Proceedings of

Algebra and Computation 2015

Tokyo Metropolitan University

December 14-16, 2015

Edited by AC2015 Proceedings Committee

Organizers
Hirofumi Tsumura (Tokyo Metropolitan Univ.)
Shigenori Uchiyama (Tokyo Metropolitan Univ.)
Katsushi Waki (Yamagata Univ.)
Takuya Ikuta (Kobe Gakuin Univ.)
Yukihiro Uchida (Tokyo Metropolitan Univ.)

Masanori Sawa (Kobe Univ.)



11 [\ TRKBFLEE] ARES (AC2015)

B O RES 2 TR OEE TN LET DT, ZK{NHL T ET.

T
A 0 (EERF )
NI k& CEHR 2R
fip sk (TR
AW B (MF R
NH =5 (EHERER)
B OEE (MR

B
2015 4 12 H 14 H (H)-16 B (k)
EHARVRFH R EBERMESE RS EE

FeplGETE
Claus Fieker (Tech. Univ. Kaiserslautern)
Andreas Enge (INRIA Bordeaux-Sud-Ouest)
REFRAE GRAEKRT)
WEIFHES (R KREE)
WEIFEAT (I H0E 5 T 7EHeAs)
AR (BIRTERT)



AN
Dec. 14 (Mon.)
12:50 - 12:55: Opening
13:00 - 13:40: %355 #] Claus Fieker (Tech. Univ. Kaiserslautern)
“Classical Algorithmic Number Theory”
13:50 - 14:30: [F#hllEEE] Andreas Enge (INRIA Bordeaux-Sud-Ouest)
“Computing with theta functions on abelian surfaces”
14:50 - 15:20: SHlEfES (BEEKF)
“FIAY XI5 A BT 5 ZHBHEAE R DOWT?
15:30 - 16:20: [RinlEEE] REFRE (RILKRTF)
“BENV R —A BB L OHET 2558
16:30 - 17:00: HIKIE = (& EKT)
“JE 7= 5 D[ D RFE B R A D BUE SEER”

Dec. 15 (Tue.)

10:00 - 10:30: £ (i B RF), BIEER (fF X%), ffiH— (hEKF)
“Hln27 2 7 OIEFRE L H E.lﬁl’i'éczob\f”
10:40 - 11:00: SFEEXHE5EA (ﬁibﬁ%) )?Hﬂ 52 (RALKREF)
“ZItH AR T 5 OB R L RS
11:00 - 11:20: ‘Fl&E (,.“ztijw_)
“On planar difference sets and related divisible designs admitting SCT groups”
13:30 - 14:20: el BEAMEE (MEKRT)
SEHE L OEBEES OB L EE MR
14:40 - 15:10: B (ZHBE KT

0, £1) N2 VO I KHIEEE B B AR EIC DN T
15:20 - 16:00: EX5ET (JST & 2T (FHE))

“[EERTFLDENTY 7 b7 =7 Conograph D BFEHIZ 122 > 72 REF DOFERTEIZ DWW
f??
16:10 - 16:30: MAR{AIT (E1LMLZE LR SA)
CHEABZ EA T B RIAA

Dec. 16 (Wed.)
10:00 - 10:30: /NEFESE (EHRFHOR), MEMERS (AR A IZEAT), 1L Ek (5
BRF), WILEE (EHRFHR)
“Elliptic net DAFF{LIZ & B optimal ate pairing DFHE”
10:30 - 10:50: lﬁli%fﬁﬂ (BB SCRLR )
“RY ) VIS Fi U 7= #6& F s 0 BRAR R S it 2 & DRTREMEIZ D\
11:00 - 11:20: zzﬁﬂ T8 (USSR AR SERT ), Xavier Dahan(B 4 DKL T-KF),
IR — (Mblﬁ%)
“BR D BER) 23 fif & 72 NTRU BURE 718 55 0D 22 4 PR 3T
11:20 - 11:40: B (L8 — (JuMKF)
BT — X X— A LMFDB OBFIZDWT”
13:50 - 14:40: [FiilGEE] A8 H (BIRTEKRY)
“HI MR DRI DRI DWW T
15:00 - 15:50: [Fehlaai] B EAT (HRaE i)
NG D A BRAA - 0D BRI ST D i
16:00 - 16:30: TRk (JuMl K5)
“EIRBSRE AT A K5 EEERR a RE0 Y — D EEEHR”
16:30 - 16:40: Closing



