KOOOOOOOOOOOOOO p,=(-3V3)0000
D00000eD KOOO 26+15V3000002=¢(5-3V3?0000000000

000000 Ox/p~F0000AD p;=(V3)0000000000000000 K
O0000000000ACOOOD p,000000000T®0 (24120000000
0000 X()=TW\$OO00000000000000000 JOO0000000

oooooo |guoooogoo
2 1
4 0
12 Io%)

A0D0D0O0OOOOOOOKOOOOOIOO0000000 X() O
%m={meW»eMDme‘mme»DLDDDDDDDDDDDDD}

0oooooog (@), JP) < (JP),J(P)0000l=p00000000000000
00 mo: Xo(p2) = X(1) O mo(JP),J(P) = J(P)O000O00000O0000 30000000
DO0O0N®)1,,(1+1/N()=30000000 p0000000000 p0000000
00 fO0000 N(p)=p/0000m0 {1,0,0}0000000000000000000
000 (PO0O0)y(POO0D0)000000000000O000000 1000000000

Xo(p) (0,00 (01) ©) (10 (1,9

X(1) o0
0000000+000000000Xy(p) 0000000000 0

[SSI[

NI=

] = t(4t - 3)%, J—1=(t—-1)4t - 1)
0000000000000 000O

3

w(t) = m D

000000000000 X()0000000000 X2 - X1) 0000 6000

Xo(v3) (c0,1) (0,%) 0,0) (©0,0) (1, 0) 1 1)

G\L i

X(1) 00

DDDDXO(p)DDDDDDDDDD x 0

X +3 X2 -1
t= , t—1= 2
1 1 (2)

00000000000000000 o®(x) =x+3)/(x-1)0000



AC2011 84

()0 0ooooo

*+3 4 (¥*+3)_3
) - —
4 4 4

goobo

w® ¥ +3)_ 0%y’ +3
4 | 4

(x24-3)[(%};$%)24-3] =12

0000000000 X(pp)} 00000000000 00000

goo

4 (2,3,9)000 (Elkies)

O0O0O0O0OElkiesOODO (2,3,9900000000000000000000D0DO00O00OO

KOODO Q(cosn/9) 000 0cosn/90 QUOOODODDODN 8X3—6X-1000000
00 p=30 KOOOOOOOOOOOp0p=300000KO000000000000
0 Ox/ps~F, 0000000 Ox0 KOOOODOODODAOOOODOOOOODOOOOOO
0 KOOOOOOOOODODAOOOOO ()0O00000000r®o (2,3,990000000
0000 X)=TVM\$OO00O000000000000000 JOOOO0O00O0000d

gooooo (guoooogoo
2 1
3 0
9 00

0000 Xo(p;) 0000000000 00000 np: Xo(ps) » X(1)OOOO 40000
D00000N®:) Tyl +1/N(p)=40000
70 {1,0,00) 000000000000 0000000000000000000000

XO(p3) (OO, OO) (Oo/ 0) (O, OO) (O/ *) (1/ *) (1/ *)
| N A
971 973 371 3 2 2
0 1

O000Xe(pz) DOODOOODDOO tO

(t—1)3(9t - 1)
- 6413 ’

gobbbooogoboboooobo

(B +6t—1)

J= 6415

J-1=

D) =1-t (3)
00000000 X)) 0000000000000 X)) —>X1)ooo0o 12000

XO(P%) (OO/ 0) (Oor *)

lzl
3_1 1
973 9

X(@1) oo



AC2011 85

(0, 0) ©,0)

©,0 (0,%) (0,%) (0,%)
%% - % !
: %

1, (L% (1 *) L+ L+ L+
0D000X() 0000000000 x0
t=x° (4)

00000000000000000 o®(x)=x+2)/(x-1)0000
30 000000 P+0V®)=100000x%) =®(y)’ 000

+2)\°
x3+(—y ):1

y—1

OooooOooooo {Xo(pg)}DDDDDDDDDDDDDDDD|:|
0000000 Xo(pz) O (3,3,90000000000000000000O000O00OO
(00,00), (00,0), (0,00)
DDDDXO(pg)D(3,3,3,3)DDDDDDDDDDDDDDDDDDDDD
(OO/O)/ (O/OO)/ (0/0)/ (0/0)

