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Abstract

In this paper, we introduce a package of Sage [7] for the calculation
of Siegel modular forms of degree 2.

1 Introduction

Sage [7] is a free and open software for various areas of mathematics. With
Sage, we can compute many number theoretical objects including modular
forms of one variable i.e. elliptic modular forms. But we cannot compute
modular forms of several variables such as Siegel modular forms with built-in
functions of Sage. The author wrote a package [8] for Siegel modular forms
of degree two. In this paper, we introduce the package by computing Hecke
eigenforms. This paper does not contain any new mathematical results.

2 Definitions

In this section, we recall the definition and related topics of Siegel modular
forms.

2.1 Definition of Siegel modular forms of degree n
Let n be a positive integer and define the Siegel modular group of degree n
by

r, = {g € GLy,(2) ‘ fqw,g = wn} )
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Here w, = <(1)" _01n> Note that I'; = SLy(Z). Define Siegel upper half

space £, by

e {Z =X +1iY ’ X, Y € Sym,(R), Y is positive deﬁnite} )

For a non-negative integer k, let M (T',,) the the set of holomorphic functions
F on $,, satisfying the following condition:

F((AZ + B)(CZ + D)™) =det(CZ + D)*F(2), V¥ (é g) el,.

If n =1, we add the cusp condition. We call an element of M(I',) a Siegel
modular form of degree n and weight &k (and level 1). If n = 1, M, (I'y) is
equal to the space of elliptic modular forms of weight k. It is known that
M. (T',) is a finite dimensional vector space over C.

2.2 Fourier expansion of Siegel modular forms of de-
gree two

Let F' € My(I'2) be a Siegel modular form of degree 2. We put Z = (Z 5) €
2. Then F has the following Fourier expansion:
T z
F(( )) = > a((n,r,m), Fle(nt + rz + mw),

z W n,r, meZL
n, m, dnm—r2>0

where e(z) = e(2miz) for z € C. With the notation above, we define the
Siegel operator ® : My (I'y) — M (I'y) by
®(F) := > a((n,0,0), F)e(nz).

n=0

We define the space of cusp forms Si(I'z) of degree 2 by

Sk(F2> = ker ® Q Mm(rg)
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2.3 Hecke polynomials

Let n = 1 or 2. For m € Z>q, let T(m) € Endc (Mg(T',)) the mth Hecke
operator. We omit the definition of T'(m). See [1] for the definition. For a
prime p and F' € My(T,), define a polynomial QI(,”)(F ; X) as follows.

1. If n =1, then we define
QW(F; X) =1-\p)X +p" X2

2. If n = 2, then we define

QY (F; X) =1-Ap)X
+ ()\(p)Q . )\(pz) B p2k—4) X2 _ )\(p)ka_3X3 +p4k:—6X4‘

Remark 1. Qé”)(F ;p~%)~1 is the Euler factor of spinor L-function of F.

3 Structure theorem for the ring of Siegel
modular forms of degree 2

In this section, we recall the structure theorem for the ring of Siegel modular
forms of degree 2 proved by Igusa [3]. The structure theorem and the explicit
formula for Siegel Eisenstein series of degree 2 enable us to compute Siegel
modular forms of degree 2 explicitly.

Let

M(Ty) = @ M(Ty)

kGZzO

be the ring of Siegel modular forms of degree 2. Put

Ty := EyEg — E,
Ty =32 T°E; +2-5°E; — 691F),

where E, is the Siegel-Eisenstein series of degree 2 and weight k. Then xg
and x5 are Siegel cusp forms of weight 10 and 12 respectively. For k = 10, 12,
we put

1
Xy =————
‘ a((]-?lvl)axk)

The following theorem was proved by Igusa [3].

Tk -

3
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Theorem 1. 1. There exists a weight 35 cusp form Xszs (we normalize
X35 so that a((2,—1,3), X35) = 1).

2. Ey, Eg, X10, X12 and X35 generate M(I's) as a C-algebra.
3. Ey, Eg, X109 and X1o are algebraically independent over C.

The Fourier coefficients of Siegel-Eisenstein series of degree 2 was known
by Kaufhold [4]. Aoki and Ibukiyama [2] proved that cusp form X35 of weight
35 can be written by a polynomial of Siegel-Eisenstein and its differentials.
Thus the generators of the ring M (I'y) can be written by the polynomials
of Siegel-Eisenstein series of degree 2 and its differentials. Therefore we can
compute the Fourier coefficients of an element of M (') explicitly.

4 Computation of elliptic modular forms

In this section, we compute Hecke polynomial of elliptic cusp forms by using
built-in functions of Sage.

R.<x> = PolynomialRing(QQ, 1, order=’neglex’)
def euler_factor_of 1(f, p):
wt = f.weight()
return 1 - f[p]/f[1]*x + p~(wt-1)*x"2
wts_of one dim = \
[k for k in range(12, 30)
if CuspForms(1l, k).dimension() == 1]

In the code above, we compute Ql()l)(f;X) for p = 2 and f € Si(I';) with
dim Si(I'y) = 1. The function euler__factor__of_1 takes an eigenform and
a prime p and returns QI(})( f;X). wts_of one_dim is the list of the
positive integers k such that 12 < k < 30 and dim Si(I'y) = 1.

euler factor_at 2 = {}
for k in wts_of one dim:
f = CuspForms(1, k).basis() [0]
euler factor_at_2[k] = euler_factor_of 1(f, 2)

The python’s dictionary euler__factor__at_ 2 is a dictionary such that k —
gl)( fr; X), which value is as follows:
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sage: euler_factor_at_2

{12: 1 + 24xx + 2048%*x72,

16: 1 - 216xx + 32768*x"2,
18: 1 + 528xx + 131072%x72,
20: 1 - 456*x + 524288*x"2,
22: 1 + 288*x + 2097152xx72,
26: 1 + 48%x + 33554432*x72}

For example the le) (A; X) = 1+24X 42048 X2, where A is the Ramanujan’s
delta.

5 Computation of Siegel modular forms in
Sage

In this section, we compute Siegel modular forms of degree 2 by using the
package [8]. The following code has been tested under Sage 6.11 and “de-
gree2” (revision 706bfe).

5.1 Computation of generators of M (')

The generator Xy can be obtained by the function x10__with__prec(prec).
Here the argument prec is a positive integer and this function computes the
Fourier coefficients of X, for

{(n,r,m) ‘ 0 <n,m < prec, dnm — r* 20}.

X2 and X35 can be obtained by the function x12__with__prec(prec) and
x35__ with__prec(prec). Siegel-Eisenstein series Ej, can be obtained by the
function eisenstein__series__degree2(k, prec). Here are examples.

from degree2.all import *

prec = 4

# The cusp forms of weight 10 and 12.
X10 = x10_with_prec(prec)

X12 = x12 with_prec(prec)
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# Fourier coeffictient of X10 at (1, 1, 1).
X10[(1, 1, )] # => 1

# Fourier coefficient of X10 at (3, 5, 4).
X10[(3, 5, 4)] # => 2736

5.2 Computation of Hecke polynomials

We define the following space:
Ni(2) = {F € My(I'2)|a((0,0,0), F) = 0},

Then we have

as Hecke modules. Since Fourier coefficients of Siegel-Eisenstein series Ej is
known, we calculate Q](DQ)(F; X) for p =2, F € M(T'y) and a small weight k.

In our package, we can create the space Ni(I') by the function Klin-
genEisensteinAndCuspForms. To obtain an eigenform of weight 12, we
compute the characteristic polynomial of 73 (2) on Nyy(Ty).

sage: N12 = KlingenEisensteinAndCuspForms(12, 5)
sage: N12.hecke matrix(2).charpoly().factor()

(x - 2784) * (x + 24600)

sage: G12 = N12.eigenform_with_eigenvalue_t2(-24600)
sage: F12 = G12 * G12[(1, 0, 0)]1~(-1)

Here G12 is an eigenform of Nyo(I's) whose eigenvalue of T (2) is equal
to —24600 and F12 is a constant multiple of G12 whose Fourier coefficient
at (1,0,0) is 1. We compute the image of G12 under the Siegel operator
P Mlg(rg) — Mlg(rl).

sage: F12.phi_operator ()

{1: 1, 2: -24, 3: 252, 4: -1472, 5: 4830}

delta = CuspForms(1, 12).basis() [0]

q - 24%q"2 + 252%q~3 - 1472%q~4 + 4830%q~5 + 0(q"6)

So we have ®(Fy5) = A, where A is the Ramanujan’s delta. We can compute
the polynomial Q{2 (Fip; X) for p = 2 as follows.

sage: F12.euler factor_of spinor_ 1(2).factor()
(1 + 24*x + 2048*x72) * (1 + 24576%x + 2147483648%x72)
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The first factor is equal to le)(A;x) and the second factor is equal to
Q5Y(A;219%). Here is an another example.

sage: N16 = KlingenEisensteinAndCuspForms (16, 4)

sage: F16 = N16.eigenform_with_eigenvalue_t2(3539160)

sage: Fl16.euler_factor_of_spinor_1(2).factor()

(1 - 3538944*x + 8796093022208*x72) * (1 - 216%x + 32768%x"2)

Here F16 is an eigenform of Ni4(I'y) whose eigenvalue of T®)(2) is equal to
3539160. By the result of the previous section, we see that the polynomial
Q(Q)(Flfi;X) is equal to Q(l)(fIG;X)Q(1)<f16§214X)7 where fis € 516(F1) is
the normalized eigenform.

The examples above can be explained by the following theorem:

Theorem 2 (Klingen [5], Maass [6]). There exists a C-linear injective map
E : Sk(T'y) < Ni(T'y) such that ® o E = id. For an eigenform f € Si(I'y),
E(f) is also an eigenform and we have

QY(E(f); X) = QWM (f; X)QV (fip"2X),
for all prime p.

Remark 2. Here we state the special case of the theorem. More general
statements were proved by Klingen [5] and Zharkovskaya [9].

Sho Takemori

Department of Mathematics,

Kyoto University
Kitashirakawa-Oiwake-Cho, Sakyo-Ku,
Kyoto, 606-8502, Japan

E-mail: takemori@math.kyoto-u.ac.jp

References

[1] A. N. Andrianov and V. G. Zhuravlev, Modular forms and Hecke opera-
tors, no. 145, American Mathematical Soc., 1995.

[2] H. Aoki and T. Ibukiyama, Simple graded rings of Siegel modular forms,
differential operators and Borcherds products, International Journal of
Mathematics 16 (2005), no. 03, 249-279.

7



AC2013

3] J. Igusa, On siegel modular forms of genus two, American Journal of
Mathematics (1962), 175-200.

[4] G. Kauthold, Dirichletsche Reihe mit Funktionalgleichung in der Theorie
der Modulfunktion 2. Grades, Mathematische Annalen 137 (1959), no. 5,
454-476.

[5] H. Klingen, Zum Darstellungssatz fiir Siegelsche Modulformen, Mathe-
matische Zeitschrift 102 (1967), no. 1, 30-43.

(6] H. Maass, Die Primzahlen in der Theorie der Siegelschen Modulfunktio-
nen, Mathematische Annalen 124 (1951), no. 1, 87-122.

(7] W.A. Stein et al., Sage Mathematics Software (Version 6.1.1), The Sage
Development Team, 2014, http://www.sagemath.org.

[8] S. Takemori, degree2, https://github.com/stakemori/degree?.

9] N. A. Zharkovskaya, The Siegel operator and Hecke operators, Functional
analysis and its applications 8 (1974), no. 2, 113-120.



AC2013 9

Skew Hadamard difference set @ FE[EEM: D EREIZ DWW T

BRARZEHESR W s
Koji Momihara
Faculty of Education, Kumamoto University

B =

Z DX T, difference set D FMEMEDH 7w AL R (FEEEL T 5 = EHRAHN) 28
AU, Feng-Xiang [9] 7' 5-Z 7z Skew Hamadard difference set DfkiEAY Paley difference
set & IEFMEZ® D% MIRME G- 2 5 Z & 2 /RT.

¥ —"7 — N: skew Hamadard difference set; Paley difference set; = E % 724

1 BA

Z DX T, FEARTHEE EDH 5 difference set DIEFMEMEDRIEZ B S . GEIHZ T D7\ E
e d 20T, FEMIEER [14] 23R UTWEEZE 0.

AHEE G DA EEG DI, {z—y|z,y € D,z #y} LWSZEESD G OHEATUSND
Jh% —ERE (A [F]) #E S 5 & F, D % difference set £IFEZ. K2, DA DU-DU{0} =G
MO DN-D =0 %W7-9 & &, DIXskew Hadamard TH D LR, Z D& &, B S HIZ
ID| = (|G| —1)/2, A= (|G| = 3)/4 TH Y, |G| = 3(mod 4) TRITNIELSR2V. (£HAA,
difference set DBERIZIEAT AL BENE R Z IR T 2 2 LI TE 208, R ClE #2460
AEHES.) BIZIE, ¢ =3 (mod 4) BB FEHNRE g ITH U, Fy DIEFFSHI0h 672 58513 skew
Hadamard difference set % i% U, Paley difference set(F 72 13 FHRIRZES) LIFETN TV 5.

4, BEEH 5 DL skew Hadmard difference set D IEFMEMEICDOWTTHS. 22T, GO
DD ES D1, Dy WL F 2723 & &, FfHETH 2 LIS,

Jo € Aut(G), 3z € G s.t. a(D1) = Dy + z.
skew Hadamard difference set IZBI S AL D DD FHEPH SN T WS,

FRE1.1. () GPARTHD L E, GIEHARTMETHS.

LT 860-8555, HEAILAEA T HE2 2-40-1, FEARREHE F U B AR, Email: momihara@educ.kumamoto-u.ac.jp
Z OWSRIE, BIEE R g4 (35T (B) 25800093 B & OF#E (C) 24540013) OHfigIEZ T TVWET.
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(11) FEARTHRE £ D skew Hadamard difference set 133 X T Paley difference set & [FfHT
H5.

—DOHOFBIZEL TIE, —BIIZIERIERTH DL DD, AN TIED 251D D 5.
ZIE, G pBETRINE RSBV E D, |G| = p3, p° ODEEITIEFRIZIE LWV & W o 72 FER A
MonTwad, JflllE, 3] 22 LTIELYL. ZDOHOFRUZDWTIE, DWBE KFIAZED -
TULEW, KIEX N7z, Ding-Yuan [7] 1#854 3 DA RIK T, skew Hadamard difference set @
WL %25 2, ZD 55DV L D5 Paley difference set & IEFMETH 5 Z & 2 5HHEMEZ H -
TRUTZ. ZOiwX D%, DAY 10 ALL_ED skew Hadamard difference set D77z 7 i
BEIZ S Bt I iz (1, 2,6, 7, 8, 9, 10, 12, 13, 15, 16, 17]. K<, Muzychuk [15]
I%, Fs LT Paley difference set & FERMEZR S D 2 IRE G- X 72 £\ 5 1T, FRFITK S 2E5R
ThsdrBEbhs. £, ZOimXUINT skew Hadamard difference set @ FEFIfEM: % B 5w
WHLD o TV B id i<, 2 CTEHERIZ X o> CIERMEED F =v 7 B frbh T\, £z,
Muzychuk O#ERE D 5 Z 72 difference set DFEMIEIZIEFITEKFEL TE D, £ 5 VW o 72 EIE
TIRIEFEMEMEICE S 2 —fERiIEZ LW wo ThWES S,

—f& D difference set D OIEFEMEM:DRIE X LLIRIEA TWB &b b, BEAFDFEEMED AR
Zagy LTI,

e DDSEONDIHIT HA  Dev(D) ® (£) H RN T DALEL
o ZELHEBDES (DN (D+2)N(D+y)| : 2,y € G}
e Dev(D) DERITHID p-rank

e Dev(D) DERITHID A I AFHEE

NEIFONS. LR ODOREEOFFEIEMRIZIINHETH-> T, TNODKE -7 & 5 HfEH
FIEF D70, (Paley difference set 2263615 7T H 1 VO HAFRBEBIZRELTWS.)
FOZ2IZE L T, #l 21X, Singer /8T A — X @ difference set D IEFMENEDFEI IZFIFH X 1,
FEIZLDZEPHOENT VWS, FLWIZ &I, X [5]| FE2BMLUTWEEELV. skew
Hadamard difference set 0 JE[FME M D I RE D R #7242 s, D % skew Hadamard D & &, ZH
SDFEMBERAZ R (FOZDDARER) BHEEIKFETITNTA—RDAI L > THREL
TLEW, REBEE U TRIZNZRVWE WS TH B, Lo T, stEPNE 2 AL &Y, FHEI
A[REEDMRIINL T2 WAEEDPD fEHE o T UL EW, FEE D Thom2EZXOND. Ki
XTI, Z2OHEZ LD I BHULVAZLEZERZLT, EamzirD.

72, ZOXTHD 5 skew Hadamard difference set IPAFD & 5 7l E %2729 &3 5:
pEEHREL, [REEH ¢g=p/, N2 ¢ 1282 TF8KLT5. %2 F, OFHBRE L,
Ci(N’Q) =7 (YN, 0<i < N-1&8L. D=, C;N’q) % F, £ O skew Hadamard difference
set & U, BIZIE, HHERBMITD =, CZ-(N’qd) % ¥ 7z skew Hadamard difference set (278
5E5HBDEMOES. HlZIX, Paley difference set i, N =2, ¢q=p, f =1, d IH{TEEDH

B LT, ZOWEZHZLTWAS.

Z DMEHE % ¢ D skew Hadamard difference set (& Feng-Xiang [9] TR O > T\ 5.

2
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EH 1.2, ([9, EHE 3.2]) p1 = 7(mod 8) ZKE, N = 2p*, p=3(mod 4) £ U, f:=ordn(p) =
H(N)/2 LIRET B, s 2 EBOFTHE L, [ %

{i (mod pf")|i € I} = Z/p'Z

Rl T Z/NL OEEORNEAE TS, 22T, D=, ;O CF =Fp. 695, D
W& Fy £ skew Hadamard difference set £78%.