Outline Intro Task 1 Task 2 Task 3& 4 Applications

Classical Algorithmic Number Theory

Claus Fieker
fieker@mathematik.uni-kl.de

University of Kaiserslautern

December 14, 2015

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
Classical Algorithmic Number Theory AC2015 (1)



Intro

Task 1: Ring of Integers

Task 2: Galois Group

Task 3& 4: Unit and Class Group

Applications

«O0)>» «F» « =» <«

i
it
N)
¥l
i)




Outline Intro Task 1 Task 2 Task 3& 4 Applications
Setting

A number field K is a finite extension of Q. In particular for some
irreducible polynomial f € QJt], the quotient ring

K =Q[tl/f

is a number field. We will assume f € Z[t] monic - to make life
easier.
The main object of interest however, is

Zi ={a € K|a is integral over Z}

the normalisation of Z[t]/ f, the ring of integers, or maximal order
of K.

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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/assenhaus

Zassenhaus formulated the basic tasks/ challenges for constructive
number theory, they are the foundations for almost all applications
and all more advanced problems:

Zassenhaus

Given K defined by some polynomial f, compute:

Ring of Integers
Galois Group
Unit Group
Class Group

We will define and discuss them in this order.

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Task 1

Zassenhaus

Task 1: Given f find an algorithmic description of Zg

Of course, there is

Foundations
Task 0: Find algorithms for K

We assume Task 0 to be done.

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Task 1: Ring of Integers

Structure

We have classical structural result(s):

Zi is a free Z-module of rank n = K : Q.
Zx C 74520/ f S giq 20/

The second fact allows to easily use field operations instead of
designing ring operations, by bounding the maximal denomiator of
integral elements relative to Z[t|/ f the equation order of f.

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Task 1: Ring of Integers

Concrete

The more concrete Task 1 now is to find a Z-basis for Zp.
We have a range of algorithms, coming from diverse parts of
algebra. All in common have a decomposition of the problem: if

(Z : R) = dydy

for coprime d; and dg, then the Chinese Remainder Theorem (for
modules) implies
g = Od1 + Od2

Typically, one chooses d; to be a prime power, or defines them via
square-free divisors of the discrimiant.

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Task 1: Ring of Integers

Chistov

Chistov, Buchmann-Lenstra

Finding a basis for Zx is polynomial time equivalent to finding the
largest square-free factor of disc f = disc R

Thus, in general, we can’t do this as factorisation is too expensive.

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Task 1: Ring of Integers

Local solution

Let O, = {z € Zi|p*z € R}

Zassenhaus

There is a polynomial time algorithm to find a Z-basis for O,,.

And:

Montes

There is a fast and practical polynomial time algorithm that will
find a Z-basis for O,,.

Why both algorithms?

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Task 1: Ring of Integers

Comparison

Zassenhaus’ is founded in representation theory and utilises only
linear algebra. The algorithm has an easy structure.

Montes' is based on polynomial factorisation in completions. The
method is intricate and highly technical on an elementary level.
Historically, Zassenhaus' method belongs to the Round-2 family,
while Montes’ is the ultimate representative of the Round-4 family.

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Task 1: Ring of Integers

Extension

Both Zassenhaus' and Montes’' methods apply to the geometric
setting and allow the normalisation of plane curves. The classical
Round-2 is identical to the normalisation in commutative algebra.
Zassenhaus’ methods, based on linear algebra, also work for
square-free integers instead of primes. |t computes

04 = {z € K|d*z € R}

for any square-free d not divisible by any prime p < n.

Currently, Montes’ is much faster, but works only if d is a prime.
There is work done by Nart et. al. to lift this restriction.

In serious applications they are used side-by-side: Montes is called
for all small primes and primes known to be critical, Zassenhaus is
then used to deal with the non-factored rest.