D000X(p) 0 (3,33)00000000000000

5 (3,3,6)000(C0000)

ooooo@G3,6e000bbooobo0oobobooogoboooooobooo

KOOO QV3)00O0OO0p=30 KOOOOOOO0O0000p=300000 KOoOO
p, 000 Ox/p =, 0000000 Ox0 KOOOOODODADOOODOOOOOOOOO
0000 KOOOOODOOOODOODADODOOOD p0000T00 (3,3,6)00000000
000 X(1)=TM\$000000000000000000 JOoOOO0O000O00o0

gooood (guooodgoo
3 1
3 0
6 00

0000 Xo(p;) DOD0D0O000O00000000 no: Xo(ps) » X(1)OOOO 40000
D00000N®E) [Ty +1/N@)=40000
70 {1,0,00) 000 0000000000000000000000000000000

Xo(ps) (c0,0) (e0,1) (0, 00) (1,

I A4 A A

X(1) o0



AC2011 86

O000X,(p;) 0000000000 ¢0

42t +1)° t(t — 4)3

e A— -1=-—
J (2 + 10t — 2)?’ J (12 + 10t — 2)?

gobbooodgbbobuoooobo

w () = - (5)
t+(5-3V3)
D000X(pP) 0000000000000 X(p2) —X(1) 0000 12000
XO(pg) (oo, *) (OO, *)
Xt 6 N 6
0, 1) 0,0 0,0 (0,%) (©0,%) (0,%)

(1,0 (1,1 1,1 (1,%) 1,%) 1,%)
1 1 1

.
[

1
1

(ST

0000X(p) 0000000000 x0

t:_(5+3\/§)x3+4 53:2(5—3\/3)1‘—2 ©)
3 -2(5+3V3) t+(5+3V3)

00000000000000000 o®(x)=-2(x-1)/(x+2) 0000
(5)0 (6) 0O

(_Zy_—1)3=2(5—3\/§)x3+4

y+2 x3 —2(5-343)

0000000000 {Xe)0000000000000000 o
0000000 Xo(p,) O (3,3,3,3)000000000000000000000

(00,0), (0,1), (0,00), (1,00)
0000X(p) 0 (3,3,3,3,33)000000000000000000000
0,1, (0,0, (0,0, (1,0, 1,1, (1,1

gooo



AC2011 87

gbooooboooooobooogd

oooo

1. HiLBerT O 0O O

oobOr-0000000D0000000O0n0O000000000 000000
00000000000000000 WaringOOOOOOOO 20000000
O000000 Lagrange 1 OO0 D0O0000OO0000WaringODOODOOOOO 1909
OO0 Hilbert 0000000000 OO0OOOHibert 0O0O0O0OO0DOOOODOOOO
0000000000O00ooooooo (6o

Hilbert 0 WaringO O OO OOOOO0OO0OOOO0ODOOOOODOOOODO

00 1.1. (Hilbert [4]). n,r 00000000 N= (""" 000. 000000
000 \O00000 o 00000000000000

N
(1.1) @+ +22)" =) A(orams + - + agnan)>”

k=1

Reznick 0019920000000 (900110000000 Hilbert 00000

00l0000000000000000000000000000000 “000”
00000000000000000000000000000000000000
2r000000000000000 NOOOOOOODO000000000000
Reznick O Hilbert 0 0000000000 A\ 00000000 «0000000O
00000001.1000000M, 00000000000 Hibert0OOOODO
000000000000000000H ilbert 0 Waring0OOOODODO0O0O0O
0O 00 00 Schiilting O 1987 O O Obserwolfach 0 0 00 0 0O O O O holomorphy O
000000000000000 [11]0000000000000000000

2.000000

00 1.10 Hilbert 00 0O 0O 0O 0O O Bolzano-Weierstrass 0 0 0O O Carathéodori O
gooooooooooboootobooooobooooboooooooooonooon
Hilbert 000000000000 DO Hilbert 000 D0DO00D0DO0OO0ODOOOODOOOO
000000000000 000000000000OOReznick000OO0OO [9]0
00000000o00o000ooooo0ooooooooooooooooooog
ooooooo

sn=1 g (n—l)-DDDDDDDDDDDDDDDD

S = L(ury .y up) ER™ [ Uf + -+ uZ =1}

00 S 100 Haar OO0 p0O000O0OVOSO0DDOO00D0ODOOOODO
00o00ooooooooooan: V=R, 000000000DO0O0OO

1991 Mathematics Subject Classification. Primary 65D32, Secondary 46B04, 05B05, 05B15.
00000 Yuan Xu 000 University of Oregon 00 00 O O OO Tohoku Universityd 0 00O
00000000000 000000O000O00D0000000000D000000O00O0O00DO0O0OO
000 (bboo (B)ooooooooooo.
lppoooo Schmid[11] 000000000000 0O0ODODO
1