ZDFERD—MBALIZDWTIE, X [14] 22 L TWEZE W, 5%, Z O difference set
% Feng-Xiang difference set ¥ &R X129 5. HIZIE, w = A@-D/@D xB5nWT, D =
Uier CZ-(N’Q) = U;es w' (W) ¥ Feng-Xiang difference set %2 513, D' = J;; C’l-(N’qt) =Uier 7' O")
LZITHE. D'EDDFy ~DY T WS, 7z, £, 0 (W) 2 DO THKGT 5.
ged (t,N) = 1 DA, DY % Feng-Xiang difference set TH 5.

ZD&S57) 7 b 7= difference set & 725 & 5 WMEE % B OREGEE, [9] B KO [14] Pk
Mo TWRWAY, Paley difference set B R DMEE TIHHEIZE < D skew difference set % FE L
TE5. 2O TlE, T Feng-Xiang difference set & Paley difference set & O IE[RMEMEIZ
DWCHEMT 5. ZDIMX TOFEmIEY 7 b OME%Z H D L AR difference set DIEFRMEMED [
BIZ L THHENTH D I LITIER L.

2 IREICEY 2ER

p BB, f RIERIE , g =p/ LB ¢ & F, OEMERZNTENIEE, xy TF, DN N OF
EfetE A KT 5.

UTFofERIZFE<HOoNTNS.

EIE 2.1. ([11, EHE 5.39, 5.41]) x & F, DA N O HHTRWRIERIEE, f e Flz] 2 E=Y
VHZHANTNRETRVWEDLTS. d% f(z) =0DF, DARIKTORDEE L, d>2 &7
5. :O)c‘:%, Wiy, Wd—1 ECiﬁﬁEb, ’fff%‘f@tﬁ:;ﬁb,

> X(f(@) = —wi = —wi, (2.1)

a:EIth

7%, ZIT, X ExDF~DY 7 M D, KT,

X (f@)| < (d-1)V/g (22)

zGth

ANDRVAC IS

%, d=3 %3 %. Warning DAR [11, EH 1.76) £ 0, w! + wh IFPAFD K S5 12FIT 5.

2
wi +wp =Y (1)

J=0

t
t—J

(t ;j > (w1 + wa)" % (wrws)? (2.3)
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2T, (w1 + wo) Y (wiws)] DRAREUIEETH 5. £72, [11] DEH 5.39 DIEFIEHIIZH H
54&95 12, wiwe, w1 + wo € Z[CN] Ehil-LTWwW5a. & -7, t ﬁ’iéﬂ(@%{a\ﬂdi, Z[CN] <

wh + wh = (wy + ws)* (mod t)
ANDAVAC RN
TRER p 21k L SR ESEALIN? UTORREZIHLLUTEASZLIZTS. 20D
FERIE, ROBETHWS.
Wl 2.2. x & F, DR N > 1 OFRENER, o € Fy \ {1} & i1,iz,93 # 0(mod N) iZ
U, f(x) = 2% (z + 1)2(x + a)B® € Fylz] &B<L. TIZT, x28 »FEAPHDOLE, p b
J(x2,x3)J(x, x28) 28 B LIRETS. ZOLE, [TEOFHLIZHL,

}jﬂﬂW:(Z}ﬁuw<mﬂm

:BGIth z€Fy

WIESLT 2. ZZT, X 1, xDF~DY 7 b, J(x', x7) Evaehl erﬂ*‘;\{l} X (z)x? (1 —x)
ERT.
ER 2.3. ¢ BLUONA2EH 12054272720 T5. I<HonTWEEHIZ, Yav
FUEA 7 ZF1% VT J(x 7)) = GG /G(xiNd) £ &3 [4). £-T,

in isy 7ruin wisiay _ GIXP)G(X®) G(X)G(X*®) _ G(X")G(X*)G(x*®)

2 3 1 213 — . —

JO2 )T (X, X %) GO GO GO

5. 3 [18/I2B\WT, ZDHE (s = 1 DEE) DY AFDMEIZZERITREL TWT, {F
HOO<t<m-—1iZxL,

GO = ()7 = p = V-p,
GO = fﬂ%(b+“_m>m,

GO"') = (-1)z 7 pz V=p
L5, 22T, hixQ(/—p1) DL, b & clddph =2 +pic? & T = —2 (mod p;) T
FEEBETD. 5, 0,090,103 AT 28 BIEEHPE T5. ZDeE, 2B (3JJEHATH S
TEIZERELT,

p—1f—1 f-1

J@%Wﬂ@%ﬁ%=<enzzpz

L7, il 2.2 D&M AT

y

)28 = 0 (mod p),

3 FHZEELETZ=ZEREHN

ZDHETIE, £7, difference set DEMEMEDH 729 AL E%2EA S 5. D CF, % skew Hadamard
difference set & U, w & F, DJFIARE T 5. a € Fj\ {1} 12X U, DUN ORI ZH G2 %
T o(D) == DN (D —w")N (D —aw’)

w

4
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B AT, (D)0 < L < g — 2} I difference set DFREMEDO AL R L 7%, HFIE, D' & D
FECH2 (D%9 0 € Aut(Fy, 1) & x € Fy BEELT, o(D) = D + 2 BAT) £ T 5 &,

{Tweva(D)\O§€§q—2}:{|a(Dﬂ(D—w£)ﬂ(D—aw€))|:0§€§q—2}
= {lo(D) N (o(D) = o(w")) N (a(D) — ac(w"))] : 0 < £ < g — 2}
={ID'N (D' —uN(D —aw®)|: 0< 0 < q—2}
7o T,
{wa,a(D)‘OSKSq_Q}Z{Twz,a(D/)‘Ogesq_z}
NEZ5.
FR 3.1. D % Paley difference set &35 &, fEED 0 < £ < (¢ —3)/21Z/ U, T1 (D) =
T2 o(D) LU T, (D)= T 2041 4(D) WAL B DT, {Teo(D)|0 <0< q—2} <2 XA

w

oM. Xo7T, skew Hadamard difference set D' 23 [{T ¢ ,(D') |0 < € < q—2}| > 3 Z /= B
D' D LHFMETHS. STIIT, HirRFAMEOAZLREL LT, {T, (D) (modt)[0 <
(<q—2} 2EXB. TZTHIRERETS. {T,,(D)|0< < q—2} WRERTH 7D
T, {Teo(D)(mod t) [0 <L <q—2} &M 67)‘017’#5?%% £ 7z, Paley difference set D
2L T

{Te (D) (mod 1) [0 < € < q— 2} = {T e o(D) (mod ) [0 < £ <1} < 2,
Feng-Xiang skew Hadamard difference set D {Zxf L Tl&k
{Teo(D) (mod 1) |0 < £ < g — 2} = {Tye o(D) (mod ) |0 <L < N -1} < N
WCHERI N,
D % Feng-Xiang skew Hadamard difference set £ 3 %. yy % xn(w) = CN 2% Fy, DAL

N OREMEIEE U, n, & F, ORI 2 ORIENIREL T5. xnlr, = np I A
D = U, CN 0 B i 51 B REBE0E

Z Z ("X

hGI =0
THR5NDDT,
N3 'Tw‘f,a(D)

- Yy (Yerae) (gcwm‘mw)) (

z€F \{0,—1,—a} h1,h2,hg€l *i1=0

2195, EHELUEBHT S L

N_l . .
Z C&”Mxﬁf’,(:c + aw£)>

i3=0

—3
N3.T = Y ShaaW D)+ (g 3)M3+3MN2qT—3M3(q—1)

11,12, ’L3EA

— M(np(a) + np(—a+ 1) + ny(a® — a))pi™ (3.1)
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BEOND. 2T, M=N/2, A={2j+1|0<j<(q-3)/2},

Sil,ig,ig(wgyj) — Z C—’Llhl —igha—ighg+€(i1+iz+i3) Z X -1'+1)X (iU—I—CL)
hi,h2,hzel z€lFy

eBL. FHEOFEMIX, 14 22F I L TWEERW,) 22T, |
-3
(q=3)M° +3MN? L= = 3M(g — 1) = M(ny(a) + mp(—a + 1) + 1p(a® = a) )™
W OITIRIFE L 72D T, N & IR F80 ¢ 12/ U,

(T o(D) (mod 1) [0 < £< g2} = [{N®- T, ,(D)(mod t)|0< £ <q—2}]

= { D Sivieis(@’, 1) (mod )]0 < £< g2}

i1,i2,i3€A

LiRs.

3.1 MARRBtALEETEZEREW

AR OFERD, KX D EEFHD—DOTH 5.

14

EIE 3.2. t & ged (t,p1) = 1 RB2HFBH, D = UZEIC ) % Feng-Xiang skew Hadamard

difference set, D' &2 D D Fu ~NDIV 7 hed5. ZDLE,
{Teo(D® ) (mod £) |0 <L < N 1} =u

ANCYES
{Tye (D) (mod t)[0 <L <N -1} =u
MWEOLD., ZZT,weyidF, & Fye DFEIHIRTH 5.

SERR: —MEE LS 22, w=A0""D/@D 2 B1FE. yy & xn(w) =y 2B F, DALEX

N OFERFREE U, Xy Z xy DFpe ~DV T~ &9 5.

Sz(f)z2 13( E,I) — Z C;[Zlhl —izha—izha+L(i1+i2+i3) Z /21 X/ff(«'ﬁ‘f'l)X (z + a)

hi,ho,hs€l z€elF gt

rigdsr, X (3.1) &b,

q
N®.T = > Smm C D)4 (¢ —3)M3 +3MN?Z—=2 4 —3M3(¢t — 1)

i1,i9,i3€EA

— M(np(a) +mp(—a+1) + np(a2 - a))p%m

2185, £72, @ 210X (2.1) £V, wy,wy € CHFLEL,

Zx 2z + 1)) (z +a) = —w; — wy
z€lF,
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AR

S XN R @+ DY@+ a) = —wi —w)
z€F at

EFEIFSH. ZIT,tiFged(t, N) =1 %79 DT,
> X R@X @+ DX R + @) = —wf - )
mEIFt
= (—w; — wy)' (mod ¢)

(ZX 2z + 1) (3:+a)>t(modt)

zelF,

= Z Xt ()X 52 (@ 4 1)x%3 (z + a) (mod t)
z€lF,

135, £oT,

Si(f?im3 (,ye, I = Z C;ftil(t*lh1)—tiQ(t*lhg)—tig(rlh3)+(£~t*1)(ti1+ti2+ti3)
hi,ho,hs€el
Z Xt” “2 (x + 1)xN tig (z +a) (mod t)
z€lFy
= Stihtiz,tig (wt_lea till)
&Ry,
t
{ Z 51(1322713( E’I)’0<€<N_1}
i1,i2,i3€A
= { Z Stil,tig,tig (wtilé,t_ll) |O S £ S N — 1} (HlOd t)
11,i2,i3€A
= { D Siinis @ tTTN[0< LS N - 1} (mod t)

i1,i2,i3€A

‘ D Sivinia@ t7 ) (mod £)[0< L < N — 1}‘ =

i1,i2,i3€A

THo7=DT,

‘{ Z Si(f?iz,w('yévl) (mOdt)’OSESNl}‘:

i1,i2,i3€EA
&Y, Ty o(D') (mod ) [0 <L <N — 1} = u B EpND.
EE 3.8, (1) D=Ues Ci(N’q) ZEM 3.2 D skew Hadamard difference set & U,

{TuaD )0t <N -1}

15
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DIREZ w(>3) £T5. TNO6DILE a1 <ag < ---<ay, &L,
v=min{a;4o —a; |1 <j<u—2}

CEID. t>vEATEE, D EDDF ~DYT7hETEH ZDEE,
(T (DY D) (mod 1) [0 <L < N —1} >3

W7z ENH DT, FH 3.2 &0, [{T,e (D) (mod t) [0 <L <N -1} >3 BEHLNG.
(KO RMAUZ t>ay —a; ELTH L)

(i) =D ® Feng-Xiang skew Hadamard difference sets Dy, Dy C F, IZXf U,
(T f(DV)) (mod )0 < £ < N 1} # {T,e (DY ) (mod #)[0 < £ < N — 1}
LI DY, L 3.2 DFBINS D, Dy DFyp ~D Y 7k D), Dy %
{Tye o(D4) (mod £) [0 < £ < N = 1} # {Ty0 ,(D4) (mod £) [0 < ¢ < N — 1}
Zi§7= L, D} & Dy ®IEFMEL 72 5.

% 34. D= UZGIC’ %Feng Xiang skew Hadamard difference set £ U, t > AN®,/q 7%
FEREOARERBIINL, D EDDF ~DV 7 T3 ZOLE,

(T DT N0<i <N -1} =u

{Tye (D) (mod t) [0 <L <N -1} =u
MIALT B .
SEBA: {10, (DY N)[0<i<N -1} =ufET 5. EE 33 (1) &Y, au—a <AN3/q
AR THS. K (3.1) &b,

Qq, — a1 SNSmax{

A (T 11)':0§£§N—1}

i1,i2,i3€EA

LB K0T, |V inise Sivinis (W) OMEDRAREGL Z L2 ER D, EHL 2.1 D
X (2.2) &b,

Z Sy in,is (we’t_ll)‘

i1,i2,i3€A

—i1h1—igha—i3h3+L(i1+iz2+i3)
< > X W

i1,i2,i3€A hi,ha,hget—11

< [APIIP Vg =2N°q.

> @)xE (@ + Dy (@ +a)
z€lFy
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X-oT,

2
au—a1<N?)maX{

> Smmmwﬁfﬁﬂ:0<€<N>&}<4N%@

i1,i2,i3€A

NESND. O

R BANF TR REREGHRL T U, Feng-Xiang skew Hadamard difference set D C F, %7,
|{Twe,a(D(t71)) |0 << N-1}| > 3 %7z 8lE, DOF, ~DY 7 + D' H £7z Paley difference
set LIHFEMETHE I L2 EHRLTWS.

Bl 3.5 p=11, N=2p =14, f =3, [ = (p) U —2(p) U {0} (mod N) £ F 3. Tk
%, I(mod py) = Z/pZ & 5EHE 1.2 D%MEWTDOT, D = U, CNV7) = U, wilw™) i
Feng-Xiang skew Hadamard difference set TH%. ZZT, wldFr DFHERE TS, 5, a =3
YUT, T o DY), 0< U< N-1%525. #HHBICE>T, 1<t < N2 Dged(t,pr) =1
72 BALIE DA T TR,

(T (DT )[0< €< N -1} = {147, 158,164, 167, 173, 184}
NF v 7 TES. (ZHUX, D D Paley difference set LIEFMETH 2 Z &L 2 EIEKT 5.)
—HT, ged (t,p1) = 1 RBEROFRERE L IZXL,
'HMADWﬂNmmuﬂogegN—1ﬂz3
WAL BHDT, B 32L& 0D, DDOF, ;0 ~NDV 7 b DI
’{T,ye’a(Dl) (mod t) |0 <V < N — 1}’ >3

27z 9. ZIT, y 1k Fyp ORIERE T 5. KoT, D' % Paley difference set & IEFAET D
5. ToIT, EH 3.2 & RIS DR L RO A > 1IZHL, DOF ;0 ~AD) 7 P X
7z Paley difference set & JERMEIZZ 5. 2D X HIZ LT, B X N5 50 AT DHLRRE th 1%
PRO X 51275 th =3,5,7,9.11,13,17, 19,23, 25, 27,29, 31, 37, 41, 43, 47, 49.

3.2 BEHpEELTI=ZEREN
EEL 3.2 128 W, R IZAFEBUTIR 5N T W 72012, BRI ® B (£ 721355
BREVIZRONTUE o7z, UTFOMRIEt L UTEREDOHFREMA Z L 2T LN TES,

EE 3.6. t ZAEMOFHE U, t Dp Rt =37} qapp" 0<ap <p-1)ZEZ, e(t) =
S gt EBLLDEE NS <p-2%B1 Tt =ele(---e(t) ) LRBDABM —D
£%. D=U;s CZ-(N’q) % Feng-Xiang skew Hadamard difference set & U, D' & D" % F &
Fo DT Red5 ZOLE,

{Tpe o(D") (mod p) [0 < £ < N = 1}] = u

9
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ThhiZ,
{Tyeo(D') (mod p) |0 <L <N -1} =u

DHNLT S, TIT, By ERENTENT » & Fu ODFEMARET 5.
R w & B, OFUARE 35, M55 2 e i<, w =0 D/ = 4@ =D/la-D) y &

F%. xn & Fy DAEN OFIERHERIT xn(w) = (N 7223 DEL, Xy E XN & xnv DF,e &
Fu~OY7hedsd 22T,

SV 0D = ST e R EE) NP @) R (@ + DY R (@ + a)
hi,ha,h3€l xqut

LERDTEL &, R (3.1) Xb,
3 f t 3 2q" —3
N T ‘a Z S’L1 i2, 13 I) (q - 3)M +3MN T —

11,i2,i3€EA

— M(np(a) +np(—a+1) + np(GQ - a))p%m

3M°(q" - 1)

2135, 72, FH 210X (2.1) £V, wi,wy € CHFIEL T,

ZX $+1) (ﬂ?—f—a):—wl—wg,
z€Fy

S VRN + DY+ @) = b - b
z€eF qt

S R @ R @+ DX (@ + a) = —wl —wh
ZEth/

DEDWKNLT B, 72, i 2.2 K0,

t
Z @)X % (@ + Dy (z + a) < x+1)x§f}(m+a)) (mod p)

z€eF qat xGIFq
’” ) xpph
(Z Xy w+1)x§3($+a)>
h=0 \z€F,
Th
EH(ZXP” p”x—kl)p“”(az—l—a)) (mod p)
h=0 *zclF,
T ) Th
ST e @ + )y + a))
h=0 xqu
T ) xh
_ (Z @) @+ 1 <m+a>)
h=0 \z€F,

= < X%(x)XN(x+ 1)X§%($+a)>e(t)'

10
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TNz REE,

DR GICONG (CRRNG: <x+a>z(2x
z€F ¢ x€F,
_ //11
=2 X%
z€F t/
aAl))
(t) 1
Sil,i2,i3 (fy 1)
. —i1h1—igho—igh3+L(i1+i2+1i3) /91
= Z Cn Z X n(2)
hi,ho,hs€l z€F ¢
— Z C_Zlhl —ioho— 23h3+€ 21+12+23) Z 1/21
hi,ha,h3€l z€F ot

_ o) ¢
- S’h,’ig,ig (ﬁ ’ I)
nEoNnd. L7zhoT,

D Sl

f,I)\ogegN—1}z{

19

(z + Dx(z + a)) (mod p)

Y% (2 + 1)y (z + a) (mod p)

B+ 1)} N +a)

V%2 (2 + Dy"%(z + a) (mod p)

Z Sl(szz,ls(/@K7I)‘OSKSN—1} (HlOdp)

i1,i2,i3EA i1,i2,i3€EA
(3.3)
135, I, ARED S,
H > swm (B8, )(modp)|0§€§N—1H =
11,i2,i3€A
ThHH, A (33) &b
{ X shubinmeapjosesny-1}) -
i1,i2,i3€EA
Tig5. DEDIE, {The o(D N(mod p) [0 <L N -1} =u%fF5. O

FEH 361, 1<t <p—-2R5FEDEH I
set D CFy DF v ANDY T~ D'P

{Tpt,a(D

X U, Feng-Xiang skew Hadamard difference

") (mod p) [0 < £ < N —1}] >3

Ziid 22 F vy 7T ZLTBFE, EROFH IZFHL, DD Fyr ~D Y 7 kA Paley

difference set L JEEEIZ B Z & 2 ERLTWS

Bl 3.7. p, N, f, a, I 13Hl 8.5 DRELZEZH B L LT 5.

zoeE, D=J;., C™M ik

{T,0,(D)]0 <0< N -1} ={147,158,164, 167,173, 184}

11
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Ziz U
‘{T modp)]0<€<N—1}'>3

WROSLD. EH 8.6 LD, ee(---e(t)--)) =1 BRBEREDAKLIZNL, DD F,p ~D Y 7
s D' %
|{ modp)|0<£<N—1}‘>3

%729 DT, D' X Paley difference set LIEFMETHB. ZDL EEH 3.6 1IZ X > THEI N
5 50 NFOILRIRE t 13t =11,21,31,41 £ 720, FRZ t =21 1T 8.2 CldECE W E
LIZTHERELTEL.