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Task 1

Round-2

Let
VPR = {z € R|z* € pR}
be the radical of the ideal pR, and
[V/pR/+\/pR] :={z € K|z\/pR C \/pR}

the endomorphism ring of v/pR. Then

Zassenhaus: local maximality

Let S := [v/pR//pR], then
mRCSCO,
B R=0,iffR=1S

This readily gives an algorithm!

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Task 2

Zassenhaus

Task 2: Determine the Galois group of the normal closure of K

In some sense this is trivial: compute the normal closure by
repeated factorisation and find the group directly.

This is (probably) polynomial time in the degree of the closure.
Problem: this will be close to n!, hence too large.

On the other hand: a few local computations will typically proof
the group to be S,, without computing anything expensive.

If the closure is “small”, then this works well.

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Task 2: Galois Group

Landau

There is a polynomial time algorithm to decide if the group is
soluble.

The key idea here is that soluble permutation groups are “small”.
She shows that repeated factorisation will either prove the group to
be too large to be soluble or terminate in polynomial time.

The algorithm is sadly enough, not practical.

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Task 2: Galois Group

Stauduhar

Stauduhar, F, Kliiners, Cannon, ...

There is a (practical) algorithm that will compute the Galois group
explicitly.

The idea is to explicitly compute approximations of the roots in a
large field (complex numbers, suitable local fields) and then use
invariant theory and group theory to find explicit permutations
that can and cannot be in the Galois group.

The complexity is unpublished, but exponential in some cases.
The performance is fine for most input up to degree 40. It has
been used for degree > 100.

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Task 2: Galois Group

Stauduhar

Let aq, ..., oy, be the roots of f in some field and G < S, ... o,
be such that Gal(f) < G.
Finally, let U < G be maximal.

Let I € Z[z1,...,xy,) be such that Stabg(I) = U, then
Gal(f) < U iff I(a1,...,an) €Z

To test for any conjugate group U?, just conjugate the invariant I.
This will be iterated for all maximal subgroups until no further
descent can be found.

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Task 2: Galois Group

Challengens

Challenges

Clever choice of field for the roots

The roots are only approximate, how test I(«) € Z
Find I

Find maximal subgroups

Find transversals G//U

Find good (small) starting group

Exclude as many subgroups as possible

Prove the result if shortcuts are taken

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Zassenhaus

Task 3: Determine the unit group of Zg

Zassenhaus

Task 4: Determine the class group, ie. the ideal structure of Zg

Originally, those were attempted independently, units first as the
result was used in the last problem.

Currently we favour algorithms that compute both at the same
time.

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Task 3: Unit group

Structure

Dirichlet

The unit group Z7, is finitely generated, the free part is of rank
r =11+ 19 — 1 where rq is the number of real embeddings of K,
and 279 the number of complex embeddings.

The re-formulated Task 3:

Task

Find fundamental units ¢; (1 < i <) and a torsion unit ¢ s.th.
Ly = (C,€1,.-.,€r)

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Task 4: Class Group

Definition

Let a, b < Zg be ideals. Then a ~ b iff o, 8 € Zg s.th.
aa = (b.

Class Group

Under the equivalence, the ideals form a finite abelian group, the
class group Clg.

Using the language of fractional ideals,
Clx = group of fractional ideals/principal ideals

This is the Picard group of Zg. It can be generalised to the
(Arakelov) divisor class group of K.

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Task 4: Class Group

Basics

For any ideal a < Z, we define N(a) = |Zx /a|

Finite Generation

The finite generation can be quantified:
m Minkowski: B := %(%)”W
m Bach: B := 12log? |disc(Zx)|
Then Clg is generated by (prime) ideals of norm N(a) < B
There are better bounds, not not assymptotically and not by much.

So we have generators, how do we find (all) relations?

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Task 4: Class Group

Relations

Set
F:={p <Zk|N(p) < B,p prime}

the factor base. Then a relation o € K* is an element s.th.

(@) = [] p™me

peF

Buchmann, Pohst, Zassenhaus, Hafner, McCurley, ...