AC2011 88

oo 2.1.
(21) ot =Y 2@ 1w

veV

0002r0000000000 fO00D0D0O0O0O0O0OO%0(V,A)000 2000
oooobooog

0 22 0000O00000OOOOOO0ODOOOOOOO “oOor’cO0OooO0OO
00oOo0oO0ooooo (2.)oO0o 2r“00’000000000O00ODOOODOOOO
O0o(Vv,\)0002r0000000000000000000D0O000OC0O0OO
00000000000000000000000000000000000030
ooooboooboo

OO0 Hibert 0000000000000 000D00000O000OOOOOOO0O
00 2.3. (Reznick [9]). 00O0D0D0000O
(1)

N
[ rwdn =3 M) s
uesSn—1 1

oo 2rgboooobooon

(2)

N

A(v
(l‘% 4+ +xi)r = Z (ve) (’Ukll'l + - +’Ulcn$n)2r
=1 Cn,2r
oooooooooa
B(%, 22 n 4+ 2j
cnaQT:B(?r‘;-l’n 1 :r=[1+2j (’Uklg-.-7Uk:’ﬂ>

oboboooooobobobobooooboobooboobobooooooobooono
bboooboooboooboooboobobooobbooboooboboooboon
Reznick 00000000000 DO0O0OOODO [fJO00000O0ODOOO

3. 000b0000b0booooag

gboobooboooboobooboboobooboobooboobobooooboooo
vboboboboboboouobooooobobobobobobobobon
oboooboboooboobooobOoboooobooooboooon

3.1. SobolevOOO. P,(R") 000 ¢t00000000000000000000
0000P,R™) =3, Hom;(R")OOO t000000000000 Py(R™) 00
0000 Harmy(R") 00O D0D000000

n0000 O(n)D000000 GOOODOOfeP(R")00000ceGO f
0ooooo

(@f)(w)=f@” ), ueR"

000000000 e GOO0O0of=f0000000 f0G-000000
0000000 Py(R*),Harm,(R?) 0 G-000000000000000000
P;(R")¢ Harm,(R*)¢ 000000

200 2r0000000000000 Homy,(R™) ODODODOOOO
000000000 A0 VOOOOOOO00O0



AC2011

89

gooooooooooooOonoooono 3

000000 (Vv,A)0D0O00OO0DO00O0OO00O00G-00000000000
(1) VO G-00 2¢,...,2,00000000000
(2) 000 26000 v, €2600000Mv) =A0) =\

00 Sobolev 000000000000
00 3.1. (Sobolev [12]). GO O(n)00D00000000V =uM,2600000
000z, €8 Lr>00000000000000

(1) (v,\)OOD t0 G-0000000000
(2) 000 1<I<t0peHarmy(R™MO00000Y, oy Av)p(v) =00

OO0 GO R"O0D00O0C0O00ODO0OOODOOOO0OOOOODOOOOOOOOOd
000000000000 0000 1=d; <dy<---<d,, 0 GO exponent 00
ug.

00 3.2. (Molien-Poincaré 1 0). ¢; = dim(Harm;(R®)¢) 00000000

;Qi/\z =11 1— Al+ds

=2

GoOO0O0O000 ag,a09,...,0,, 000000000 29, 22,...,2, 0
ZiLOéj<:>Z'7éj
U00000000% 00 cornervector 000000000000 O0O0DOOODOO
0z 000000D0O0ODO0OODO0OOOJCA{L2,...,n} 000 r>000000

gooobooodoboo
Z(G, )=+

keJ
BajnokOODOO 3100000 32000000000000000

00 3.3. (Bajnok [1]). 000 n>200000(Z(B,,J),A)000 80 B,-00
0000000000 JO0ADOOOOO.

goboobooooboooooobooog

00 3.4. (0O-0 [8)00D0-0 (2012). »0 2000000GO R*000000
000000000o0o0oOoooooUooooooZ(G,J),)ooo o G-0o
ooddoooOoooOo Joaxoooooo.