4 wIRIC

Z DEmL TlX, Feng-Xiang skew Hadamard difference set @) 7 %% Paley difference set &
FEMETHBZDODFMFITODVWTDEMEZ — D5 2 7. flk U T, Feng-Xiang difference set
D =Uieanu-201y00} COMID IR L, SEHUAD ¢ AHFAEL T, D O Fryae ~OY 7 b7 Paley
difference set L IEFEMEL LD I &2 ATz pp = T(DFD f = 3) LEELZBED p A/NE
BGHEDZDEPOHFUZDOVTIIE 1IZ5ABILIZT S, (ZOXRTE, wdF,r DFEIAH,
ne = [{Tyes(DE D)) (mod ) |0 < £ < N — 1}, t i p1 = T L HWCHARGERKL T5.) &
p € {11,23,67, 79 107} 1T L, KD T 1Zx9 % Feng-Xiang skew Hadamard difference set
D =, C; o) sruEns® Fpre ND YU 7 N& Paley difference set ZIEFETH S. Z
ZT,t li+§3\j<i¥ EoTHL. THIT, ER 3.3 (i) £ 0, KD Feng-Xiang skew Hadamard
difference set @V 7 M H EWZIEFETH 5 Z &b hb.

£ 3Rk
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# 1: Feng-Xiang skew Hadamard difference set & £ 56 D =EHR A=K DH

[ wrN) || wresal {T,5(D¢ N0<L<N-1} HHEB T B g
{0,1,2,3,4,5,6} {159,162, 164, 167,169, 172} ns = 2 and ny > 3 for any other ¢
(11,3,14) {0,1,2,3,4,6,12} {157,160, 165,166, 171,174} n3 = 2 and n; > 3 for any other ¢
{0,1,6,9,10,11,12} {147,158,164, 167,173,184} nt > 3 for any ¢
10,1,2,4,6,10,12} {163,164, 167, 168} n¢ > 3 for any t > 3
(11,3,2) {0} (Paley) {157,174} ni7 = 1 and ny = 2 for any other ¢
10,1,2,3,4,5,6} {1497, 1498, 1503, 1515, 73 — 2 and gy > 3 for any other ¢
1525, 1537, 1542, 1543}
(23,3,14) |[{0,1,2,3,4,6,12} {1498, 1503, 1508, 1514, n¢ > 3 for any ¢
1526, 1532, 1537, 1542}
{0,1,6,9,10,11,12} {1481, 1509, 1514, 1526, 1531, 1559} ns = 2 and n; > 3 for any other ¢
10,1,2,4,6,10, 12} {1508, 1514, 1526, 1532} ns =1 and ng > 3 for any ¢
(23,3,2) {0} (Paley) {1520} ny = 1 for any ¢
{0,1,2,3,4,5,6} {37457, 37519, 37525, 37587, nt > 3 for any ¢t
37602, 37664, 37670, 37732}
(67,3,14) || {0,1,2,3,4,6,12} 137453, 37523, 37587, 37591, n¢ > 3 for any ¢
37598, 37602, 37666, 37736}
10,1,6,9, 10, 11, 12} | {37526, 37587, 37594, 37595, 37602, 37663 n¢ > 3 for any ¢
{0,1,2,4,6,10,12} {37543, 37559, 37630, 37646} n3,n29 = 2 and ny > 3 for any other ¢
(67,3,2) {0} (Paley) {37502, 37687} nt = 2 for any t
10,1,2,3,4,5,6} 161470, 61575, 61607, 61623, n: > 3 for any ¢
61636, 61652,61684, 61789}
10,1,2,3,4,6,12] 161398, 61535, 61549, 61552, 7t > 3 for any ¢
(79,3,14) 61707,61710,61724,61861}
{0,1,6,9,10,11,12} | {61513,61533,61546,61713,61726,61746} | n3,ns = 2 and ny > 3 for any other ¢
10,1,2,4,6,10,12} {61434, 61511, 61748, 61825] P R p—
nt > 3 for any other ¢
(79,3,2) {07 (Paley) {61519, 61740} e = 2 for any ¢
{0,1,2,3,4,5,6} {152751, 152895, 152976, 153021, n3 = 2 and nt > 3 for any other ¢
153238, 153283, 153364, 153508}
{0,1,2,3,4,6,12} {152969, 153065, 153092, n3 = 1 and n; > 3 for any other ¢
(107,3,14) 153167,153194, 153290}
10,1,6,9, 10, 11, 12} 1152643, 153040, 153102, 73 =2 and ny S 3 for any other
153157,153219, 153616}
{0,1,2,4,6,10,12} {153028, 153103, 153156, 153231} n3,ns = 2 and nt > 3 for any other ¢
(107,3,2) 10} (Paley) (152977, 153282} ¢ = 2 for any ¢
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A, 113 (2006), 1526-1535.
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%8 Fuler & =D L B

flex R e REFZRA
KRB KRBT ZEY R T
ysasaki@ouhs.ac.jp ohno@math.kindai.ac.jp
B

1997 4E, & 112 & © Bernoulli 8% #L5E U 722 & Bernoulli 2V E A I 7z, 22T
imamd 5% Euler £, &L 72 Euler £t D £EBIE % £ & Bernoulli £t & [FIBkD fik
THEET 2HDTHD. ARTIEZE Euler MOEANE, BT — &, 2 & Euler D
FFEE, % E Buler BOMEEMANMR, & 5ICBERMIMEEIZOWTIHRRS.

1 &

1997 4, 2F [4] 12 & - T Bernoulli 8% #L5k U 72 % & Bernoulli A EA S0z, £H
Bernoulli # B%k) RV ae s

[oe) xn
Lip(z) = ) — LkeZ
ik () Z;M (Jz| <1,k € Z)
Z F\WT
Lip(l—e™t) BY
_TTFT_:Ejyut (1.1)

n=0
TEHRIND. k=10 Z Lij(1—e )=t &b, Bernoulli # (272U, By = 1/2) O}k
B CH 2D EWEGICHIETE S,

Bernoulli ¢ & [Al##, % & Bernoulli 8 ¥ — X B L DI CTER T 2 Z L BEHA»D
WETH 5. 7l - &7 [1] 1%, ZE Bernoulli % Z DRIEEIZH O — X B (Il - &
FOE—YEH) 2527, ZO¥—XEBIIER ICRELMELZR>THY, R 5%
B — 9B ORI, FHE LSV 0RVWHEAMD ENEEIrSEIND. £z,
% Bernoulli BUZACHIIMEE B ™ =BG ™ ([4]) e (3], 5], [11)) &,
ZRSMEE % 0RO, Bl 21X, Brewbaker [3] I2& D, BDA VT v 7 ADZE Bernoulli
Buda v L1750 (k) DL —BT 22 L WRINTNS.

T, R Z DIRIER ZNZ TR WEEZHERE 2O TH A 5. Tz 5121

1
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Ho L REBRPHMATEIE - HBind I LHWEHEETHS. TNHLHE Euler HZEA - 5%
TEHEETH 5. Euler Bd Bernoulli OB TH 0, HVITHGERIIZ S HELR K ZFFD
LEDTH5. TNODLERE RHARSE Z LT, ZOMEEORBEIZES S L TERTH 5.
REITIE, £ Euler OB ATEIZDWTHEGF L, £OHRDOHIZHWTELE Euler HORFF
PE R A AR 72 & O FERE RIC DO W THIRISE R 2. FEL L1, [6], [7], [8] 22
I Nz,

2 % E Euler #

Euler #8 E,, 1%

1 >~ E,
- Zngn
cosht Z nl

TERIND. LAWMEEBTHEZ 0o, n BEBDOEE E,=0THdIehbhrs.
% 7z Euler #0%, EF 4 @ Dirichlet 52D —f% Bernoulli EtTH H v, =D L BHUZ,

L(s) := %S) /OOO ts—let +1€_t dt (2.1)

THEzZoND. ZT0O L BT C RIZBEKE UTHrERI N, FEABE n 2L T,
L(—n) = E,/2 %#{ii7=3. %% Euler 8%, ZTOMEIZEHLTEALLZLDTHS. Tk
bH, T &TOY— XEKHNLE Bernoulli 8% £ OREEIZRDZ &0 6, E5d L B4
B (2.1) 2FN - &1 DX — X BEBORRIEICH > THER U, T ORIk % 3@ L T4 E Euler
HEBATLE2DLIITHD. £9, LHE Euler HOEHE 2R RSB,

*% 2.1 (ZE Euler ) %& Euler % EF) 2TEHT 2.

Lip(1—e) S EP

= t". 2.2
4t cosht o n! (2.2)

% 8 Euler 80 BARAW R BUEIZOWTIX, £ 1, £2 2RI N0,
RD/NEIT, ZDIFRDIL L o 7251 - & T DX — X OMBRIEIZ DOWTIERS,

21 - &FOE—EK

Fll - 10X — 2 BEEUIE
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#£1 EP 1<k<3?)
n\k 1 2 3 4 5
0 1 1 1 1
_ _3 _7 _ 15
1 0 1 5 i 3
1 41 221 842
2 -1 -5 27 58 213
7 85 145
3 0 3 6 ~36 — o7
A _ 51 3493 31079 251513
25 375 5625 84375
_ 521 77071 1726751
) 0 25 90 2700 81000
6 —-61 33221 8169601 _ 41535229 _ 71715452684
735 77175 8103375 850854375
18313 19160833 25259027
7 0 427 70 T 44100 ~ 514500
8 1385 1288391 70339397 33076559267 16895967725821
945 33075 31255875 9845600625
- 11557561 748381847 _ 480568115197
9 0 12465 1050 73500 138915000
10 —50521 252042789 986047910537 _3065162516767009 _8422942412191735762
4235 14674275 50846362875 176182647361875
n\k 6 7 8
0 1 1 1
1 _31 _63 _ 127
16 32 64
9 5653 35849 221143
1458 8748 52488
3 19139 266987 3453965
2592 31104 373248
4 13750789 1249362593 90758304241
1265625 75937500 4556250000
5 _ 308497 3164224553 _ 328669347761
1215000 145800000 8748000000
6 _13363728130853 _358429898641663 640308924888841241
178679418750 18761338968750 15759524733750000
7 920793920551 135001198394803 72052924489405981
3889620000 544546800000 686128968000000
8 1285878287869223 _1215868617178437277 ~1944012730481986803179
3101364196875 1953859444031250 2461862899479375000
9 _567231622233841 _61763666069504519 102907638651697550227
87516450000 27567681750000 69470558010000000
10 10712366827341728785543 197779808396713535534244623 299123089624578444665117906339
1220945746217793750 8461154021289310687500 29317898683767461532187500

TEHIND ([1]). THid Riemann ¥ — X KO RS FR

((s) =

1o 1
e 5T —— dt
['(s) /0 et —1

(2.3)

CREETNE, ZOMETHH I L RABICHRTES, EE L =1 0L X1 &(s) =
sC(s+1) &b, bidDi@ED, £ 8 Euler BUIR)I - & F DX — X ELDILREIZM > T,
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n\k| 0 —1 —2 -3 —4
0o | 1 1 1 1 1
1| 2 6 14 30 62
9 | 1 109 493 1837 6253
3 3 3 3 3
3 | 10 222 1798 10710 55030
A 121 6841 95161 865081 6396601
5 5 5 5
182 594554 82690442
50| 182 8502 594554 2670350 8269044
6 1093 372709 14331493 280592677 3958958053
7 7 7 7 7
7 | 410 335886 21078134 591278790 11230160870
8 9841 19200241 1951326961 77624198641 1961872865521
9 9 9 9 9
14762 68177406 11157142694 20819816118422
9 7 ’ L 124916013054 ~ 2081981611842
10 88573 964249309 252966361693 19811958812317 864960182738653
11 11 11 11 11
n\k -5 —6 -7 -8
0 1 1 1 1
1 126 254 510 1022
9 20269 63853 197677 605293
3 3 3 3
3 260022 1166518 5058870 21440950
4 41968441 255205561 1474388281 8217391801
5 5 5 5
5836302794 309069453002
5 243487342 5836302794 14509820910 209069153002
6 46088370469 473519630053 4461656417317 39487415403493
7 7 7 7
7 | 169602610086 2205417795494  25836997580070 280515914328230
8 37978754131441 617481161118961 8884959409517041 116896719524014321
9 9 9 9
511780950202326 10304271705550934 2847626348007626582
9 5 7 36070508475019230 :
10 26796243596416669 662962530489535453 14004154117362681757 263272861026817782493
11 11 11 11

TOREETZHERT L X512 LK (2.1) 25k, TORKIETER T S. ZZTHH
55 - BFOXY - ZBEBOFMEEIIUTO@ED TH 5:

T 2.2 (E)l - &F [1])

1. EED k> 1I1TRUT, &(s) 1, C REEREE LTI ns.
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2. (EREOIEII n 1T LT,

k—1 j-th
{
() =0 et B e b et
j=1 ko1 k—1
k—2
+ (_1)]C(k _J)g(lu 7178)
Jj=0 j
z 2w, O 132 M0 % & Bernoulli BTH V|
Liy(1—et) o
_T?TT_*:Z:n!t (2.4)
n=0

TEHZIND. ZHIEH Y2 Bernoulli MOEZEV 2BV HZZ L IZEINT E2HDTHY,
LFEDZ E Bernoulli 8ld By = —1/2 £ & 2% 1 TOHRIZH 25, £z,

1
(81,0, 8n) = Z OO
1 n

0<mi<---<mp,
FZEX—RBEKTHY, Rs; >1 (G =1,...,n—1) BEF Rs,, > 1 128 L THIA LK
T5.
ExDOHMIZBWT, b EELMEIIK, FEMDO 3IFHOMWETHS. 2o, ki
b BHHEEBOMEDSEPNDEZHEDTH D, £E Euler OB AIZBWTHEHERK
HZHS:

o 1 —e '3 Liy(zx) DHBE (Liy(1—e ) =1¢)

—t
e Lria—ety= ) BRI - D — X BB )

dt
Z1iF Riemann ¥ — X BEBOMEAFROBE B L, RV Ligy(z) L OHMEOR T %
RBTEHDTHS. Thbb, fi)ll - 70— XEBOIRIE L 1%, L B O D K
LHEDORWRY B DT Fu Y= TENXIVWDITTHD. RHBZDOHERIETHS.

2= - &FOE—SEROERE ([9)) L BHA, &35 G © Mellin ZH#

L(s) = ﬁ/ow ELG() dt

5
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ThHhzohlk g,

Lils) == ﬁ /OOO FGPo) dt (k> 1)
EEZD. ZIT (t) 1F, BELFER C ZHVT GE) = Co(t)/o(t) &H7=THET,
Pi(z) & o(t) OVBB (P (p(t) = t). Pu(x) 1, Py(z) = [Y(Py1(z)/z)da (k> 2) T

MR I OB THS.

ZOMIEE L BI%L (2.1) ICHEHT 5 &, IR vz L B
L)
Li(s) = 0 /0 t 2 7o) dt (k>1) (2.5)
RSN, IHICEM 2.2 LAKOMER2FEOZI L 2RT I eHEKS. £ &E Euler L Z
O L BEBOWES AR 2R T30 TH Y, FHIEEBBUITORKETHS. Z0D
L BB OFEEEIZ D\WTIE, [10] 22 EI Nz,

FR 2.3 LB (2.1) oBABEBID, FEEREEZZOEEHEMAT 50 H LW (B
FRXEMRNT, TOMOBEBEHBEL RTNIX RS BRWDT). 22T, (2.1) %2

4 3 eld—a)t

L(s) = % ZX_4(a) /OOO 45 16415__1 dt

=1

(X—4 \FEF 4 ® Dirichlet FEIET

1 n=1 (mod4),
X—4(n) =< -1 n=3 (mod4),
0 n=0,2 (mod4)

EUTEHRERICIERLUZH0) L HE T, #HEIBEBOHEEICET 2 MAREL v
1/(e* —1) % G(t) L LT LEOHLRIEZ AT 5 Z & T, Li(s) 28 AT 5.

2.2 % Euler IO

REBISC (2.2) THEBHL 722 E Buler M EY BENIECHRVBVEDES>H. 22T
i, £H Euler OME 2 MM T 57O DEAREENTERS 2 DOHRARIZDWTHR
R5.