Using short elements in random ideals, there is a good probability
to find a relation.

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Task 4: Class Group

Relations

The set
R :={a € K*|a is a relation for F'}

is a fin. gen. Z-module. The goal of the class group algorith is to
find a finite set R C K™ s.th.

(R) =N
The relation matrix
M = (ma,p)aéR,peF

collects the information about the relations o € R that we have
found.

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Task 4: Class Group

How do we know we have “all” relations, ie. a generating set?
A necessary condition is rank M = #F, the relation matrix must
have full rank.

Suppose we have t € Z® s.th. tM = 0. Then

Hat“ € Ly

acR

as the corresponding principal ideal is trivial.

This is the link to Task 3: The relation matrix will have a kernel
which defines units.

Let U < Zj; be generated by kernel elements (a basis, random
elements).

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
Classical Algorithmic Number Theory AC2015 (24)



Outline Intro Task 1 Task 2 Task 3& 4 Applications

Task 3, 4: Class and Unit Group

Stopping condition: Unit lattice

We have a relation matrix of full rank and a subgroup U < Zj- of
finite index.
Define

L:Z5 — R": e (log|e®]);

then

Unit Lattice

L(Z3;) <R™ is a lattice of rank 7 and discriminant RegZ

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
Classical Algorithmic Number Theory AC2015 (25)
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Task 3, 4: Class and Unit Group

Stopping condition

Euler Product - Analytic Class Number Formula

The Euler product

[T, (1 = 1/N(p))
o H ppl_l/p

exists and there is an explicit constant C' s.th.

E = C#C|K RegZK

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
Classical Algorithmic Number Theory AC2015 (26)
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Task 3, 4: Euler Product

There is an algorithm and an explicit constant D that will, given

{p <Zk|N(p) < Dlog?|disc(Zx)|}
compute E s.th.

1/V2< 2 <R
E

This procedure will run in polynomial time.
It depends on the GRH.

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Task 3, 4: Euler Product

Since, by assumption, we have a multiple of the class number and
a multiple of the regulator, we get

If 1/v/2 < $# Cl Reg Zi < v/2 then both Cl and RegZy are
correct and the computation is finished.

The problem is in the fine print: this is true if the factor base is
large enough, ie (F') = Clg

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
Classical Algorithmic Number Theory AC2015 (28)
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Task 3, 4: Alternatives

If the factor base is too small, then if the matrix has full rank, we
can ensure completeness of the relations differently:

Let h be the product of all elementary divisors of M and p a prime
divisor of h and V := (R) < K*, then

There is an algorithm to compute the p-saturation

V, = {Be K| eV}

If we add elements in V},\ V' to R, we decrease h by a power of p.
Iterating this for all p|h we can guarantee completeness of the
relations.

At this point, have a subgroup of the class group, missing parts are
due to the too small factor base.

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Task 3, 4: Alternatives

Applying this p-saturation to the unit group U we can get the
complete unit group provided we have a lower bound on the
regulator.

Lower Regulator Bound

For all number fields K, we have RegZy > 0.25

The problem here ist that, mostly, RegZx = O(y/|disc Zg]|, so we
have to test a lot of primes - and the units are very large.

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Task 3,4: Class Group

Buchmann, Hafner, McCurly, Cohen, Diaz y Diaz, Olivier

The procedure outlined will commpute the class group in
sub-exponetial time.

Problems:
m This works only for bounded degree
m The factor basis used is much larger than we did here ... so
the linear algebra will not work.
m The analysis holds olnly under GRH
® ... and under reasonable assumptions ... which are not true
for interesting large degree fields

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Principal ideals

The result of the class group computation is
m The factor base F
m The set R of relations
m The relation matrix M
m (Sometimes) transformation matrices
For any a € (F), a =[] p™ we have

Principal Ideal Testing

a is principal iff (my)p € colspanM

A generator can thus also be computed.

University of Kaiserslautern

AC2015 (32)
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Principal ideals

If a & (F), not all is lost.

We search for a s.th. awa € (F') - using the same methods as in the
relations search.

Clearly a is principal iff aa is.