(1)t>6 G=A,,000;

(2)t>8 G=B,D,000;

(3)t>10 G=E,000;

(4) t>12 G=Fy,H3, £, 000;

(5)t>16 G=Es000;

(6) t>24 G=H,000.

00340 ¢t000000O0O000000G=F, 000000 11000000
ubobooboooobooboooobobooo

00 330 BajnokODOOOODOOOOOOODOOOODOOODOOOOODOO
oobooobooobooooobooobooboboobobooobooooobobbobooooo
O0oo0oooOoO00oooOO00oooOo00ooDOOoO0OObO0O0O0oDOOUBajnokOd
OO0 Hilbert 0000000000000 ODOOOOOOODOODOOOOO

ooooboo



AC2011

4 oooo

4. HiLBERT O OO QOGO

190000 00HuwitzOODOODOOOOOWaringOOO 8O000000OODO
oooooo

00 4.1. (Hurwitz [5]).

4

5040( Y ) 6> (2,) +—60§£: £ ;)8

1=1
(4.1) —I—Z inixj ixk +6Z(m1ix2ix3ix4)8
48 8

000000000000000000000000000000000040
00 4.2. (O-Xu, [10]).

4
4
8%M(§:ﬁ>::%2:@1ixﬁhwix@&+m§:@mf+ﬁ§:@mi2%f
i=1 8 4 12
(4.2) + ) (2w k22 £ 204)° + > (3w £y L ag £ay)®
16 32

(41)0(4.2)0000 (Xr,23)* 00000000 Hilbert 0000000000
DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD
0000000000000000000000 7200800000000000
000000000 (41)000000000000000000 WaringDOOO
00000000 (41)00000000000000000%1(4.1)000 (4.2)0
00000000000000000000000000000000

0000((Y,22)00000000000000

00 4.3. (00-002012). 14, <a< ;000000000

4

(Z 2?)° = 555 Z(Qxi)lo + 3555 Z(ml + 1y + 23 £+ 24)"°

=1 4 8
+ 21200 N3y g g )10+ 521200 N7 (20 £ 20 £ 20y) 10
32 16
(4.3) + 5 > (2w £y £ )" + B0y (£
48 12

Ul cO0D0O00O0ODOOOOOOODODOOODOOD.

Reznick 0000000000 DOOOCOOOOO00OOD HilbertDOODOOOOO
oobooOooooboooboooboooooobooooooboooooooog
OO Hibert 0O0OO0O00O0DODODOO0OOO0OODOOOOOOOODDOOOOO
oooobooooboobooooobooooboon

(4.3) 0000 SchwrOOOODOOOOOO

‘000 (100000000000

S0pO0000000000000000000000000000000000000000000
goooooo

90



AC2011 91

gooooooooooooOonoooono 5

O 4.4. (Schur [2, p. 721]).
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000000000000 a (mod p) O
oogobogoogo

00 00 (0000 0000)

00 000 (000000000O0)
2011.11.9
090000000000000 (AC2011)
(oooooo)

g0

000000000 2000000 «0000,p0 (a,p)=1000000,
Du(p) 0 Z/pZ* 00 « 000 (00DDO)000. Du(p) 000 ¢qOO0O0O00OO
000 pOO0000 AQu(g,0) O Hasse (1965,66), Odoni (1981) 00D DO OO
00000000.0000,0000 0000, D,(p) 000 ¢qO00000,00
(b/p) =1 00000 pO00D000,qb00000000D00000 ((b/p) O
Legendre 00). 000 AQ.(¢,0) 0000000000000000,eb000
000000C000000000. 000000000000000. 000000
Ooo0O0,0000000000.

1 0O O

« 0000000000 2000000,p0 (e,p)=1000000000. OO0
D,(p) 0 a0 modp000000,000 Z/pZ* 0000 « 00000000 (a) O
00000.0000 «00000 p0000000000.00,00

Quk, 1) ={peP; D,(p) =1 (mod k)}

0000 (PODOOOODOOO0). 0000 Q.(k!)000000000000000
00000.000000,00000000 S0000000

. #{peS;p<al
AS = lim
i—o #{peP; p<ux}

000000 (0000000000000000 ASO SO00000000). 00
000, Q.k ) 000,00

Qu(z;k,))={peP; p<z, D,(p) =1 (mod k)}

Ooooooooo
AQq(k, 1) = lim M

0D000,000000000 ()0 c00000000).