£9 1 DHOBHRANIE, £&E Bernoulli MZHAWVWTHABTE2EDTHS. Lzd->T,
ZDHARARNIZZL E Buler & £ & Bernoulli OME O AR 2 FHiRT S & &, KIFLH
Bernoulli X OME %% & Euler BOMITIZICHT 2 L ZICEAREDEE R 5:

6
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I 2.4 (KB - 54K [6]) (LIOIEIE n b & OB k1S3 LT, AR

n+1
(n+DEP = 33" (n; 1)IB%;’“Zm+14”—m+1<<—1>m —(=3M.(20)
m=0

£ 5 1 DOHRARAIE, £EH Euler 8% 72 Euler HZ FHWTEHARTE5EDTH 5.
L7235 T, ZOHHRARNZAVWNIE, £ E Euler 7% Euler BOE#H%Z N2 EEL T
WAEDGANDZ EHTES.

FIE 2.5 ([6]) (FREOIFEII n 5L OB k 12 LT, WAL D:

- 1 _
(n+1HEX =3 (”+ )4"—”1072’“_,,{@% (2.7)

m
m=0

2z O 132F D% F Bernoulli $ (2.4) TH 5.

3 2E Euler MOTFSRE E Euler OIS EHRAEE

di 7 Bernoulli £t & Euler #, TSR RICIRE I NTWS. [FARIZLEKD
REHRETEDLIENLEENEGD, EBRIEVL R VEMTHS. ZZ TR EEZZERITIE
T&7z 2 H# Euler U DWTER S,

EM 2.5 K0, AEEHD 2 # Euler U3,

By = (1—20)Ey_,. (3.1)

YR SR 7 Buler BCRETEB I AN B, I 512, (—1)"Egp > 0 & 1,
ZHEE O 2 & Buler MO ENREIND:
% 3.1 (LREOEEE n 18 LT, WA D S0

(—)"EZ | >0 (3.2)

n—1

—7, BEFRHED 2 #H Euler OS5 2RETHDORBHEL V. 2845, BIRAKX (2.7)
X0,

n—1 2(n—m)
2n '\ 4 |B2(n—m)|
1t = Eopi| — | By, 3.3
(-1) o m§_0 om) 3 —m) + 1 |Eom| — | Eon (3.3)

250, HGANIETH 2 Z &2/ 7I121E, Euler 2% Bernoulli IO KE %25 L < H5 46
NP 5. Buler BEDOWHEARNIFHSNTWED, ZNoI3EHTH D, Fx ORTEIZILHE
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SRV, ZOMEZ RS 572012, Euler 8D RN HI B £R

Bl ==X (50 ) (-1 1 (3.4

=0

EIRD Euler MOEHE T LI ALIZEHT 5.

FITY XL 3.2 (Euler BOEETILITY) XL)  BF apnm %, OHE ao = 1,
aom =0 (m>0) LUTIRTEHRT 5:

Un0 = an—-1,1, GOGnm = MAn—1,m—-1 + (m + 1)an—1,m+1 (n > 0)

Dk g’, A2n,0 = (_1)2nE2n<: |E2n’) fJ‘JﬂZV) YASR

1
\
1
/N
1 2
5 6
5 28 24
B 1 Euler BOFHET L TY XL
TIUVIT)ZXLDRETZBRUZON 1 THD. KA EOTIE, TORAAHIZHED &
ZTOETFREIND Z L2 EKRL, KHIPEIRT 5 & ZA5DH T, FRHD 5 2T 5D
NEIhTW3.
1 %Eﬁ%gj_é 2_)., Euler é& |E2n| [ ap,0 7]“5 a2n,0 if@%%ﬁﬁ%&:iﬁ?é%%ﬂﬁﬂl
et L/“C’aiz’. 671/1/5 Z aﬁ‘ﬁﬁ’% {ﬁﬂz’.li aq0 = 5(: |E4|) ﬂi, ap,0 = 1 73)6 “/7"}76:53%0
TR (FHIE1-1-1-1=1) &, RANCARID FIZ 2 DEAR, IRITERID FIZ 2 Dt

DR (F51E1-2-2-1=4) T 2HGORME L >TWD. —MBIT, ag, o ITIFERMIC
ARED T n A, IIZERD FIZ n EORBEOFENEETNTVWED T,

|E2n| Z 7’L!2

8
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LS AR D SO, SR LT EVEHI E 1S X 2\ A%, Euler OEHE nl &\ 5
FEHIZB R TRICEMTEDL L WS R DH B,

FRRD T V) R LRI, 52092 PUT, = (27— 12" Boa |/ (20) R LTS
mOIo. Trbb,

42" Boy| T _ nl(n—1)!
A .
1l 2 2 (3:5)
ZOFHMiE (3.4) ZHAGDLEL I L TIREGS:
EIHE 3.3 ([6]) (LEOEEK n>2 LT, KAEY 7LD:
(—1)"1E > 0. (3.6)

B34 n=0,102%F ()" EP <0 &kb, #H 33 ORERITMD TR\,
I, n=1n=20MTHEOREREPEETVDELOTHD. BEFERTIE, —
D% Euler BUZHWTIE, 2D &5 BRBEDXAEHANT (Fex W E 722 ORI % B C
ETWVWARWEZTLE LNRY) b Z LR TE 5.

4 HETHRBEER

Z 2T, £ Bernoulli & % & Euler MOMAEMNMBHRIZ OWTHERT S, £5, %
B Bernoulli MDA B ERIIATFIZ DOWTIRR B,
41 % E Bernoulli #1& 0% L7175

0> LAFF AL, KDY 0 2 1 DITHIT, T DOITH - FURINT & > T— I FRE AL AT RE
WATHI D Z e TH S (M2, 3 ). Brewbaker [3] 1%, 1 X m x n OB Y L1785 D
Bh3, % Bernoulli B BS ™ ¥ —HT 22 2R L. Thabb,
BC™ = #{A € M(m,n;{0,1}) | A : 0> %5775 }

AEDNID. I 2T, % Bernoulli UORUHE B, ™ = BG™ 1%, 1Y ATAIIZ BT
FATHIDELE I IE LTV D Z IZER I N0,

110\ 2 100 \1 010\1
010) 1 010 )1 100 )1
120 110 110

X2 O ATE D] B3 ©yY ATHIT R
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42 % Euler O E HmEIARR

£9, BADA1 VT v ADEE Euler HOWHRARZRRD Z e othdd. ADA v
Ty 7 ADEE, % & Euler #UTEH 2.4, 25 LV LIS IZEHERFTEL Z LN TE 5.
Kz, 1 v T v 2R k=0,—1 DG EARMOFEKRLRE720, TR LTHEL.

T 4.1 ([6]) (LREOEBE n (23 LT, WA D 32D

0 3" —1 1 7 — 5"
TLEﬁL_)]_ = 9 5 nE?S—l) = T
EH 41 DRTBININED LD RERERDODONEZFTARTAD L, IRD &5 2§ &5
DL EBbhroT.

EHE 4.2 39 B, = (3" —1)/2 &, n RTHSLAADER S 2 HEDMTEA 5N
DT, P TRVWE DD L —#T 5.

HE 4.3 9 nE Y = (77— 57)/2 1%, 5 x -+ x 5 n SOGERTHD 5 SAEHRY 75 54
HROWY BT B, '

LA OB A A —DIZDWTIE, K4, 5 22BENF. 15135 E Buler O
AR NAEIR O Tdh - T, £ & Euler Bz BGa B A THE S ITIEA T+ T ELZ L&
ERBTEEDEZEZ LS. UL UAEDLS, EELIFBUAMIZ L TWAZITTHD, £E
Euler #HMKIZ, Wi T 2HEEMNARETREDENESIDIEEESPo TR, S5HOD
EEPFF-NBHEZATHS.

ITC, ~MRIZADA VT v I ADLE Euler MEMRIZHEE MmN ERMA T 2T 20
ThhiE, TNS5 R TRTEOBETARFTIER S, LELads, HRAR (2.6) 75
i, BETHDZLITBGITANEMN, ETHL I L 2HRT 5013 L\, £ Bernoulli
BoL X, (2.6) D& S BRPRARDORD DI, Stirling &2 AW H 72 RHRAREZ 5 2
52 TEMEMEEZRLTVWADT, ZH Euler HCTHZTD LS RIHRAANBETHS. %
NARDEITH > T, % Euler MO EMMEZRTIEN0 THL, 4 VFy 2 2T 5
IRAARIBER D 5 255D LR >T W5

*1 2] Ic&niE, ZNiEn <9I UTOAIFHINTWT, —BIZIEFRZZ S 7253, 2011 4F 12 A2 RIMS
T U ZBICIIABR K> S —MRIZFIATE 5 Z & % ZHEMIEW 2.

10
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4 2RITEILSHED 2 THR % 5 5 x5 2RTEFHD 5 R
i SEAT TR RS IRIEAR

T 4.4 ([6]) (EROEETER Kk, n(>0) LT,
min(k,n—1) n—j
(—k) _ 12 n © Jn=m] pom)[E+1
= 2 (Z (m)mEm_l{ j }4 ){j+1 ’
7=0 m=1
ZZT {';} X% 2 FE Stirling (T H 5.

B2, B 44 TE=1DLEFRDLIIZEL I LN TE S

% 4.5 HEEOEBE n T LT,

B mz_ (Z) mE© an=m,
%45 OBEN ST, Bix ik nEY, v nE Y oMAERIMIRAHE TH 5 HH %
HARICHMET D Z N TEDL. —J, k> 21T/ LTI, R4.5 DX SITHEBIZIZR SR,
i, & U—IZLE Euler BB AEMNMIREZFEOLR O k> 2 g 2618
E R, E=0,1 ORFEERTEEINIZEMREDTHELE VI L ZRELTVWED
»H LNV,

11
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5 BDAVTY Y AD%E Euler MO GHIIMEE

HIEiCR7ZESI2, ADA ¥ F vy 2 AD%E Euler 8 (n+ 1)ES M (= ECP) ws8ic»
D, ~MIZEHBTHLEDS VT Y 7 ALHRZE VGV HREFEAS. 2T, ¥
R OB P SADA VT v 7 AD%E Euler OME %2 L BAENT 5.

5.1 Parity result

HDA VT v 7 AD%E Euler HOMAIZZERICIETE, ZOHAMEIZIRD & 5 1250
IND.

EH 5.1 (parity result [7]) FEARE k, n 1T U T, IRAFL D LD

B 0 (mod?2) (n: @)
DNEF = ’
(n+DEy {1 (mod 2) (n : f8%0).
FE 5.2 ETEHEID, n FHD L ZIELE Euler UIMEHTH S, ZOFHEFEN 5L E Eu-
ler $00D 2-order I FI4R & B % 1< 2%, BUHSER D S DA n 128 LT ordy BS M £
M E NG, 2 OB (6] THAWIZRI N T WS

52 nERREHEMY

% Euler (D p-order D, & 25\ ME mod p O &R RITEEEGH 2 B\ TIEH 1 Blk
HBWETHS. £9, ZH Euler LOARERKIZOWTERS. ZHFEHDZLE Euler B
DWW, k&5 :

T 5.3 TEOFRENp BLOIFEEE L IZHL T,
pEIg:]I) =1 (mod p). (5.1)

LEHE SR H 0% E Buler B0 porder 21T, EVTY BEICHEKTHZ &
LRLTWS, B8RS, ESY = n+1)ES™ 13 (2.6) L0 BHTH Y, Lzt T BESY
DA~ (n+1) THB. &0 —RIIZRAE D i h, ZOREEL LT BN ofogt
Lbirb

I 5.4 HHEEp LTE EOFMn BEO k=p—2 (mod p— 1) &7 T LK

X LT,
(n+1)E(® =0 (mod p).

12
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35

n\k 0 1 2 3 4
0 1 1 1 1
1 4 12 28 60 124
2 13 109 493 1837 6253
3 40 888 7192 42840 220120
4 121 6841 95161 865081 6396601
5) 364 51012 1189108 16022100 165380884
6 1093 372709 14331493 280592677 3958958053
7 3280 2687088 168625072 4730230320 89841286960
8 9841 19200241 1951326961 77624198641 1961872865521
9 29524 136354812 22314285388 1249160130540  41639632236844
10 | 88573 964249309 252966361693 19811958812317 864960182738653

n\k 5 6 7
0 1 1 1
1 252 208 1020
2 20269 63853 197677
3 1040088 4666072 20235480
4 41968441 255205561 1474388281
5 1460924052 11672605588 87058925460
6 46088370469 473519630053 4461656417317
7 1356820880688 17643342363952 206695980640560
8 37978754131441 617481161118961 8884959409517041
9 1023561900404652  20608543411101868 360705084750192300
10 | 26796243596416669 662962530489535453 14004154117362681757

%55 p; j=1,...,v) 2MHELLIRKE L, EEH Lk 2 k = p; —2 (mod p; — 1)
(GJ=1,...,v) ZH7=3THDLTE. TDLE (EEDAHE n ITFL T,

(n+1E =0 (mod p;---p,).

S¥E 5.6 R55Cn+tl=p---p, D& E %H Buler B ES Y 388 cH 22 2 hibh
5. PIzE, kAEED e x, BECM 385cs 0, k=3 (mod 4) e x, ESM B 13

13
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W THE. £, 205 BV €2 (s € Zog) 2MEMTEZH, 2N [6] TRENT
W5,

%12, %5 Euler 1 (n+ 1)ES ™™ O— R0 @I W TR S, Z0EIHIZE 3
EBIRITNEBGIHERTE, RO LS IZERNMLEI 5!

T8 5.7 n,n/ kK Zn=n k=K (mod4) 2T ERELTE. TDLZ,

(n+1ECH = 0/ + DESF) (mod 10).

A

WHOBEE 5 A TR E > 7 WG AD S A I L L1 &

£ 3k
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Joboooboobobobobbobobuond

gobobbooboboobouoobouoob oo
Jobooobouoouooboboooogan
goooooooooooobbn

1. 00ob

fN-NOOnOOOOOO f(n)=n/2,n000000 f(n)=3n+10000
0000000000000000000 »00000V(R)={f*n)|k=0,1,2,---}
010000MO00000000000000000000000003x2%000
00000000000000000000000000000000000000
00000000000000000000000000000000000000
000000003+ 100000 n000000000000000000000
00000000000000000000

0000000000000 f:N—-NOOOOOV(n)={f*n)|k=0,1,2,---}
00000000 0000 Vi(n) 00000000000000000000000
00000000000000000000000000000000000000
00000000000000000000000000000000000000
0oo

2.0000

f:N—xNDfmy—{ n/2 i niseven oonngnppopooooo

] 3n+1 if nisodd
00000000000000000 n00000V(n)={f(n)|t=0,1,2,---} 0

1gb0omuogboooboon

0000000000 fO0000000CO00O)p, qO00O00O000p>10000
four 00 pln 00D f(n)=—,000p0 nO0000DO000 f(n)=p/L ++] O
p p

00000000 [|]0000000ood
1
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01. 0000000000000 fhisgpa000000O0nO00O0O0OO0OCOOOO
D000 kD0000On=2k+10000000

2§;+u:2Bh+g+u:2@h+m:6k+4=2@h+nzsn+1DDDD
k if n =3k
02 f=/f5,,0000000000f(n)={ 6k+3 ifn=3k+1

6k +6 if n =3k +2.
000000 nO00000 V() ={f"(n)|m=0,1,2,---}0 10 200000

oot nooooooobbogo

n=3k000 f(n)=k<n.
n=3k+100 k>1000 f2(n)=2k+1<3k+1=n.
n=3k+200 k>1000 f2(n)=2k+2<3k+2=n.

i n=2000000000000uddduuu2—-=6—=200000000
00 1¢V(2),2€V(2) 00000000 V(xR O 1020000000000

k it n =3k
03 f=f,, 0000000000f(n) =4 3(4k+2) ifn=3k+1

3(4k +3) if n =3k +2.
oooo07—-10—-14—-19—-26—-35—-47—-63 - 21 - 70000lcop OOOO

5000000000002,3,6,9,13,18,21,27,30,0 1000000000000
7000000

00 1. 000000 00000 Vaai(n) = {ff4,(n) |m=0,1,2,---}0 10
70000

00 1. f= f,,000000¢<p0000000 n00000V,,.(n) =
{fi(n) | t=0,1,2,---} 000000000

00.n0 n=pk+i(0<i<p-—1)0000000
1
00 -~ <k0000i=0000 f(n)=k<nOOOD0<i<p—10000
P—q
F2n) = [Lk+i)+r) =g+ Li+r)<qgk+i—1+r<pk+i=n0000000
p p

—1 m
r—1<(p-k00000000000 m>o000000° =2 < L"MWppnn
p

) = () <n 00D f72(n) = f2(f(n) <n 0000000100 n
oo Z'DDDDDT_l <[fm<i)]DDD mUO0O00O00000 m0O m; 0000000
e = 000000V, n(m) 0 {12, b L) [§ 21,2, b UL () | i =
1,2,---,n} 000000

U 4. 0000000000O00O000
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m+1 if nis odd
00000l 0000o0o0o0o0oooooooooooooooo

13 — 66 — 33 — 166 — 83 — 416 — 208 — 104 — 52 — 26 — 13

f(n):{ n/2 if nis even

n/2 if n is even

n+m if nis odd Hoobon

mDDDDDDDDDf(n):{

00 2. 000 AO00000f%0) <n+2m 0000000000 Vi(n) =
{ft(n)|t=0,1,2,---} 000000000

00. n00000000f(n)=n+m, 0000 20) = " <n42m n00

00000f(n)=n/20000n/2000000 f*n)=n/4<n+2m,n/2000
000 f2(n)=n/24+m<n+2m 0000k00000000000f%*(n) <n+2m
D00000f*qR) 0000000 f(n) = f20)/2 < n/2+m 000000
fH2(n) < n/2+m+m =n/2+2m <n+2m 0000 f*(n) 0000000
() = f*n)+m <n+2m+m 000000000 f* ) +m 000000