Extending this idea we can also compute a basis for the S-units for
any (reasonable) finite set S of primes.

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Norm Equations, Galois cohomology

Having S-units, we can easily
m solve Norm equations
m split 2-cocycles

in (relative) normal fields.
This has applications in e.g. representation theory.

Claus Fiekerfieker@mathematik.uni-k1.de
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Large Degree Fields

Fully homorphic encryption is using Q((,,), the security depends on
not beeing able to find a small generator for some public ideal.
Standard procedure is to find any generator and then use the unit
lattice to find a small one.

A standard reduction is to the maximal real subfield (of half the
degree).

The current challenge is a field of degree 128.

For NTRU, we are looking at t" — 2 for large n. For algebraic
geometry we want t¥ — p.

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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For all those fields are the usual assumptions wrong:
m it is much easier to find relations than Buchmann predicts

m the relations found this way are not at all randomly
distributed, it is very hard to get a full rank matrix.

m for the cyclotomic case we have the unit group for free
m they are “small” for their degree

m the interesting fields have subfields, relations, as small
elements, tend to come from subfields.

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
Classical Algorithmic Number Theory AC2015 (36)
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The curse of the large degree

The classical sub-exponential algorithm needs small elements.
Classically, small elements are found using LLL: the LLL basis will
contain elements that are within a factor of 2" of the minimal ones.
This factor grows exponentially with the degree.

The success probability of chosing relations this way depends on
the norm and not on the size.

One can use stronger lattice reduction (BKZ) and recursive
reduction techniques (special g-descent)

F-Biasse

This gives an algorithm that is sub-exponential with unbounded
degree.

We don't know if this is practical, we're working an an
implementation.

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Conclusion

We have algorithmic solutions to all of Zassenhaus' problems:
Ring of Integers
Galois Group
Unit Group
Class Group

All problems are still under active research.
Most of this applies to relative extensions in a limited way and also
to the geometric setting (plane curves, univariate function fields).

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Conclusion

Algorithms are (partly) implemented and available in
m Magma
m Pari/gp

Sage (Pari/gp)
Kant/KaSH (defunct)

Lidia (defunct)
Hecke/Nemo (upcoming)

Claus Fiekerfieker@mathematik.uni-k1.de University of Kaiserslautern
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Computing with theta functions

@ Abelian varieties and ¥ functions
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Abelian varieties

@ Abelian variety

» algebraic variety

> algebraic group law
@ Examples

» elliptic curves
» Jacobians of hyperelliptic curves

o Cryptology: smaller key sizes than RSA and more efficient

» effective and efficient group law
» cardinality
> isogenies = maps between varieties

- Andreas Enge Computing with theta functions AC2015 1



Elliptic curves

Y2=X3+aX+b, abekK

@ Hasse 1934
[#E(Fp) —(p+1)| <2p

@ Isomorphism class determined by

453

17282
J 423 1 272

- Andreas Enge Computing with theta functions AC2015 2



Complex elliptic curves and modular functions

o Complex elliptic curve

E=C/(Z+Z)

- Andreas Enge Computing with theta functions AC2015 3



Complex elliptic curves and modular functions

o Complex elliptic curve

E=C/(Z+Z)

@ Modular functions
> £:C— C with f (aT+b) = f(r) for (i Z) €[ =Sh(z)

cT+d

> f meromorphic, also “at oo™ g = ™7, (1) =377, c.q"

» Cr = C(j), where j has a simple pole at oc:

J(7) = g7 + 744 + 196884 + 2149376047 + - - -

- Andreas Enge Computing with theta functions AC2015 3



Complex abelian varieties of dimension g

@ Principally polarised abelian variety (ppav)

CE /(ZF + QZ#)

Period matrix Q € Mat8*# in the Siegel half space Hj:
> symmetric
» (Q) positive definite
Principally polarised abelian surface (ppas): g =2
Jacobian variety of a hyperelliptic curve of genus 2

Group action of [' = Spy(Z)

(é‘ g) (Q) = (AQ + B)(CQ + D)

Siegel modular functions

Cr = C(j1,42,J3)
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o ¥ function with characteristic a, b € (% Z/Z)®