O0.00pPpOOOO0ODOODODODODODODODDODDODDODDODDODO,DO
0000000 SO00 20000000,#(z)0 200000000,00 «O000O
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gbobbobodoood,obbobuooooobbbboooa,oobbbooooon
goboboobboddd. dd,z—oo000doooooobbobboooooong
go.

00,00 AQ.(k,))0000,k=¢00000 (=00000000000,000
0o00o00o0o0o0:

0 O 1.1 (Hasse [5], [6], Odoni [11]) ¢ DOO0O0ODO,

Ll, «>2000),

¢ —
Alu(g.0) =4 |, (1.1)
L w=2000.
24
D0D0D Sierpinski [12) 0000000000, Hasse [5), [() 00000000000
O000.000 Odoni [11]0000,e0 0000000000 OODOOOOOODOO
gooo.

[A00000D0CO0O00DOOO,kO00D0DCOO0OO0,0DO0000000 Kummer
0000 Dedekind zeta 0000000 Riemann 00 (00 Riemann 00) 0000
00000000000000000 ([1,[10),[2). 00 k00000000000, O
U000 Remann O OO0O0OOO0O, 00000000000 O0DOOOO,0000
0000000000000000000oooooon ([3).

O0000,e00000000((0)0000000,00000

Sap(k, 1) = {p €P; pfa,b, D,(p) =1 (mod k), <é> = 1}

p
ooob.ooon (%)D Legendre UOODOO. ODOOO,0000000000000:

sfrerian (D)1} -1 0

00 Sas(k,1) O Qu(k,1) 000 ()=100000000000,

ASa,b(ka l) = %AQana l) (13>

00000000000000000.000,qb000000000,0000000
0D000000000000. 000 «0 »0000000000000000000
0000000000.000000, (k1) =(q0) (¢ 00)0000 S,k 000
000000,000000000000000000000000,00000000
0ooooooooooo.

00,0000000. Q.(k)0000000,00

Suplwi k1) = {pe P p<a plab Du(p) =1 (mod k), (g) _ 1}

gboboboog. b ¢guoobobboogd:
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00 12eb000000000,¢b>2¢0000000.0000,

X

#Sap(7;¢,0) = AS,p(q,0)liz + O ( > (x — 00).

log x loglog x
000, liz= [ (logt)*dt 0ODO,

_a
¢ -1
_a
2(¢> = 1)’

OO0 liz0 00000000 #n(z) DOO0O0O0O0OOO liz ~z/loge (x — o), 00
go0o,000000000 lie0000O0O0O0oooooObObO. 00,0 10000
AS,4(¢,0) = AQu(¢,0) (00000, 00000 Sup(q,0) = Qu(q,0) 00O DOD, O
gooddooooobbbbboooogob.g=200000000000:

b=¢q,¢q=1(mod4)000,

A5(0,0) = 0ooooo

00136 b000000000,¢b>2000.0000,

X

#Sap(2;2,0) = AS,5(2,0)liz + O ( ) (x — 00).

log z loglog x
000,0000 AS.,;(2,0000000000:

1
£S2(2,0) = 5 AS,u(2.0)= T (a#£2000)

ASa,b(2,0)=%(a,b;é2, a#b a#2b 00 b#2a000);

0000000,000000 ()00 oooooOoOooooooooo

17
AS,(2,0) = —
Sa(2,0) 18
00od:
) ab#£2 0 a=2o000 b=2a,
(i) a£2, b=2,
(i) a=2, b#2.

00 1200000000,¢00000000, Qu.(¢,0) 00000000 (4)=10
000000,0000 S.u(q,0) = Q.(¢,0) 00 0000000000000 (1.3) O
0000000000000000,00000000000000000000000
0.00 13,0000 ¢=20000000000000 AS,,(2,00=1/300000
000 (AQ.(2,0)=2/3 (a#2)0000). 00000 ¢ b0000000,a0 b0
000000000000,000 200000 ¢ b000000000000000.
00, AS,,(2,0)=17/480000000000000000000, AQy(2,0) = 17/24
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00000000000,000 ¢,b0000000 200000000000000
oooooooo.