2k 3
f2k+2(n)=W<g+§m<n+2mDDDD

3. 0000

fO00000bO0bo0obo0ooooboDoboobobooooooDooD nbOoDO
lim, ..f"(n)=00c 00000000000000COCOO0OO0OODOOOOOOO
OOoooboobOonD fOODO0OO0ODOODOODODOOOODOODOODODOOmod
OUOOobUobbOb 1m3gsgryobobooboobobboobooobg

n Ol1[2]3]4]5]|6]7
n?+1(mod8) [1]2[5[2]1[2]5]2
3n?+1(mod8) [1|4|5[4|1|4]|5]4
5n2+1 (mod8)[1[6[5[6[1[6|5][6
%2 +1 (mod &) [1[0[5[0[1[0]5]0

B n/2 if nis even
WM =21 i nis odd
OO000b0b0nO0000000O0n=2k+1000000000000
fn)=2k+1)>+1=2(2k>+ 2k +1).
DDDDD22/€2+2/€—|—1DDDDDDDDDDDH>1DDDD

1

f3(7z):n2jL >n
O0000000nr>1000000 imy—ef™n)=0c00000

B n/2  if nis even
(Q)f(n>_{3n2+1 if n is odd

OO000bd0bOnO0O00000D0On=2k+100000000000O
3
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f(n) =302k +1)>+1=4(3k*>+ 3k +1).
DDDDD23k2+3k—I—1DDDDDDDDDDD
3n°+1
P = =
O0000000r000000 imy—ef™n)=000000

>n

B n/2 if n is even
D(afmf—{&ﬂ+1 if n is odd

9 5n% + 1
0000000, 00000000 f%(n)= guoooood
) 5n? + 1 .
000¢3(n) = >n00000000r000000 impeef™(n) = 0o O
goo

B n/2  if nis even
0 (4) fln) = m?+1 if nisodd
O00000000000000r,>1000000 lim,.f™n)=0cc000000

OO00000000000mod 160mod 320000000 000000 Omod 27
gbgboboobooboobooboobobbobooboobo rbooboo
ooooo

Dmmz.MMJE—m%h@md&DDDDDDﬂm:{nﬂiﬁ%iiﬁ
00000000000000000 nO00000limy,—ef™n) =00 0000000

lim,ee f™(13) = 0o 00 0O

000. a,b,c000000¢g(n)=an*+bn+c0000f:N—-NIO

| n/2 if nis even
f(n)_{g(n) if n is odd Hobbhbt

()00000 ¢, b, COO0000V(n)={f*n)|k=0,1,2,---} 0000000
0000 000000
2)1<n 000000 limpwf™n)=cc 000000 ¢0000000000

4. 0000

00000000000000000000g(n) =283 —1=3"_10000
0000

0 5. [1,p.86) 000 21120000000 n000003 —1 = 1+ 272,
(k,2)=100000000 f:N—NLO
f(n) = é%:ﬁ%izﬁ 000000000001l <eO000000
f“%ngi;lDDDDDDDfM%n>nDDDDDDDDnDDDDDD

limy oo f™(n) =00 000000000 f(1)=8, f4(1)=1, fm2™) =10000
4
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O6. 00000000 f:N—-ND

| n/2 if niseven
fn) = { 2" if nis odd
googg

000000000000 nO0000O0Vy(n)ODOO

O00. g(n) D00000O00O0O0D0O0O0O0OO0OOf:N—-NO3O

| n/2 if niseven
fn) = { g(n) if nis odd

co UOUOODODO gUOOODDOOOOO

OO0 2000000000, bOODOODOODOO0OEndOOODOODOODOOut of

Range DO DO ODOOODOODODOODOODOO

0 a=3End
a=>5 End
a =7 End
a=9 End
a =11 End
a = 13 Out of Range
a =15 End
a =17 End

a = 19 Out of Range
a = 21 Out of Range
a = 23 End

a = 25 Out of Range
a = 27 Out of Range
a = 29 Out of Range
a =31 End

a = 33 End

a = 35 Out of Range
a = 37 Out of Range
a = 39 Out of Range
a = 41 Out of Range
a = 43 Out of Range
a = 45 Out of Range
a = 47 Out of Range

a = 49 Out of Range
a = 51 Out of Range
a = 53 Out of Range
a = 55 Out of Range
a = 57 Out of Range
a = 59 Out of Range
a = 61 Out of Range
a = 63 End

a = 65 End

a = 67 Out of Range
a = 69 Out of Range
a = 71 Out of Range
a = 73 Out of Range
a = 75 Out of Range
a = 77 Out of Range
a = 79 Out of Range
a = 81 Out of Range
a = 83 Out of Range
a = 85 Out of Range
a = 87 Out of Range
a = 89 Out of Range
a = 91 Out of Range
a = 93 Out of Range

5

000000000001l <n000000 limy, e f™(n)

a = 95 Out of Range
a = 97 Out of Range
a = 99 Out of Range
a = 101 Out of Range
a = 103 Out of Range
a = 105 Out of Range
a = 107 Out of Range
a = 109 Out of Range
a = 111 Out of Range
a = 113 Out of Range
a = 115 Out of Range
a = 117 Out of Range
a = 119 Out of Range
a = 121 Out of Range
a = 123 Out of Range
a = 125 Out of Range
a = 127 End

a =129 End

a = 131 Out of Range
a = 133 Out of Range
a = 135 Out of Range
a = 137 Out of Range
a = 139 Out of Range
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a = 141 Out of Range
a = 143 Out of Range
a = 145 Out of Range
a = 147 Out of Range
a = 149 Out of Range
a = 151 Out of Range
a = 153 Out of Range
a = 155 Out of Range
a = 157 Out of Range
a = 159 Out of Range
a = 161 Out of Range
a = 163 Out of Range
a = 165 Out of Range

a = 167 Out of Range
a = 169 Out of Range
a = 171 Out of Range
a = 173 Out of Range
a = 175 Out of Range
a = 177 Out of Range
a = 179 Out of Range
a = 181 End

a = 183 Out of Range
a = 185 Out of Range
a = 187 Out of Range
a = 189 Out of Range
a = 191 Out of Range
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a = 193 Out of Range
a = 195 Out of Range
a = 197 Out of Range
a = 199 Out of Range
a = 201 Out of Range
a = 203 Out of Range
a = 205 Out of Range
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a = 209 Out of Range
a = 211 Out of Range
a = 213 Out of Range
a = 215 Out of Range
a = 217 Out of Range
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H 7 7 7 OEBREKEILDIAARIZEET 5
Ty XA

Py 5
BRNBE R TR ET R

hnozaki@auecc.aichi-edu.ac.jp

1 ([FL®HIC

AJFREIE, 2013 412 A2 T 725 10 [B] REF L 5HE ] MF9EES
IZBWWT, A TERICLVITONIEEONFICET 2R EETH
Do RFFREZETDICHTD, BIFL TV We, AN (FF
BEiRF) #Rapo &35, EEE, FITEREDOI I, ZOgEEED T,
gD TR L BT 720,

AFRETIE, FHDERZIT>T2b 005, BRIEFEERE LD 3-code
ICERZ LIZVEN Lz, 22, EHRKkn FoFREST, Bed2
R BIT DEENEOES DREN s D& 212, TOHEAEHEFE s-code
LIPS T LIZ LTS, SED, X & d kot ERKE Q(d) OHIRES &
L7 %,

AX) ={(z,y) | v,y € X,z # y}

DIREN s DL ZIZ, X ZHFHK s-code LS. FFIT, AX) ITEHRE S
EHET S b L, AX) DERGNEBOAHTHER SN TWDGAEIL,
X IIFEREICEITED. EEDa € AX)IZX LT, ToEHEEa
bHEL, AX) O TRITNIEZR G2 LD, X 73 3-code TH D72
HIE, B o, FEBBHFHELT, AX) ={a,a,B} E£RDLINDLHZ LN
k. ZIZT, BEAEE={(x,y) | (z,y) =a,r e X,ye X} LT 5
Z & T, 3code X \IZHRIZAIN Y 77 (X, E) OfEEEZ ANLD Z &3 HIK
L. KERTRHBEE LTEVWOIX, BFERAMIZ 772527518, £
DJT 7GR D 3-code &, PDOXIITHERT D Z NSRS E W
I ETHD.

43



AC2013

BT 7 L 3-code DEARRIL, T TITEI STV D FEZER] T MR
777 & 2 RRHEA OGN LEEA S TS, =2—2 U v RZERIR” E
DERES X T, EWICEeZ 2 02— U v REBEOES DR
NsThbEE, X % s-IHBHES LRSS, 2-FRBEE S IXH &) Em 772
TOWEEEFoTWD., B2 bNER ST TG, TOS T TG R
FFo 2-HBEEE A ORERIEIZ OV TIE, [21ICk D 526N TEL, v
WILDDIABR D E 22T TH D Z LMo TV D, &IZ, Z Ok
WIS, BEETHIDEAZER D/RT A =2 2L vtk T& 5 Z L %, Roy
5] /R LTS, 20128\ T, JTTOMED K TH 2 HEREEA A 7R
UTFTTHEENTWS., 22T, ZN60HGHZBEBROEEN3 THD
Bt 77k, SHHEADMTEZ WD, BEOLEZAEFL VST
W sEAT T T D s-EEES & L TCOMDIARI, s-FERHES D5
FRMEICBT 5, RbEERMEOUESTHS.

REAFHEEFR OS5 1%, Delsarte-Goethals-Seidel [1] 12XV, B
HEEL LT A v, T YT —3 g v A% — AOBEHERBGRNRH 6T
Eh, HEEHESORAMNDS, THA Y, TYvZ—T a3 Y AX— LDk
WSIFR, WEE~O7 7 —F R3S, £7-, Roy-Suda [6]
W2k, [1] oMEROEREKIRA 52 6T, 2THEFEIATIR
T2V E D72, FEERmIZEBIT 256 EBLOERERmMR A KD b T X
TW5.

2 EMITTD2RHMESE L THDIEDIRAHS

AETIE, ®H 77702 HEESL L COHEDIARICEIT D EH
BT D, ZZTOREERHWTHMZZ 7O 3-code & L TOH DA
HEIRDEITEZDHZ LIl b. FrT, a7 7 7 OR/NRIC~DOH D
IAFDY, WOEREIZD D DR EE|Z/R>TL 5.

Roy [5] 13/ RO % BEREITHI A D EA 22 O # TRtk 35 Z L I2Ek
LTz, ZNEMNT DD, SB5a2 W OPHETD. n 2 i FHIC
INSWADORRDEAEETHDHEL, m; B, DEBELTS. E %
DEFZEME L, P % B, ~OELHEATINET S, 6 % 7, OFFA (main
angle) 4%, 5%,

_ 1
SV
ET%. 22T, j=0,..., ) ||lz)| = VaTe THDHETDH., ZoLx

44
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RIS 5.

Theorem 2.1 (Roy [5]). #2777 G O 2HEBEAS & L TOMEDIALD
MRt E d &3 5. ETNRITOMOIAL DOFEREDES % {1,c}(0 <
c< )T D, FOLEEXRBRLT D,

(1) Blz()iﬁ%@jf‘, C:T1/(T1+1),d:n—m1—1.
(2) 517&075>Om1>1f£%&i‘, C:Tl/(Tl‘l—l),d:n—ml.

(3) Bo=0,mi =17 <122 /(rn—n)=3.38/(ri — ) 72
5, c=n/(n+1),d=n—my—2.

(4) 52 :0, myp = 1, Ty < —1 27)0/6%/(7'2—7'1) > Ziz;’,ﬁ?/(Ti_T?) 73
5, c=n/(n+1),d=n—my—1.

(5) ERUsATHIUE, d=n—2.

FOEM (1) 2Nl 7T 7% Type (1) EFESZ L1275 (1 <@ <5).
w277 7 O NRITHLDIAZ DS, WOBKEICE D 2ME, 2D TypelZ &
DHIBIRFTRETH 5.

Theorem 2.2 (FiRiAE5 [3]). (1) Type (1), (2), (4) D& T Z 7D
T NR ST DA T 1 DOEKEIZE D .

(2) Type (3), (5) DIEE 7 Z 7 O/ NRICELD AL 1 DDOEKEHITIE S
7200,

(3) M/INAIE T/ AT 1 S OERE I T 5.

SHITH, HKEICRDMDIALENE LT H0T, EIZ Type (1), (2),
) DT 755 Z LIch D, BUNRIETRVEDAZIE, AlEOHR
IZ BT, ﬁ%@&J%%téﬁw

3 mK3-codeDHEFE7ILIY) XL

ZOHITIE, TTOMEED KD 3-code T 5703V X LD
ERNTDH. 20N AM7 T 7% LT, 3-code & L TOM/NNRITE
DAL EH 225 LN THH-T7223, %ﬂil‘%ﬁ“é N = € B A
7. LU, mK723-code ZJHT HT-DITMETH A H 7T 7 D)

3
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Wotx 52252 LIidEh L, fHE LT3 WRILLL F DK 3-code %47
WD LNTEI.

£, 3-code LBk 2 BEBEEE S & DORIR AR ~T V. RICERSNHHE
FEKiA Q(d) 7B FERH RT ~D HIR72 B4 ¢ - Q(d) — S ¥4 5.

¢: (a1 +bivV—=1,...,a0+ bavV/—1)" = (a1, b1, ..., aq,ba)".
Dk X,
¢(z)"¢(y) = Re(z"y),
DR NED. DFE D EBERNFEOFERD, BOFENEE2->TWD. Tk
3-code X THER DL, AX) ={atby/—1,c} THDHETE, AO(X)) =
{a,c} &£72 5728, ¢(X) I TEKMm 2 HHHER £ 725, FICHZ X DV T A
ITH UL, a3 M EES AT
H=M-++—1A

#EZNE, MITo(X) DT T DITHITHD I LNy nD.
H ZPIEEMEITAITHD E LI &, H, M, ADBRIZBWTIRDE
HAEETHD.

Theorem 3.1 (¥FlF—ZHH [4]). & Z M OEAME 0 IZBIT HEAZEM, &
v/ —1A OEAHEO i’o?LZ).ﬁ W45, 2oL,

& c &
VIS RTAS RN
Theorem 3.2 (FFilRF-ZHH [4]).
2Rank(H) > Rank(M)
VNS ATAS RN

A&ET T 7 GOMEATIITH D 5. G 2T B = A+ AT
DR 7T 7 ThHETDH. 22T, GIEGOUDRE 2 L7 Hmn
7T 7 THHIEICHEETD. BEG O T 7 DMBEITIITHS LT
5. GOWODIALD T T 2TH| H TSI ERET L L2k, 5
Fa, c ®HWT,

H(a,c) = —(B + B) + aJ +¢V/=1(A - A”).

G' DDA

4
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ERTZENHEKD. 22T, EB+BIX, G OMEDIALDOIEEETHITH
HZEIZEET S, Theorem 3.2 £V,

2Rank(H (a,c)) > Rank(—(¢B + B) + aJ)

DRV NEO) G, H O, DFEV#HOIALORITLE /NS LED &T
E, G OEDIALDORITL /NS TOMLERD S, 22T, G O
AHE LT, BRGSO IABZHAT L2 12T 5L, ROl TH
5EF—BMICEED. R, TOHDIAHLNEKEICH D Z EICEET
AUE, Theorem 2.1 XV, (I BOEAEIZEIVEDOND. EERITHU)
THRW G OEDIABZNE K 3-code & 52 H7202 &%, +oIcKRER
3-code 155 L THMD. ZIT, OEODNRITA—=HENRED, 5%
N 2OD/NT A =% a, c & H(a,c) BHIEEMEITHIND, BEAHRD T
FhEL DX DITRE LTV

G DR/ INRICHLD A THE IR TR AUE 72 B 720D, GIE Type (1),
(2), (4) OVFTNLTRITFNIER DRV ENnD. £7, Type (1),
(2), 4) DN T 77 G &5 %2, G OBERICNEEEZ, ART 777G
EERHIEEEBEZD. BICMEEG 2D EERITIESON, Theorem 3.1
Thd. 2FV, GOBEEATY AITIROEX AT S/ X7 57220,

&y = Null(—(¢B + B) + aJ) C Null(A — AT).

Z 2T, Null(M) 13780 M OEAE 0 I3 o EAZERZERT 5. &)
1L Type Z EICRHETHZENTE, ROXHITH5D.

& =E G' 7 Type (1) D & x|
E=EnNnj* G' 5 Type (2) D & X,
& = Ey G' 7 Type (4) D & =,

EE~DEZFEATIIR) & A— AT RERZTHZ b, A— AT OF~
MV OBEAZ, DR DRD Z ERHKkS. AEIOTALTY ALNTE, Z0
AT v T TCOFHREEE DR VA CE TN KREhoT-, £, & Cjt
ThdZ LIZEETIIL,

Null(—(¢B + B) + aJ) = Null(—(¢B + B))

THDLZENGMDDT, ADFEME a (KL TITRO D Z ERHKD.
EEITIE, cZIRDTHD, aZBRODHZEITRD. ZOEEITHERZA
DN DHHEITTR 5.
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Lemma 3.3. H #— /)L — M7 & L, p:]_%J LFD. T <y <
<1, & HOFEBEBM (main eigenvalue: EREPIETH HEAME) &3
%. H Z¥IEEETHTRWE TS, 20 L ERBEETHD.

(1) H%a>0BEELT, H+al BLEFETINCARS.
(2) 7y > 0, S, B2 /7y, < 0, v PHP AREEE(ETH & 72 5.
:(Uﬁﬁ@zo@gﬁ,@g4mz;ﬂymgﬁﬁ@jo.

H(a,c) B EIEEMEATIIE 72 5 7-D121%, Lemma 3.3 @ (2) OS2 il
=T HEe, cMETE ST hﬁiﬂiﬁ%&w EWMD. b L, (2)
IR c I WE 35 L, H(a,c) DB A /NS THZ LI
He T, G OHEOIALARERIRITIE, G OMOIAHRARERIRIL & F L <
o TLED ZEDNGITE D, Fo(2) Wil Tk c BNEILD &35
L, FOHRTY H(a,c) DB EHR/NZT 5D, cBME—EED, GOHED
ABAIREZ2 R oTIE, G OHDIALRATREZRRE LV HIT/NS < 725 Z &8
DD, (2) T e RN D HE, Bn2nwgygs, WThoRaics
WTH, GOIEODIABLARERIRICOR/IMEITE 25 Z ERHRD Z &1
HEEINZV. e DRENL, BERIZaBNEEDLZ LITRD.