¥, b(z, Q) = Z eﬂ’i(n-i-a)TQ(n+a)+27ri(n+a)T(z+b)

nezg
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Projective embeddings by 1} functions

o Quasi-periodicity
Dap(z + My + moQ, Q) = 2@ m—bTma)—mim] Qmy=2mim]z 9 (7 Q)
@ Basis of the linear space of functions of level N
Vp(2) = Yo p(2,Q2/N)

ﬁb(z +m+ mZQ) — e—7riNm2TQm2—27riNmérz 19b(z)

Same factor for all b.
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Projective embeddings by 1} functions

o Quasi-periodicity
Yap(z+ m + mQ,Q) = g2mi(a” m—bT mp)—mim] Qm,—2mim] z Yab(2,9Q)
@ Basis of the linear space of functions of level N
Vp(2) = Yo p(2,Q2/N)

Dp(z + my + mpQ) = e~ mNmIAme=2wiNmiz 9, (7)
Same factor for all b.
@ Quasi-periodicity = map
Cce/(z8 +Qz8) — PVL(C)
z (ﬁb(z))b

@ injective for N > 3

P kernel +1 for N = 2

p
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¥ constants for elliptic curves

1 .
a,be EZ/Z; qg=e>

9.5(0,7) = Z e27ri((n+a)7—(n+a)/2+(n+a)b) _ Q2miab Z(e2ﬂ'ib)nq(n+a)2/2

neZ e,
o0(0,7) = Z q"? = 1+42¢"% +2¢> +2¢°% + ...
neZ
190’%(0,7-) = Z(_l)nqn2/2 —1—2gM2 422 — 2% + ...
n€Z
U10(0,7) = Z gt /B = g/ (14+29+2¢>+...)
’ neZ
19%,%(057—) =0
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¥ constants for ppas

@ 16 functions ¥; in Qfor N =2, z=0
@ 10 not identically 0

@ Igusa modular forms

ho = [[ 9% he= > @)
10/ 60 certain i,k

hy=> 0 ho=>_ ]9
10/ 15 6i

@ lgusa invariants [lgu62, Str10]

. hhg . R2hip h3
= - -
h1o
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Computing with theta functions

© Kummer surfaces and the group law
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Circle and Kummer half circle

R/27Z — C:X2+VY2=1

—
- " Q

zeR — P=(x=cosz,y =sinz) € A%(R)
~z — —P=(x,~y)
s -

z/{£1} — x = cosz € Al(R)

- Andreas Enge Computing with theta functions AC2015 9



Circle group law

@ Neutral element
(cos0,sin0) = (1,0)

@ Negation
—(x,y) = (cos(=2),sin(=2)) = (x, —)
e Addition
cos(z1 +z) = cos(z1)cos(z2) — sin(z1)sin(z)
sin(z1 + z) = sin(z1)cos(z) + cos(z1) sin(z)

P+ Q= (x1,y1) + (%2, 2) = (x1x2 — y1y2, yixe + x1y2)
@ Duplication on the Kummer half circle C/{+£1}

cos(2z) = 2cos*(z) — 1
X(2P) = 2X(P)® -1

- Andreas Enge Computing with theta functions AC2015 10



Differential addition

The differential addition of £P, £Q on C/{+£1} is,
given also +(P — Q), to compute £(P + Q).

cos?(z) + cos?(z) — 1
cos(z1 — z)

cos(z1 + z) =

X(P)?+X(Q)? -1

X(P+Q)= X(P— Q)

- Andreas Enge Computing with theta functions AC2015 11



Elliptic curves and Kummer lines

Theta functions +C/(Z+Q7Z) — Y2 =X3+aX+b
Q _____
ay,
(Vo(2, %), V934(z, %)) eP® « zeC — (x,y) € A?
{ 4 {
(190(2, %), V1 ,2(z, %)) cPp! — z/{£1l} — x e Al
&’Lu’a,-

- Andreas Enge Computing with theta functions AC2015 12



Scalar multiplication

Algorithm: Double and add
Input: P, n>0
Output: nP

Write n = (n/|n,—1|---|no)2 with n, = 1.