00,000000000000000000000000000000. 00000
0 Du(p)=0(mod q) O (4)=100000000000000000000,0000
00O0.000,()=10000000000000000000000000,000
00000,00000000000:0000000000000000000000
0,00000000.00 0 modp000000000,e00 Z/pZ* 00000
0000000, 00,()=1000000,40 Z/pZz* 0000000000000
00000.000000000,0000 Z/pZ*00000000000 (00000
0000 Z/pZ* 000 20000000). 000, 2Z/pZz* 000 p—1000000
00,ed modp 0000000000, Du(p)=0(mod?2) 0000000000,

00000000000000,0000 Qu2,0000 «0 modp 00000000
D000 p0000000000.000,b=a000 Qu(2,00000 (2)=1000
0000,0000 p0000 Q.(2,000000000000000.00000,00
a0 modp 0000000 pO0000000O0D,00 S,,(2,00000000000
00000000000000000000.00000,0000000000000
2/300 1/3000000000000,00 Hooley [7] 0000, 00 Riemann 00
000,e¢0 mod p 0000000 pO0000,(e0000000000,000000
0)000 03739500000,000 2/3-1/3=1/30000000000.000
00,00 130000, 5,420 =1/6(+#2)000,00000000000000
noooo.

000000000000000000,000000

o AQ.(2,0) 0 AS,.(2,0)000
o AQ,(¢,0) 0 AS,.(¢,0) (¢>3)000O

O0O000O00D0.00,e#2000,

1
5 Asa’a<2,0> - 6
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AQ4(2,0) =

000,00000,Q,.2,00000000000,000 p000000000000
000. 000 ¢>3000,b=¢q, ¢q=1(mod4) 00000000000000

. q o q
AQa(qa O) - q2 . 17 ASa,a(Qa O) - 2(q2 . 1)

OO00,000 «e=b000000000000000000O,00000000000
DDDDDDDD.DDDD,(%)leDDDDDDDDDDDDDD pOOO0D0O0
oboobdgdgb,ooboobooboobbobobooboobo,obbobbo
ooooobooboooboo. bo,00b00bb0db Riemann DOODODOO
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0 0. 00000000, AS,,(2,1) 0 AS,4(2,1) = 1/2 — AS,,(2,0) 000000
000000, 00, AS,,(4,00000000000000000000O, 00000
AS.5(4,2) O AS.5(4,2) = AS,5(2,0) — AS,,(4,0) DO DOODO ([4).

go,0 200000000000,0 30000000000, 0000000. 0
0,000000000000000 40000000,

2 oot

000000 120000000000 (00 1.30000000000).00,b6=g,
¢=1(mod4) 000000000000 Sup(q,0) = Qu(g,0)00000: Du(p) 0 p—1
0000000, D,(p)=0(modq) 00 p=1(modq)00000. 000 ¢g=1 (mod4)
goodooooobobbooooo

0-0)-)-)-

0000 Da(p)=0(mod q) 00000 (H)=10000000.
00 b=¢q=1(mod 4) 0000000000000. 00 D,(p) 0000000
000,00,0000

Do(p)La(p) =p—1

Oooooooo L,(p)OooOoOoooooo. 0ooooooooooooooooooo
gboooboood. oo

#Sup(2;9,0) = # {p <z; p=1(mod q), (g) - 1}

_Z#{pgx p=1(mod ¢'), ¢/ | L(p), (g) :1}

j>1

P #{psaip=tmodd™, Lo (3)=1) e

i>1 p

goobod. ggoobobboooooboboobo,oobbbooooboboboooon
oobooboboooooo.oo,y>l004,

p=1(mod ¢), ¢' | I(p) & p 0 Q({y,a") 00000

0000000 (000 [7J00). 000, (4) =10 p0 Qvb)OOOOOODODDD
0o0ooo,o00
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0021 (0000000)KOQODODOD GaleisOOO,n=[K:Q],A0 KOO
00000. 00 exp(10n(log|A)?) <2 0000000000;

mk(z)=#{p: KODOOOOO; Np <z}

1
=liz+ 0O <li (z7°) + 2 exp (—01 ng)) :
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1< Gy < 1 L 1 !

- max - -
2 0 Alog|Al” ~ o] Al [
a,c>00,0000000n ADDOOO.

000 B €R,

00 p0 QO Galis 000 KOOODODOOOOOOOOD,p000 KOOOOOO
00000 [K:Q00000000000,0000000000000000000
000 p0000000D0000000 (x00000000 7mx(z)/[K:Q 0000
ooooo).