PLEF LD, FEFICRHATT 7 =DV 72 5338 LTV 573,
Qd) EOFK 3-code 2525703V XLFKRO L ST/ b. HIZX

H(a,c) = —((B+B) +aJ +cy/—1(A - A")
PEIEEM T, BERRNERD XD, La,ck 5252 ThS.

(1) Types (1), (2), (4) DR 7 Z 7 G TH/NRITN 2L T THD b
DZEDFETH (EFIET2 THEALNATND) .

(2) G DRINKTEHEDIA T & - % % Wik € % EET 5.

(3) & C Null(A— AT) L7825 X912, G OITHE M EITV, A
757 GEES.

(4) Lemma 3.3(2) Zii7= 9 ¢ BMFIET D DR T 5.

o (FETHRBIE, TOHFTHLR WV a, c 2RSS L3 TE Rep(G) <
Rep(G’) £ 72 % (Rep i3/ NEDIALORITTEERT D) .

o FIELWRBIX Rep(G) = Rep(G') £ 72 5.

6
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FRRIZ, RBRRIAMEIZR> T HDI1%, A7 v 7 (1) ThHhDH. £,
WIL2d A FO2HHHESEZNIET L2 L A2ERLTWDHA, 2d<T7TL
DYV FEIZRED L TR0 2] ZAUTE RO BV DN TN e &
WO TEITTOEHBHTHD. LT -> T, HK3-code D7HEITd < 3 TLM»
LD EZAITZIR. LLFICEK 3-code DTS L, T DOIERB (=
=X VEBRTRY Hbr\») REGOMEBERICELDD.

d |12 3
X4 8 9
#1135

RBIZENENOHEIZOVWTOELELZLERD. d=1DLE, KRR3I3
a— NIIESFEOTERES. d=20L %, YEFA RA4DET X~v—/L
1780 (—ER) O/ NEDIAZE L, YU(-Y)PHRK3-2— R d=1,2
D& XX Fisher oD EREZZER L TWVWD. d=3DE X, HFK3-2—F
D120, A X3DOIEH| b —F A % 3D disjoint union & H7=EH D,
70 O 3413 6 o KFE 2-BEBHE S O EEN LR LS.

5 X Hk
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Characterizing optimum designs in terms of finite irreducible

reflection groups

FOR R - BB PR R
Fol KRR GE - HRBAZER B R

1 FREEHE

FEREHE & 13, BREHNT — ST R 17 S b CRBTR OB [ 12 4 A 7 B 2 15 2
EODIEDDTH S, FHICARITIET — & B % (T ) FEREIR % n KL BT = {x €
R | |l 1) CEEL, UFTHA3%EAMIEFLEELS LT3,

Pu(B") &4t ROLEAZEM % B ICHIBR L2222, N = dim(Py(B") = (") £BE,
fi,fo, - INZP(BY DHBHEEET S, ZDEE, LD ET VI

Y(z) = 0f'(z) + e(x) (1.1)

CHD. T = (fru oo ) BIERWARERY L, 0 = (01,09, ...,0x) % KK
TA=F WM RIRT FNVETE, oIl e(x) ZBMERAZL L, ¢,y € B x £y lIX LT
e(x), e(y) I3 R HERELCCHIRHE Ele(x)] =0, D8 V()] =0% >0 27T LT 2.

TADOHNIZBIHMS « &£ ZDINEY (x) DBIRZ EFCERTIETHS, Z2070ICB” Lok
CTENLZFBIMTIUTRA N T A =2 0% ) £ HETE 20 25HHT 2468 03H 5, 22T
BUFINICIE BY EOMERMIEE ¢ %G1 (design) & & T 5. HlAIE, BEEGIE(x) =m0,
Oz, () 13 m HDOBBH I 2, 1B TEHAIF—5 % L 25HH L ERT 2 2 LB TESL, 20
£ IcHA D3 B L OMESRMEE ¢ 25HEH & WPSG, ¢ ORZBIME, ZOBI2E ) 2HARK
B FREBRIMIBUC KT T 2 bl TOFEBRME OB G & a9, AR IR _EE T 2 i
HIEEE L CoFHIICERZ ST,

ST, FEBROBIMFIED»S (1.1) D7 X =7 2 HET 27 D121F, BT

M©) = [ f@) @i

YT 167-8585 HUBUABIZEIX ST 2-6-1 HUR A FREBURBER AT B R £ R
e-mail: hirao@lab.twcu.ac.jp
Y6p, 135 2, ICBI) 2 Dirac HIEE T 5,
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MEEL 5, KAVST A =5 0 ORvNTHEER 6, KO D5 LA VO] 137,
BATHNDOFEATHI ML (&) ICHBIT 206 TH 5, 0 DIEERBETH 5 720121F, M(E) )IE%
BIE 5% € CHIRT 2 0BHH 5. £1, 20 & FLHEAZEN P(BY) LOW—KIEA

o= [ IeEse)

FHARICAEZED 5. AFETIE Neumaier and Seidel (1992) DUfRICHE, DXk %
t ROEHE L P52 LI2T 5.

FeB U7z & 9 IS/ I E RO a8 - O BATHI V(0] 3BT oM I T 5. Z o
CLIFEHEZ EYNGES Z LIk o T, REVSI XA =8 OHEEREEZ LT 5 2 LDH[EETH B
CLEZEHRLTwS, 22 THRAIIZD L) R TOD 2HiaIHIEHE 2 i 72 9 51l 2 K5 7
52 ErEZTv, RO OfEHRENIEREAED D 203, T T TIXEERITA 0TI %2 e ME
T2 DREUREZRMNT 5 LIC§ 5. DI, HICRBEEE (optimal design) &5 A3,
DD el RE 2 7 TRl 2 T 2 L £ T 5.

BOME I O EAE R OREEGEICBE T 2 6 TiF%8 & L T, Farrell et al (1967), Ga ke and Heiligers
(1995), Pukelsheim (2006) 7 EDSBHFE R E LTHEIF o5, L LADS, ZhoDiie
AED2RENFETNVDOGEICHIGEL TE D, b LI 6201 6 3 XU EoLIHA €
TIVPBEEGEIIE NG IFEIRTE R\, 22T 3XMRETIVICAT 2 D midsic
B L T, Hirao et al (2014) T3 B & Weyl #it2 > 7 M§iliE 2 5.2 72, AHFETld Hirao et al
(2014) IZB VT 2 EO—IL E LT, Z DD RBERISLEE Fy, Hs, Hy, Eg, E7, Ex OHFh
BB/ 6N 2Rl 2 BT 5.

EE 1.1 (B, GRS G = Fy, H3, Hy, Eg, E7, Eg I LT, 3XPAED G AR
WEEHHSEAET 5. FFIC G = H3, By Tl¥, ZNZFN6R, 5RXD G AL RBEHDFET 5.

AFTII3HICEH T, HIWEDILY FHITEH L 7 Foli i DR ARREL, K& SO Df
R TIED 5. 206 OFEfll &3 BRI D\ TS Sawa and Hirao (2014) Z &I 1720,

2 REETEIDERE
2.1 Euclid ZEEOFHF1 >

HAZER BY Lt ROFGHERHENE, RAEEEZ 1L T25H 2 (¢4 1)/2 EFELIRE EICEE S
% 2 %3, Karlin and Studden (1966); Neumaier and Seidel (1992) 52 X > THIS 11T\ 53,
DT EDS t RO Z MR T 2 2 &%, 2 (t+1)/2 BFELIKA LD 2t-7 914 v (

2D DI & D BT {21, 2o, ... T} CRY LD BRI £(z) = m™ L 7, 0, (x) 255
L. 0 Do - AT

2

V(9) = ZM ' (6).

m

32T (t+1)/2 B OBA, 1/2 BEAICHIET 5.

2
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H5 (t+1)/2 BRELLIKME O ITNT % 2t XD cubature AR) 2L T2 2 & LRETDH
5250 %, T I THUTIC Buclid ZEH LD 7Y A Y OERZHNT S LITT 2.

X % R" OHRHAES, wE X LOEEEAMEKE 5. X OBRESE (2] | € X} =
{7"1, .. ,Tp}, ry > > Tp, EL, X; = XﬂSTi, W, = ZmEXi w(:c), MO S = UleSTi £9 5,

TE 2.1 (X,0) 2 EANEHREATH 2 L T2, LD f € Py(R) 1L T,

ST o (@) = S wl@)f(@) 21)

i=1 ‘Sn| zESy, zeX
DO L E, (X, w) % p BRDIKE S ED 2-FHFA v LT,
t R Diita iz fER L 72 Wi, b L 72 Karlin and Studden (1966) Of5H %2 Hv, [EH4T
FIM(E) DK & 70 2 S A DERIEI DAL i, KO Z DRI EOEA W; 2—RICIRET 2 2
ENTESL 2 I THA DOREIRFE 42t ROLIEAIH LT, (2.1) 2H Iz dEAMNEH
REES (X, w) EROF 22 THB. LHLEDS, EL2ARDEERETISHL (2.1) 2R

D> T B2 HET % DI time-consuming ZEETH 5. Z 2 TEHEHEEZBINICHKS T
Sobolev DEH Z KIZFENT 5.

2.2 Sobolev OFEHE

B2 I BGENESA D GIRE S NS (¢ + 1) /2 BIFALIKIE LD 2t- 74 A~ %2 BEREME O Wi 7>
RO NS RIEZ LI L 72\, BTIRoIC G 2 n KEHE OR?) OaREE L, —f#K
e TRZEODPIBRS, ZDOLE, feP(R)ICHNLT, yeGD f~DIEHZRXTED 5.

(vf)(@) = f(@"), Vo eR"

EEDy e GITNL Tyf = f 2z T4HAZ G ARE (G-invariant) TH 5 &), P(RY),
Harm, (R") O G AELIHAD 6 72 23722 % 2 N2 Py (R™)C, Harmy (R™")Y £ R T LT 5,

L EFRDIKE LD 7Y A v (X, w) D&M (1), (i) Z2Hi7-TEE, GAELERERZ LIZT 3,

(1) X % G-t =¥, 2, ..., 2§, DREGTRI NS,

(ii) Ul 2 Ly, ¢’ € 28 1L T, w(y) = w(y).
XD Sobolev DER, KO, ZEFRLBKE LD TH A 2% L THAE (Nozaki and Sawa, 2012)
DIK D VLD,
EHE 2.2 (Sobolev (1962)). G % O(R") DEH#LETE. ZDEE, RIFFAFETH .

13 filiC BT EEH 2 & O IR T BERIC, BRI v, Wi IOV TIE OB B, LRI 2 R fE
ri, Wi Dlitilz $EIRRUIC DV TL, HIA1E, Neumaier and Seidel (1992); Hirao et al (2014) Z S L TH L v,

3
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(i) B 1 1 ¢, ¢ € Hamy(RM)YIZHLT, Y, w(z)d(z) = 0.
EE 2.3 (Nozaki and Sawa (2012)). G % O(R"™) O3 H#E, X = UM ezl 9%, %KL,
x, €851, 1, >0ET 3, ZDEERIIFAMBTH .

(i) (X,w) ¥ Euclid 2] LD G AZt-THA v TH 5.

(i) fEED1 1 0 j |5, ¢ € HamyRMHGIZHLT, 3 cxw(@)|z|¥p(x) = 0.

INSDFEEREDS 24-FTHA v 2RERT AE3121F, ZHEHALTTIERL, 20 G ALHNLIE
R L 72— DA ZFTARIUTE L, THIEEBOHED FTIEFIcERTH 5.

3 bl

C DTk G &2 BERISMEE By, Hs, Hy, Eg, E7, Es £ 3 5. %13 t ROl (st
oo N5EH 5 (t+1)/2 FOEKE LD 2t-7 5 A V) 2 FH0EZ VTS 2 72 0 ([CiE
DIARZ RO R ITNLR 6 B, T 2 TERIAFED B R Weyl #f 2 v 72 #5185 (Hirao et al,
2014) %z —#¢ft L, corner vector ZHHIEDIRM LT 52 LIZT 5.

ZZTwy,...,v, € R"D3G D corner vector TH 5 L1, GDHEEARNLV—F ar,as,..., 0, ITXf
LT |uf =1, kO
v; L aj <= 1 75 Js

iz TR bV TH B ET A5,
corner vector DHLD HIZOWTEELR R WEAICEIT 5 G AL RHEG RO R RKREUI LT D
L) ICREINS,
EFE 3.1. Corner vector DHLYD FIZDOWTHEL L WIGEITE T 2 BB LD G AL G
HENZNT AR REBUILL T O@E D Th 5.
(i) G = Fy, H3, Eg, B D56y + I RREUL 3;

(i) G = Eg D6« IR 5;

(i) G = Hy DEH « RARKEIL 6.
DURIZERE 3.1 THBUF I ARRE ZERT 5 G AERGEHEOW %2 Z N F KON T 5.

ZITR =r2&Ll, J;13XNS, ICWET 2 corner vector 27T index set, w; |& corner
vector v; ICHIG L7z HHA E T 5,

Fy AERBEFTE. (2.1) ISHIG L 2 Holfiix, W, = 0.850308, Wo = 0.149692, Ry =
1, Ry = 0.313408, ZD& ¥,

SEWEISRLEE G 12T 2 HAL— b, KO corner vector LD FEIIIC DT, Nozaki and Sawa (2014); Sawa
and Hirao (2014) ZZ& I 172\,
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1. Jl == {1,2}, JQ - {3,4}:

wy = 0.0354295 4ws, w3z = 0.321934 4 32.484w»,
wq = 1.29397  129.936ws, 0.00226244 < we  0.00885737.

2. Jy = {2,4}, J, = {1,3}:

wi = 0.00623717 4wz, wa = 0.00792843 4 0.0307844ws3,
wq = 0.00371576  0.123138ws3, 0 w3 0.00155929.

3. J1={2,3}, Jy = {1,4}:

wyp = ( 0.00623717 + wy), wo = 0.069265(0.0608198 + wy),
wg = 0.069265( 0.0670569 + w4), 0 wg 0.00623717.

Hy FESESHE.  (2.1) ICG L 22 fEIX, Wy = 0.791993, W, = 0.208007, Ry =
1, Ry = 0.206255. CD L X,

1. J={1,2}, Jo = {3}
wy = 0.0159049, wo = 0.0200378, w3 = 0.0104003.
2. Jy ={1,3}, Jo = {2}
wy = 0.0236618, wo = 0.00693356, w3 = 0.0254026.
H, AZERBEFHE.  (2.1) ISHE L 22 fififild, Wi = 0.644994, Wy = 0.269306, W3 =
0.0809367, W, = 0.00476298, Ry = 1, Ry = 0.693266, R3 = 0.290845, Ry = 0. T
& E,
1L J={1,2}, J, = {4}, J3 = {3}
wy = 0.000645503, wy = 0.000788242, w3 = 0.0000674472, wy = 0.000448843.
2. Jy ={1,3}, Jo = {4}, J3 = {2}:
wy = 0.00119579, wy = 0.000112412 w3 = 0.000417916, w4 = 0.000448843.
3. 1 ={1,3}, Jo = {2}, J3 = {4}:
wi = 0.00115801, wo = 0.000374036, w3 = 0.000421694, w4 = 0.000134894.

Es FESEEHE.  (2.1) (MG L 2 BBl ik, Wy = 0.912086, Wy = 0.087914, Ry =
1, Ry =0.331571. COL &,

54
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1. Jl == {1,4,6}, J2 = {2,3,5}2

w; = 0.0000634021  0.118238ws + 3.00413w,
wy = 0.0674463 + 2.00468ws  40.5069wg,
ws = 0.0201118  0.638903ws + 12.1521wg,
wy = 0.00423055 + 0.0147797ws  0.708850w.
ZIZT@H) 0 ws < 0.00325607, 0.00165501 4 0.0525757ws  we  0.00166506 +
0.0494898ws, b L < I (i) ws = 0.00325607, ws = 0.0018262.
2. J1 ={2,5,6}, Jp = {1,3,4}:

wy = 0.033644 4 0.498833w, + 20.2062ws,
wy = 0.003733 + 0.007373ws  0.410208w,
ws =0.001384  0.318706ws  0.757732ws,
ws = 0.003915  0.058981wy + 0.614996ws,
2ZT(@) 0wy < 0.000407, 0.001665 0.024687wy,  ws  0.001826
0.420606ws, b L < 13 (i) wy = 0.000407, wg = 0.001655.
3. Jy ={2,4,5}, Jo = {1,3,6}:
wy = 0.0612494 + 0.969697ws  24.2407ws,
wy = 0.000913902  0.0189573we + 0.720215ws,
ws = 0.00217475  0.136364ws + 0.909027ws,
wy = 0.00330872 + 0.0189573ws  0.845215ws.

22T ()0 ws < 0.00122103, 0.00239239 + 0.15001wsg w5  0.00252672 +
0.0400028wg. H L < i (ii) we = 0.00122103, w5 = 0.00257556.

E; RERBEE.  (2.1) 1SS L 22 hallfidld, Wi = 0.929562, W = 0.070438, Ry =
1, Ry = 0.336856. 2 & &,
1. J;={4,5,6,7}, Jo» = {1,2,3}:

wy = 0.000559032 16ws 80ws,
wyq = 0.0001923 + 0.0261807ws + 0.163629w3 4+ 0.071347wg  0.22465w7,
ws = 0.000203981 0.13963wo  0.872689w3  0.454592we + 0.436226w7.
Z 2T wy, w3, we, wy 10 wr,...,wy <1 %72 T IEDOFEE
2. Ji=1{3,5,6,7}, Jo = {1,2,4}:
wy = 0.000559032 16w 32wy,

ws = 0.0000561515 + 0.00764476w2 + 0.0232401w4 + 0.0208333we ~ 0.065597Twr,
ws = 0.000480892  0.10193w2  0.309867ws  0.351852ws + 0.112731wy.