R+ P
for i=r —1 downto 0
R <+ 2R
if n,-:1
R+~ R+P
return R

p
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Scalar multiplication

Algorithm: Montgomery ladder

Input: P, n>0

Output: nP

Write n = (n/|n,—1|---|no)2 with n, = 1.

RO +~ P
Rl «— 2P
for i=r —1 downto 0
if n; = 1
R+ R+ R
Rl — 2R1
else
R+ Ry+ R
Ro — 2R0
return Ry

-

p
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Addition on Kummer line

[GL09, LR15]

@ Curve parameters o Coordinates
a=10(0,7/2) b=1(0,7/2) x = o(2,9/2)
A=2th  B=} y =912(2,9/2)

@ Doubling

s=(p+yp)? xp=s+t
t=(xp—yp)?A yop=(s—1t)B
Differential addition
s=(p+yp)x5 +va) xpre=(s+1t)yp-q
t=(xp —yp)(xg — ya)A ypr@ = (s—t)xp_q
Together
AM+6S+3m+8A

Montgomery 1987
6M+4S+1m+8A

-

p
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Kummer surface of p.p.a.s.

@ [Gau07], inspired by [CC86]
» Doubling (x, y,z t)

x—(x —|—y +z +t2)?2  X=x+y +2+1t

y = (x? +y — t2)2A Y:(X/er/left/)A
7z = (x? +y —l—z —t22B Z=(X+y +2Z -t)B
th=(x?>—y? +t2)2C" T=K -y -2 +t)C

» Differential additlon

o [GL09]: extension to characteristic 2
e [BCLS14]

» 72 220 cycles per 256 bit scalar multiplication (Haswell CPU)
» “constant time" (independent of {n;})

p
- h Andreas Enge
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Pairings on the Kummer surface [LR15]

@ Compatible addition
Given X-coordinates of P, Q, R, S
with P+ Q=R+Sand P—-Q#R-S,
compute X-coordinate £(P + Q).
» Compute {£(P+ Q),£(P — Q)} and {£(R+ S),£(R - 5)}.
» Intersect to obtain +(P + Q).
@ Threeway addition (simplified presentation)
T a point of order different from 2.
Given X-coordinates of P, Q, P+ T and Q + T,
compute X-coordinateof P+ Q and P+ Q + T.
» Compatible addition of P, Q + T, P+ T, Q returns P+ Q@ + T.

» Differential addition of Q, T (knowing Q + T) returns @ — T.
» Compatible addition of P, @, P+ T, Q@ — T returns P + Q.

@ ~» (multi-)scalar multiplication

@ ~~ cryptographic pairings: Weil, Tate, ate, optimal

p
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Computing with theta functions

© Complex multiplication and class polynomials
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Complex multiplication of elliptic curves

@ Deuring 1941
The endomorphism ring of an elliptic curve is either Z, or an order

. D++D

Op = >

Z

of discriminant D < 0 in K = Q(v/D):

E with complex multiplication by Op / by D
@ Over C: usually Z, sometimes Op
@ Over Fj: always Op

- Andreas Enge Computing with theta functions AC2015 18



Complex multiplication of elliptic curves

@ Deuring 1941
The endomorphism ring of an elliptic curve is either Z, or an order

. D++D

Op = >

Z

of discriminant D < 0 in K = Q(v/D):

E with complex multiplication by Op / by D
Over C: usually Z, sometimes Op

Over F,: always Op

Frobenius: 7 : (x,y) — (xP,yP), fixes E(Fp)

Hasse: m = %m, Tr(m) =t, N(7) = % =p

HE(F,)=1—t+p

@ Deuring 1941: Any (ordinary) curve over [, is the reduction
. of a curve over C with the same endomorphism ring.