0000000 (21)00000000,000000000000000,0000
0ooo:

#Sap(7;q,0) = ([Q(Cq,\/— ‘ol Z Z K, Q > liz

j>1 25 ]>l

x
— . 2.2
+0 (logxloglogx) (2:2)

gbooboboogon

(2.3)

K, Q= do(¢) =(g— 1)@, b=gq, ¢=1(mod4) 000,
7l - 2qlgp(q]) — 2((] _ 1>qj+l—1, o0o0oooo.

000000 (22)0 lis0D0ODOCOOODO0OOODODOOOOOO,00 1200000
go.

0 0. (2200000000000 (23)00 10000000O0,000000000
000 b=¢q,q=1(mod 4) 000000 000000 ODDOODOOOO.

3 Oooooonon

gooboooobbbo,gogboboboooooobobo. oo
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O00000. 00000 #Sap(x;q)/m(x), 0000 200000000 Sap(z;9) 00
00000 2z=10'00 »=10°0000000000000000000000. O
0,z=10°00000000000 50847534 00000

0001000 1.20000000000.0000,¢=30000 3/16 = 0.1875,
¢q=50000 5/48~0.104167 00 0.

000020000 13,0000 ¢q=200000000000. (a,b)=(2,2)0 2
00000000000,000000000 5/24 ~0.208333, (a,b) = (10,3) 0000
000000000000000000 1/3, (a,b) =(3,3),(6,6) 0000000000
000000 1/6000.000000000000000000000

z | (a,b,q9) = (3,2,3) | (a,b,q) = (3,3,3) || (a,b) = (3,2,5) | (a,b) = (5,3,5)
104 0.190709 0.191524 0.101874 0.106036
10° 0.188843 0.186340 0.104484 0.105016
106 0.187653 0.186914 0.104859 0.103306
107 0.187309 0.187179 0.104102 0.104101
108 0.187495 0.187469 0.104165 0.104099
10° 0.187474 0.187481 0.104168 0.104185

a1

v | (@b) =(2,2) | (ab)=(10,3) | (a.b) = (3,3) | (a,b) = (6,6)
10" | 0.206026 0.331158 0.164629 0.162999
10° 0.207069 0.332256 0.164234 0.165693
105 | 0.207320 0.332798 0.165856 0.166187
107 0.208054 0.333408 0.166599 0.166288
10° | 0.208284 0.333218 0.166595 0.166656
10? 0.208309 0.333338 0.166652 0.166658

0o 2

00,000000000000,000000000000000000.000,0
0000000000000000000,00000000000000000000
00,00000000.00000000000,00000000000000,00
0000000000000000,0000000000000.000000000
0000000000000,000000000000000000000 (00,0
000000000000000000000000000000 ).

000000000000 000000000,000000000000000, 0
00000000,00000,000,00000000000000000000,0
000000000000000.00,2,3,5,7,11,13,-.- 0000000,0000
00000000000000000000000.
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000000000000,CO000000000000000000. 000,00
0000000000000000000000,000000000000,0000
oooooo.

01,200000 COODOO0OO0OO00O00. 00,0000000000000. O
0 10°0000000000000000.00000000000000000000
0.00000000000000 D,(p) 0000000, De(p) 0 p—1000000
0000000,000000 (0000)00000000. 000 p—1000000
0,p—1000000000000000 D,(p) 00000000000, 00000
0000.000000000000000000000000000000.000 1
D000000000000,00 ¢Du(p), (2)=100000000. 0000000
00,p—10000000020000000000000000000000000
0,000000000000 (0000000 C. Pomerance J0000). « 0000
00000000000000000000000000000,0000000000
00000. 00, Legendre 100 000000000000000000000,00
0000 -00[8,p.9700000000,CO0000000

000000, 0SO0 Windows7 (64bit), RAM O 4.0GB, CPU O Intel Core i5-2520M
(25GHz), 000000 O GCC 452 (MinGW)OOD. 0000000000000
00000. 000000,10°00000 50847534 0000, D,(p) 00000 30
0100 (000 «00000000,«¢000000000000000000000
00), Legendre 0000000 20000, 00 ¢Du(p), (2)=100000 20000
0000.00,000 «0000 D(p) 000000000 20000000000
00000000000 300000000000,0000000000000000
000000000000.000000 100000 1000000000000
oooooo.
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