Z 2T wy, wy, we, Wy X0 wl,...,w7<1%?ﬁf:3"ft®%§ﬁ.
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3. J1={3,4,6,7}, Jo = {1,2,5}:

wy = 0.000559032 16wg 6ws,
w3 = 0.0000413628 + 0.0283139w2 + 0.0238899ws + 0.0921811we  0.088457wr,
wyg = 0.000333953  0.0707848ws  0.0597247ws  0.244342we + 0.0782853w7.

Z 2T wy,ws, we, wr 130 wi,...,wy <1 &7 TIEDFEL,

Ey AZERBEHE. (2.1) IR0 L 22 @i, Wi = 0.834316, Wy = 0.153639, W3 =
0.0120447, Ry = 1, Ry = 0.620885, R3 = 0.180194. 2D & &,

1 Jy={1,7}, Jo={2,6}, J3 = {3}
wy = 0.000340924, wy = 1.02686 1075, wg =1.72448 1078,
we = 9.15974 1075, w; = 0.000511382.

2. J1 = {1,6}, J2 = {2, 7}, J3 = {5}!
wy = 0.000159098, wy = 1.74907 107%, w5 =1.37958 1077,
we = 0.0000767076, w7 = 0.0000484746.

3. 1 ={1,7}, Jo ={2,6}, J3 = {4}:

wy = 0.000340923, wy = 1.02703 1075, w, = 3.44896 1078,
we = 9.15794  107%,  w; = 0.000511382.

4 #E

1. Hirao and Sawa (2014) [2B W T AR KO D B Weyl #% F o THERR S 115 iz HljIZ D0
THREFTH 5. Fric AR Weyl %2 TR S 112 ezl & D X 9 1T corner vector
RIEALTORRREZ21ICL 26, Lo L, Zo8a, WS N2 kiEs bk E
AREDEHE L 72 5 exact design £ 2> T3, ZHUICH ESIEFICEHTH 5.

2. ARCIImEEREE L LT D RdEMEREEZ R L7228, X0 —i7% o, iodEtEREE (D i
PRI O FroPEFLE & [FfE) (20 L CHIEM A[RETd 5. Hirao and Sawa (2014) IZH >
TIE, 2 OIS b DD DOEGEMIENE I U CIRGER SR RECH 5 Z 2R L Tw 5,

3. XV EROEBEEHE 2 KT 2 7 oi2iE, BHOEODT, KO, WuBDMROENTE, 7
BEINDZNERHDBL L, IS DOMEHIVERMN T 2 L7 ETIN s eI ) B h3H 5.

SE R
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the Berkeley Symposium, vol 1, pp 113-138
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Baer subplane IZ & % [EAZELS DK

LI #E55 T and BA 1572

VBB BE L AAFE R
2 BT RER Y. BT A4

1 EU&HIC

EARHLS OAAN, k,s,1) £ 13, Nx k{7 TH->T, ZDEIDB s HOBEE»S 20, {70 ED ¢t
FlaH LT, ZOITICETD DS & 9 E—EB A ) §2BNs DD Lx v E
T.IIT RS, N ZITE k2T, s #AKMERL, A 24 Ty 7 AL w0 ET, BEZRSNETY
A VPR O FERE, JISHWENIC B W TIEFFICEELRHAEMIETH 272 D12, Z DIFEEEN ORI
WERGE DOMFZE 1A MICB I 2 EELRMEE 2o TV E T, BRHS, SR KEBIC L TX h K
FVIERL, XD/ WITE, & D RKEWIIEE R OEREIIOMREZS2 2 Lok oh
TVET. oL, GAONLMS t, IE k, AKEE s I LT, W 5 THITHRN 2/ TE?
DI TIER L, KD Rao DIRARZHi 7 X B TUE R o nw I L 3bhoTwET.

EE 1.1 (Rao DPRFEIN) 50 ¢, HlivEk, fifis, £ v T v 7 A A DEKLES] OAL(t k, s) I
WTC, ZOTHN O TRV T TLZoN S,

N:Asf>1+{ 121( >(5_1)1 (t : even)

1=1 ( i ) (S - 1)1 (- 1)/2(5 - 1)%1 (t : Odd)

TEASHELS DRI S, AKHEBDSE BN F DEAIT DWW T & D2 S L DRERRIEDHI
LN TV EDTTY, KEHDFEBRX THEOLHEORIMICOVTEHEDbr>TVETA. (FE
FHDOF BB, Bush [2], Fuji-Hara and Kamimura [4], X O' Colbourn et al.[3] 7 £'1C X % 553
DHH ET.)

EEE 1.2 (BUSh [ ]) lﬁﬁﬁﬂﬁﬂ OA/\I(Nl,kl,Sl,t) bS] i U OA/\Z(Nz, kz, S2, i’) ﬁ‘ﬁ%’fﬂ‘ﬂ&i, lﬁﬁﬁﬂﬂ
OA 1, (N1No, min (ky, k2), 8182, ) DSHAET 5.

R Bush (2 & 2 J53EI35R7IC, 13 & A EDKIERITN L TEKRLIN 2G5 2 3tk 3. La
LAa23s, COEMOTRZ HUEbr 5 &k )1, KAEZIEZB_F ISR MRUME L LT, 17 5(
ML (N1N,), F1EU3/NE £ (min (ki k) 2> T L EF0ET. 2D Bush DREKED KL 9 1T
LU 2 HEER S % 7= DI DIELRBAN DAL 2 ARGE S 5 & 9 T a2 fHm RS IE & v & 3‘.
Fuji-Hara and Kamimura [4] |, Baer subplane & X (341 % FR&M L o#E % T, NI
FEFREARF ARAER 2 KOS 2 WK 2 k2 R L £ L 7.

AT, & 2 BELREO T HEDEH %2 Flv> T, Fuji-Hara %@%W L 72 ERRST & D HTE
DNZVERIAN RN L2 WELET. 51, ZOHEKALSNICIE, Bush D51 TIEREK
TERVDHDOVEEND T LZFHERIC K> THED» D F L .

58
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2 Fuji-Hara and Kamimura IC & 2 EZRE5I OB
T I T, Fuji-Hara and Kamimura[4] Of§REZFMN L £ 7.
¥ 2.1 (Fuji-Hara and Kamimura [4, Theorem 3.3]) fEEDEH ¥ g IS LT, RD/8F X ¥
D (GrEIArEeL) MKmE? EARLAIAAAE S 5.
OAp-n(7*q — 1@+ 1)/3,8 +9+1,4*— 4,2). 2.1)

Fuji-Hara & D /57%13, transversal design & WXL 2 [EZRELA & 584312 S5l 4 LA S (group
divisible design ®—f#) ZH§K T % b DT transversal design (FXD L J ITELEINFET.

E; 2.2 (transversal design) RESG P O7HE C Z1E) fioHLEZ D= (P,B) L §5. BlIHE
BP DK EE(INE 70y 7 EWES)N»roRD, 2Okz 70y 7 A A, N2 70y
BEV). CRRESP D s-TBaRENDDETHY, COELEDILE I TALEWV). ZOfEH
WG D SRD 2 >DWE 27T & E, D ZMS t D transversal design &> 7).

1. RO CeC tAEBD 7y 7 BeBOIARDVL I E1RTH 5.

2. B 2Fh oMV Lt iz Bl 70y JOBD—~EHATHD. 2O A 2B EES.
C O transversal design % t-(k,s; A)-TD 2> <. (RIS, ARETIZ t =2 DHADAZH) ) t=2D
B (k,s; A)-TD £ ¢ 2 LIcT B,

EAZHCA & transversal design D287 X — & OXfIRIEHE 1 DY TY.

# 1: [HACKLA & transversal design D787 X & DR

[l transversal design

FEERRIE (T4, runs) N 7y 7 DHN

HEIE (9154, constraint) k Ty 7Y A X =07 ADEk
IKHERL (order, number of symbols)s | 7 7 A% A X's

A VT v 7 A (index) A 26% (covalency) A

Fuji-Hara & |3 Baer subplane 2\, X? & 9 IC transversal design ZfK L £ L7z, 22T,
Baer subplane & (%, PG(2,4°%) Lo, {75 g DFHVR & AT 255 0l & < 4.

EH 2.3 (Fuji-Hara and Kamimura [4, Theorem 3.3]) P = PG(2,4°) 1=® Baer subplane % P, =
(Po, Lo) £55. ZDLE,

V.= P\Py,
B = (Po L b 5 5\ 4T D Baer subplane D),
C:={\Po) |l € Lo},

LEDDE (M), FHAEME (V, 8,0 3P +9+1,4°— ¢;,9%q*-1)-TD TH Y, 2FHhX(21) D
EAHA & AT G TH 5.

L2 IERRGIASIEIRETH 5 C L 13 Fuji-Hara 512 X > TFHI T E L 722, Ueberberg [6] DR DIHAS & L
TS HEPROIEL SHGEHSNE L. 2D 2 &5 5, Fuji-Hara 5 OERALSIE 1 5187 & 23 HAET T .(Hedayat et
al.[5, Corollary 6.18] )

2HAZRAIDSKIEINTH % L1, H BTOEROKH Y 7 b2 E LELRAN DT A>T b DRV ET.
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point class
(containing g?—q points)

P\Po

Baer subplane P

1: Baer subplane %> 5 i S 41 % transversal design D i &

Baer subplane 13k~ ZAll & GaEE 2 K52 2 SIS LT X923, FFISK D Bose DA
HETY.

TEHE 2.4 (Bose etal. [1, Theorem 2.1]) PG(2, 4%) 1:® 2 D ® Baer subplane P;, P; DA i DE#
AT ZEMOMEBIZ T 5. 0% D,

Vi j, PPl = 1L L)

(2 ©D Baer subplane P;, P; SE# | 2 EGT 2 L3, e LiNL; THDL PN =PNI=g+1
THHEEZVH). BTLLPINI=PoN]THLLEITE)

F}25 Po, P %, P =PGR,¢) LOHWIZED S KW (MEHA L % \»)Baer subplane &£ 5.
DEZ, Py DITEDEMRE PLOXOLYIE L LI E1HTHS.

%25 &1, & % Baer subplane Py Z[E L, Z DEM (EDR) 27 7 ALEDTEITIE, Py &
b 5 72342 T D Baer subplane (3 transversal design ® 1 HH D&Mzl 2 L3ba D
T 1213 2 FHOEM %072 T X 9 12 Baer subplane Z3i#.5 C & HKIUL, 7 7 A A X g — g
O transversal design § 7% b & KUERL ¢? — g DIEII 2 KT 2 2 LAk E .

3 ERR, ERBAFKEBERERTIOEBA

REG L7 7 ADFGEL Fuji-Hara 5 DJ57E LA U T, #IRY 2 70y 7 247 L7 transversal
design ZfK T & UL, I8, KEEZ: EIZEZ TN, L DN WITROERR 2R TE 5
S0 9. SR, SRR D & % 5T #FIC X % Baer subplane OWUEZ VT, 2D X9 &
transversal design 3G 501 % Z L 2R L £ L 7.

EH 3.1 (Yamada and Miyamoto, 2014) fERDFEEHAF g 12X LT, RD/37 X & OKEIRYIE
BEAIDIFAET 5.
OAq(qﬂ)(qS(&l -1’(q+1D), ¢ +q+ 1,4 —q, 2). (3.1)
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I5IT,gmod3=2D L E, RD/7 XY DKIRIIER IS SHAET 5.

OAyg3(7(@ - D+ 1/3,6* + g+ 1,4* - 9,2). (3.2)

I 3.2 (Yamada and Miyamoto, 2014) PG(2,4%) = (P, £) 1D 2 DD %EbH & 7> Baer subplane
ZPo=Po, Lo),P1=P1,L1) L, Py ED1EZ OePy LT5. I6IC, WHEAHREOWIHET
BRDEIICEDS.

I' = {g € PGL(3,4%) | g(Po) = Po, &(O) = O}

HOWE D =(V,B8,1) ZRXRDEIICEDS L E, ZHUIIRE 2 @ transversal deisgn TH 5.
V.= P\Py,
B:={g(P1)|geTl,
C=((\Py) | L € Lo}

SZMOFEMIZEBWLE T, 70y 78|83 7oy 7 P OENFICE->T2HE) DfER &
h, ZNZFHELRS (3.1), (3.2) ICKHE L £ 9. Fuji-Hara & OEKHS & HbC, EH 3.1 DA
KIS A 2FE2BLUOBITRLET. (x DOLAEIZERES (3.2) Db DTT.)

2 2: JeATHF%E, Theorem 3.2 DFEDEREFN DK 8T X ¥

L IDRES N k s A
[4, Theorem 3.3] 4*(g-1°@+1)/3 ¢ +q+1 qg-1) @G -1)/3
Theorem 3.2 P@a-1D%@+1) ¢*+q9+1 q@@-1) g(g+1)

Theorem 3.2*  F(q-1)*q+1)/3 ¢*+q+1 q@-1) qg(@+1)/3

% 3: JefTHYE, Theorem 3.2 DGEDEZELIID 8T X 5 D BRI

g N, [4 N,Th32 A[4 A,Th32 k s
2 16 8 2 1 7

3 864 432 24 12 13

4 11520 2880 80 20 21 12
5 80000 *4000 200 *10 31 20
7 1382976 98784 784 56 57 42
8 4214784  *75264 1344 24 73 56

Fic, IEACELS1 (3.2) DRI IE Bush [2] DAL (EFE1.2) TR TE RV DOIGEN S T L
IS ERICHEETE £ 9. Bz, BRI OA/\l(Nl,kl,Sl,t) BLW OA/\Z(Nz,kz,Sz, t) % Bush
@ﬁ{fféﬂz L Tﬁﬁﬁﬂ?ﬂ Ozﬁ/\l)\2 (N1N2, min (kl,kz), S1S2, t) 75‘%’&‘(% 7= & 'd_ %) k P

1. N1N2 = N, S152 =S,
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2. S%|N1/ S§|N2,
3. N1>k, N2>k,

D 3 DD SN DHMENH D 353, SHEIFERK L 72 1E8RLH (3.2) 1% LTI s D5
itz TR OfIE Rao DIRARDBH L S FEL R\, L \0) T E2EID L 2 LR E
T, EBRIZ, g < 107 F TOETOELES (3.2) 2% Bush DT ETIIHER TE 2\ 2 L Z§HEIC
Yo THERLE L 7.

4 SERORELRE

AIRIRER L 72 TEAHLS1E, Rao DIRARDOBLE 2513 H Y ROERRSITH 3 LIZEATHEA.
Bl Z1E g = 3 DHEAITIZERE 3.2 13 432 fTDOELRFLS % 52 £ §5%, Rao DIRAXDBLE A 5 1%, (IF
U AKHEE D[ U H14 7 )72 fT DIERECTN DS D5 F 7.

L L, BB X KERDLEDERES] T Rao DIRFNZERLT 2 b DIFFELEDOM B IR 1748
L 8 ADT, IEBELA X KMEREAIESNIC A L Tld Rao DIRFAN X b @Y 2 RAXDH 2D T
v EEbinE$3 20k RIEREAR X AKERIELRLI O 7- O ORARX D% &0, 51
RERR L 72 TSRS & D b X DATBO/N S WIEREIN DT 20 E) D EBGEEL 720w EBnE T,

2014 4 3 ABEDFHEBEERIE R CIX, @32 X /NS WERRSIZRO»> T A, L
2L, q =3 DEEIC, 108 fTDATHITED 252 BT H e TOMFNAI 2 [0, 3 Bl 4 vs L 4 B
24750 (i MIHBLT 2 A O BUE, BAZ 25N X & T3 (1= 2,3,4)) RO -> TV E T,

F7o, ARTHL CIERL EEATL 28, B8 3.2 DFEI L Ueberberg[6, 7, 8] DfEH % T
AN AETFETITOE L. Wik o1, Ao~ IcE B L, REMRAGEAZ 5 2 7-
WEEZTHWET.

HEE
GRIZD &) RiEiid RERITTHEOER 2 P SV E LTMHE LS MICHITRERER DA
AT, LB L BT E

SE X

[1] R.C. Bose, J.W. Freeman, and D.G. Glynn. On the intersection of two Baer subplanes in a finite
projective plane. Utilitas Math, 1980.

[2] KA. Bush. A Generalization of a Theorem due to MacNeish. The Annals of Mathematical
Statistics, 23(2): pp.293-295, June 1952.

[3] CJ. Colbourn, D.L. Kreher, J.P. McSorley, and D.R. Stinson. Orthogonal arrays of strength
three from regular 3-wise balanced designs. Journal of Statistical Planning and Inference, 100(2):
pp-191-195, February 2002.

310 =1 DAL TiZ, Hedayat et al.[5, Research Problem 3.10] 123> T & JEEHAR X AKHERE ST ORI &
AR OWT PHEREE LTERSNTVRET.
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[4] R. Fuji-Hara and S. Kamimura. Orthogonal arrays from Baer subplanes. Utilitas Math,43:
pp.65-70, 1993.

[5] A.S. Hedayat, N.J.A. Sloane, and ]. Stufken. Orthogonal Arrays: Theory and Applications
(Springer Series in Statistics). Springer, 1999 edition, 1999.

[6] J. Ueberber. Projective planes and dihedral groups. Discrete Mathematics, 174(1-3): pp.337-345,
September 1997.

[7] J. Ueberberg. Frobenius collineations in finite projective planes. Bulletin of the Belgian Mathe-
matical Society Simon, 3(March 1996): pp.473-492, 1997.

[8] J. Ueberberg. A Class of Partial Linear Spaces Related to PGL3(4?). European Journal of Com-
binatorics, 18(1): pp.103-115, 1997.
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Weighing matirx (ZEE#E L 727V YT —a vV AF— AL
DT

AME (BMBERY) BFE (BNMBEKRF)

1

Hadamard 175D —f%{b Td b Weighing matrix I1Z 2\ T, A EE Tld Hadamard 1751
7V vI—ya v AX—LDOREBRMEE weighing [THIANILRT 22 2HEL S5 . £/
MUB @ —f#%{t & U T, mutually unbiased weighing matrices (DWW T H [AERD Z & % & 52
5. AFSEITEREEROFIFFEK & OLFEMIEICE D . AXTEIRS N3t 3] 2
SR EE W,

2  Weighing matrix

W Zn%0,+£1 &35 dIROIEHTHE TS, W HEI k D weighing matrix TH 5
LAk, WWT =kl 272322235, 22T, [IIBATIIET 5. BEPSHLDRE
212 k = d & 7% % weighing matrix 1¥/7#( d ® Hadamard matrix (Z—3(9 5.

¥ 9, Hadamard matrix & 7Y YT —> 3 VY AF—LADOEEMEIZOWTIHRAR S, (8 d
® Hadamard matrix H 75 d (RGO EERE S FOFRES X 2 TFDES312LT
W%.Xb:{iqwqi%}Xi:{iﬁm,“jﬁﬁﬁ(qﬁ%iﬁﬁﬁl®$&ﬂ
IR, hi i HOEif72T2)20, X = XoUX; 28K, Z0LE X ONBES
AX) = {{z,y) | z,y € X,z # y} T AX) = {:I:%,O,—l} THAONS. a9 =1, =
—1,042:ﬁ,043:_71,a4:0 L. ZDEE,

Ri={(z,y) e X x X | (z,y) = a;} (1=0,1,...,4)

BT (X {RYy) BTV YT —va v Ax—LITk5.

U7 U Weighing matrix {26 U CTRBRDO HETIET VYT —Ya VAF—LITIFR 67
WZ EDRBGBIZhN S, ik, Hadamard matrix 12X LU TlE Xy & X OBENZ 0 D M
BNV DIZH U, weighing matrix IZX U TIXZE D TIERWIZ LIZHKT S, /f-T, EX
k @ weighing matrix W IZX L T, X; = {iﬁwl, . ,iﬁwd} (wi FW DHEif7) &L,
X:X@L&Kﬁbﬂxpﬁiﬁmﬁn@%5®?¢%:L@:—L@zi?@z
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A p=0rBL ZOLE,

Ri={(z,y) e X x X | (z,y) =B} (1=0,1,2,3)
Ry={(z,y) e X x X : (z,y) =0,z € X;,y € X, for i # j},
{(z,y) e X x X : (z,y) = 0,2,y € X; for i =1,2}.

&
I

DI, NEOSEE S IHBERZ DE T2 Z ENEHARTHS. LHrL, 2OXK S IH
BREZZTCHEMRDODEIO>BWIE X FIZ7Y YT —Ya v AF—L52EDR

1 1 1 1 0 0 0 O
1 -1 0 0 1 1 0 0
1 0 -1 0 -1 0 1 O
Wo— 1 0o 0 -1 0 -1 -1 O
0o 1 -1 0 1 0 0 1
o 1 0 -1 0 1 0 -1
o 0 1 -1 0 0 1 1
o 06 o o 1 -1 1 -1

TREDEIIBWIIHLTETY YT -V a VAF—LAEEDDIPIIDOVTIERD & 5 7%
RO 0ME S N7z, BRI IR Lo 7 1 Y OFERA AW SN 5.

Theorem 2.1. W #E X k T d{XD weighing matriz (7272L, k <d) £ U, X, R; I L&
DEIIZEHETD. ZOLERO_FMHEFEMETH S :

(1) (X, {Ri}2_)) &7V YIT—YavAF—LThH3,
(i) W 1Z balanced generalized weighing matriz TH 5.

Z ZTCh#d, X k D weighing matrix W 7% balanced generalized weighing matrix T
H5EFRDEMEAT-T I THhS: LREOMHERZ,je{l,....d} THLT, ZEES
EUT{WaWl 1<k <d Wi #0# Wik =3{1,-1} (A= ") a3 vro. &5
(2 (1) = (1) IZDWTIET — )V £ D balanced generalized weighing matrix (ZIRD X 5
ICHRIRE NS, M : G — Mat))(C) 21 G DE#MEBIL U By ZIROATED S :

n—1
W = ZgiBgi'
=0
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My, By (g€ G) 75 (0,1)ATFNZIRD LS ITED B
M, @1
A, = (Ma®da 0 0<i<n-—1),
0 Mgi ®Id
A — Jn®(Jd—Id) 0
" 0 Jo @ (Jg—1) )’
0 ZTKM¢®%@
An 1 n— = ’ i O<'<n—17
i <ij& My, ® B;gj—l 0 (0<is< )
n—1
s 0 L heUa i)
In @ (Ja— 1= By,) 0

DL EIRDEHMEY L.
Theorem 2.2. (i) k=dD& & {4} ET VYT —Ya v AXF—L%RT.

(i) k<dDEE (A} 37V VT—va v AF—LERT.

3 Mutually quasi-unbiased weighing matrices

% 9" mutually quasi-unbiased weighing matrices DEFH % 52 5. (i d, HX k D weigh-
ing matrices W1, ..., Wy ¥ mutually quasi-unbiased weighing matrices( MQUWM) T& %
X, HBFEMIL, a BFHELT %HIHQT PYE X | D weighing matrix 12785 2235, ZD
Y% (dk,1a) & MQUWM D55 X — X\ 5,

RFA—Z (d,d,d,d) THs MQUWM & MUB & —3 L, /X5 *—Z& (d,k, k,k) TH
% MQUWM & Holzmann, Kharaghani, Orrick [2] IZ & - T&E 3% & 1172 mutually unbiased
weighing matrices & —E(9 5.

MUWM (Z B89 2 HARR R IZAE d, S k D mutually unbiased weighing matrices
Wi, ..., Wy OREfIZBd 2 ERZRET S L THDH. MQUWM (2B L EFERITIX
D_DTH5.

Theorem 3.1. {Wy,... , W;} 235 A =X (d,d,d/2,2d) D mutually quasi-unbiased weigh-
ing matrices £ 35, D& X
f<d

MDD, FESHALT BB d =22 DL FITHET .

Theorem 3.2. {W,... , W;} Z2/87 X=X (d,2,4,1) D mutually quasi-unbiased weighing
matrices £ 5. TD& X
f<d-1

MED LD, F ST S BINMFIES B D13 d DEBDRET D TH 5.

66



AC2013 67

£ 3R

[1] D. Best, H. Kharaghani, and H. Ramp, Mutually Unbiased Weighing Matrices, Des.
Codes Cryptogr. DOI 10.1007/s10623-014-9944-6.

[2] W. H. Holzmann, H. Kharaghani and W. Orrick, On the real unbiased Hadamard
matrices, Combinatorics and graphs, 243-250, Contemp. Math. 531, Amer. Math.
Soc., Providence, RI, 2010.

[3] H. Nozaki and S. Suda, Weighing matrices and spherical codes preprint.
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Magma D00 0O0O0OOD0O0O0ODOOOOODODOOOODOOO

Computing resultant matrix of general multivariate polynomials
and its determinant using Magma

00 OO 'O0Shun’ichi Yokoyamall
goooooo DDDDDDQ/JSTCREST

O000000o0Do0o0n0 Magma O0OO0OO0OOO0O0OOO0OOOOOODOOOOO,0D000000
oboooodO0OMagma OO0O0D0OO0O0O0O0OD0OOO0OO0ODOOO0OOODOOODOODOO.0DOOODOOO
00o00o00oOO0o0o0o0o0oO0ooOoUO0o0. Do0o0O0oo0ooooUD B)ooooo
oo.

1 000

000000000000000. 200000 f(z) = anz™ + am_12™ ' + -+ + ag,
g(x) =bpa" + b, 12" 1 +...+b0000,0000000000000000000

Qm Gm—1 ce ao
am m—1 T agp
Qm Am-—1 ag
Sylm(f7g>: b b 1 . . bo
by  bpi -+ .- b

D0O0O0. 00 (m+7) 000000000 |Syl(f,g)] O, f0 g0 20000000
Oresultantd 0 0 O Res,(f,g) OO0. Magma [1] 000000000, 00000000
0o0o0o0oooooooo. oboooooooooooooo

Resultant: Resultants are computed using asymptotically-fast modular and
evaluation/interpolation algorithms [2]. Options are provided for Monte Carlo-
style stopping on stability, which greatly speeds up the computation (since the
bounds are usually very much worse than the required lifting level).

O00. Magma D0 O0OO0OO0OODOODOODOOOO,00000000D0000O00ODO
gbooboooboobbooboobg,bogbooboobooboobooboo
goooooooo.obooooog,bobobobo

l. dgbboobooboobobooboobooboooooboobooobooa,

2. 00000000b0o0booooboobooobooa,
gboogoboobo200b00oogoob.gobbooobooboboooboooboo

Determinant: Efficient elimination and minor expansion algorithm for multi-
variate polynomial rings with many variables.

1 s-yokoyama@math.kyushu-u.ac. jp
0000020130 1200000000000000000000000040.
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god,djdddouoooouooooooobooobobobb. gy, bugg o
000000000 Gauss OOOOFFGEOODOOODOODOO. OO 2000000003
O Magma OOOODOO,00000000000DO000O0O0O0OO. ODOOOOO,0O0
00000000000 DO000D0O0O00b0DbOO00O0-BézoutO OO OOoOooooOoad
go,0fddoobodoooboooonoooooooooooboooo. gooooooao
000000000000 000000000DO00, 000 Berkowitz OO0 O Magma
O00000.0000000000D0 Bjo0oboooo.

odooooooooo, 00 000007 <n<L11000000000O0O0OOO0O
dooooooooooooooooo. o0 n000ooooooooooboo,oa
000 ap,---,a, 00 (n+2)000000000000000O0O0OCOO.00O0OOOO
Magma ver. 2.18-5 on Windows 7 64bit / Intel Core i7-2630QM 3.30GHz / 8 GB Memory
goooooo. 0oogoo, 00000000 oobbodoooobooboobooooon.

’Ihg‘#ﬁxmsHBMMmlﬁm)‘TﬂmBR(%@‘ﬂ&peSR(%d‘

7 1103 2.387 0.047 0.026
8 5247 15.460 0.281 0.047
9 26059 204.174 3.120 0.390
10 133881 3201.349 46.207 3.994
11 706799 > 15hrs 907.372 48.064

Magma 000000000, 000000000000000. 000000
http://www2.math.kyushu-u.ac.jp/“s-yokoyama/Resultant.html

O000000.000nn=90000 TypeSROODODOOODOOODODOOODOOOO
OoobDO0o. 1000 leedDDOOODOOODO.

load "<directory>/resultant.m";
_<x,a0,al,a2,a3,a4,ab,a6,a7,a8,a9>:=PolynomialRing(Rationals(),11);
f:=a9*x"9+a8*x"8+a7*x"7T+ab*xx " 6+ab*x"b+ad*xx"4+a3*xx"3+a2*x"2+al*xx+al;
g:=Derivative(f,x);

time SR:=SekiResultant(f,g,x);

V V V V V

000000000000000 time 0000000, Berkowitz 0000000000
00,load D000 O

> load "<directory>/resultant-berkowitz.m";
aoo
> time BR:=BerkowitzResultant(f,g,x);

O0D0. 0000000 MR:=Resultant(f,g,x); JOODOODOOOOOOOOOODOODO
ood

> MR eq SR;

gbobodbo.bboobuobobooboooo,ooboboobdg sk BROOOOO
googooog.

69



AC2013

2 Jooooobod

2.1

vV Vv

V VV V V V VYV VVYV
V VV V V V VYV VVYV

\4
\4

V V V VvV V
V V V Vv V

v
A\

V V V V V V V
V V V V V V V
V V V V VvV V

VV V V V V VYV VVVYV

\4
\4

\4
\4

OO0000000D0O0000-BézoutUJOOODOOOOO Magma 00O
gboooooooood

seki_res:=function(A,B,W)

>
>

V V V V V V VYV VV\VYV

vV V V V

M:=Degree(A,W);
N:=Degree(B,W) ;

if M ge N then

> L:=M;

> S:=N;

> end if;

if M 1t N then
> L:=N;

> S:=M;

> T:=A;

> A:=B;

> B:=T;

> end if;

MAT:=Matrix(L,L, [Parent(W)'0: i in [1..L"2]]1);

for I in [0..L-S-1] do

> for J in [0..8] do

> > MAT[I+1] [J+I+1] :=Coefficient(B,W,J);
> > end for;

> end for;

B:=W~(L-8) *B;

srem:=function(f,W,L)
X,Y:=CoefficientsAndMonomials(f);

U:=#X;

I:=[i : i in [1..U] | Degree(Y[i],W) 1t L];
xx:=&+[X[jI*Y[j] : j in I];

return xx;

end function;

F:=srem(A,W,L);

G:=srem(B,W,L);

H:=Coefficient (A,W,L)*G-Coefficient(B,W,L)*F;
for J in [0..L-1] do

> MAT[2*L-S-L+1] [J+1] :=Coefficient (H,W,J);

> end for;

for I in [L-1..L-S+1 by -1] do

> H:=Wxsrem(H,W,L-1)+Coefficient(A,W,I)*G-Coefficient(B,W,I)*F;
for J in [0..L-1] do

> MAT[2%L-S-I+1] [J+1]:=Coefficient(H,W,J);
> end for;

end for;

return MAT;
end function;
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000000000 MAT:=Matrix(L,L,[Parent(W)!0:i in [1..L"2]]); OOOCOO
O000.0000b0000bO00b0bOO0o0,codboooooooobooonoooooa
O000,Magma 0 100000. 00mOn0000 COOOO MAT[M-1]1[N-1], Magma
O MATIMIIN] OOO. O0D00O0O0Q0DO Parent(WM!' 00D00O0OO0O. 000 WDOOODOOO
oo, ddddddgogddiddsekiresddgooooooooooog
O00. 000 wOOOooooooooooooooooOoo. 00 Pparent OO0 OO
O00o0O000dooOOo,d0bo0d0dwdDbhooOoobooOoOoono. 0DO0d parent(W) !0
gododoodoo wooouoooooooooooooooooooooo.

O0 srem000000000000000. D0O0O0O0O0O Risa/Asir 00000000
O00000. Risa/Asir 0 sdivO00O00O000O0,000000000000000CO
O0000oDbO0O0divDDOooodOdrem0O0OD00O. OO0 2000000 sqrdogog.
O000000-Bézowt DO ODOOODOOO. OO Magma OO sdivODOOODOODO div 0O
O0D0000,000 Magma 0 srem 0 A-(A div B)«BOOOOOOOAOBODOOO
oo, jgddooooooon. oooog divobggooooo,
00000000000 00000000000 div O ExactQuotient OO OOOO
godo. oot rem=0 0000000 O0OOO0OOOOOOOOO,0000
0odoodoo. oo oooooodo e=wLhooooooooooood
00000000, 0term 0000000000000 tuple0O0OO0OODOO,wLOO
gooooog, o0 wildikidoooooooooooooobooooooooooao.

22 00OODOOOOOOOD forOOODbODObOOOOO

for (K=L;K>J;K--0

> for (B2=B1;B2>=Q[K] ;B2--)
> > U=U+CT[B2] [V]

> B1=B2-1

> V=V-1

V V V V V

00 Risa/Asir 000 0000000000000 0OOOO. OO0 200 for 0000
Magma OODOO00000O00O0,000000000 MagmaODOODOODOODOODOO
g.0oooboobooobgooboobbooboo.bbooboo 200000

1. Magma OO [K=2;K=5;K++] 0 DOOOODOOOO [2,3,4,5]100 [2..510000.
00 [K=5;K=2;K--1000 [5,4,3,2100 [5..2 by -1]1 00003 000000
bob by -1 000000000 OOOOOOOOOOOOODO.

2.2000 for OO0DODOO0ODODOO0O400,B200 B2=QX]1-1O0O0OO0OOODO. O
0O Magma 000OD0O0O,30000000000 B20000 for OO00ODODOO
oboob400000000000.00000,4000 B200000DOODOD
O0DO0O0. 0001000 for OO00OO0ODOODODOODOOODOOOO Q] OO
gobodgboooboobadan.

0000020130 9000000000000000,0000000000000000000000
ocooooooobOOoOOOO0OO0OO00.00000000000020140 100000000000000. 00
gobooooooobod.
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gboodab,goboobbuoobuooboooboab.

> for K in [L..J+1 by -1] do

> > for B2 in [B1..Q[K+1] by -1] do
> > > U:=U+CT[B2+1] [V+1];

> > B1:=Q[K+1]-2;

> > V:=V-1;

3 Magma 000000 -Intel AVX OOOOOO

20130 60 26 O, Magma 2.19-7 00 Magma O Intel64(AMD64)/Linux 00 O Intel
AvX Ooooooooooooooo

From V2.19-7 onwards, for the Intel64/Linux version an executable is available
which supports Intel AVX instructions. This is applicable to most Intel proces-
sors released since 2012 (including the Sandy Bridge, Ivy Bridge and Haswell
architectures) with a Linux version which is suitably new (Kernel version 2.6.30
or later and GLIBC_2.7 or later). The AVX version runs significantly faster
than the standard Intel64 version for several types of computation.d 0 0 0O O
oooooooo

AVX OO SIMDOOO0O0ODDOOO0OODODOO0ODOOOO.O00DOD0O MagmaOGQOQODODO
O00000000000000000, 000 Intel Hyper-Threading Technology (HTT)
ooo0oOoOoCOCOOO0O0O000000OoUU00ooUoo0. booooooogoo
00000, 00000000DbO0O0O000D. 00 AVXODOOOoOooooo,b0o000
0 AVX-51200000000000.002013060000000 IntelJO0O0O0O0OO
0000000 Haswell DO AVX OOOO AVX20O000O0O0OO0O0O. AVX2 00O, AVX
000000000 0DO0OO00O0O0O0DOO 200026bit00000000ODOOO0ODOO.

ooboooooooooDood,Magma2200000000 Faugere F4 OO OOO
OO000OO0OD00O00O0.D00D00 Grobner DOOOOOOOOOODOOODOOODOO
O0O0D0. 000 “A Dense Variant of the F4 Groebner Basis Algorithm” [0

http://magma.maths.usyd.edu.au/users/allan/densef4/

gbooabbgo.oboobboobuooboobboann.

ERN

gbobobooooobobgoboooooobobobooo. bobobob 100
O000000OODAC201300000O0ODOOODOOOODODODOODODODO. 000O0O0OOO
gboogoooboobooboboobooboobboobo.obboooboon.

goo,b00bo0obooboobboobooboo.bobbob,bobobobobooobo
gbooboboobodob.boobooboobobg.
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