-
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Complex multiplication of complex elliptic curves

j(r) = g1 + 744 + 196884 + 21493760¢° + -+, q = €>"'"

o a = (a1,az)z ideal of Op with basis quotient 7 = 2, (1) >0

o j(a) :=j(7)
» Depends only on a (modularity)
» Depends only on the ideal class a (quotient)

@ Curve with invariant j(a) has CM by D, there are h = # CI(Op)

- Andreas Enge Computing with theta functions AC2015 19



First main theorem of complex multiplication

Qp = K(j(a))
<~2D)
2
Qp = Hilbert class field of K (for D fundamental discriminant)

= maximal abelian, unramified extension of K

o Cl(Op) S Gal(Qp/K), j(a)’® = j(abl)

- Andreas Enge Computing with theta functions AC2015 20



First main theorem of complex multiplication

Qp = K(j(a))
- awD)
:
Qp = Hilbert class field of K (for D fundamental discriminant)

= maximal abelian, unramified extension of K
o: Cl(Op) > Gal(Qp/K), j(a)°® = j(ab™t)

Class polynomial

Ho(X)= J[ (x—j(e™h)

beCI(Op)

- Andreas Enge Computing with theta functions AC2015 20



Complex multiplication algorithm

@ Fix D<0and pprimes.t. p= tzj’zD
and N = p+ 1 — t convenient

@ Enumerate the h ideal classes of Op:

(Ah —Bi + \/5>

2

@ Compute over C the class polynomial

h
Ho(X) =1 (X —J (‘B;@» € ZIX]

i=1

e Find a root j modulo p
@ Write down the curve E : Y2 = X3 4+ aX + b with

j

c=———=, a=3c, b=2
1728 —

-

p
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Complexity

@ Size of Hp

>

» Degree h € O <\/|D|) [Lit28]

» Coefficients with O~ <\/|D|) digits [Sch91, Eng09a]
» Total size: O7(|D|)

e Evaluation of j: O° (\/|D|>
> Precision: O~ (\/|D|) digits

» Multievaluation of the “polynomial” j [Eng09a]
> Arithmetic-geometric mean for computing ¢ functions [Dupl1]

- Andreas Enge Computing with theta functions AC2015
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Complexity

@ Size of Hp

>

» Degree h € O <\/|D|) [Lit28]

» Coefficients with O~ <\/|D|) digits [Sch91, Eng09a]
» Total size: O7(|D|)

Evaluation of j: O” (\/|D|>
> Precision: O~ (\/|D|) digits

» Multievaluation of the “polynomial” j [Eng09a]
> Arithmetic-geometric mean for computing ¢ functions [Dupl1]

Total complexity O (|D|) — quasi-linear in the output size [Eng09a]

Record (with class invariants) [Eng15]
» D =-2093236031, h = 100000
> precision 264 727 bits, 3 days of computing, 5 GB

@ Chinese remainder based approach [BBEL08, ES10]

p
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Class field for p.p.a.s. (dihedral case)

Q

K'(1()) = K"(2(2)) = K"(j3(2))

! I(K")/{a:No(a) = (1), n € K, ppp € Q}

/N

K K"

Ko Ko

NS

Computing with theta functions



Main algorithm (dihedral case)

o Consider the two CM-types ® and @’.

o Enumerate the class groups and deduce the Q; and ..

Evaluate the ﬁa,b(QEl)) and deduce the jk(Q,(./)) [Dup06, ET14b],
quasilinear.

Compute the first class polynomial

h

h
Hy(X) = H(X — @) [ (X - 4(Q) € QlX]

i=1

Compute the Hecke representations of the algebraic numbers ji (£2;)
with respect to Hi:

. Fi (11(95 ))>
Hi(X) = polynomial of degree 2h — 1 s.t. jx(Q;) = — N
(D))

. (roughly Lagrange interpolation)

p
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Smaller class polynomials

e Compute factors over K{ instead of Q [ET14b]

h h

H(X) = T[(X = a@)- T[(X - a(Q) € QIX]

i=1 i=1

eKIIX] EeKSIX]

= 4 times smaller
e Compute irreducible factors using class field theory [ET14b]

@ Use class invariants [ES16]
= gain constant factor

e Software is available [ET14a]
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Computing with theta functions

@ Modular polynomials
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Isogenies

o Isogeny between abelian varieties
= surjective morphism with finite kernel
(compatible with principal polarisation)
@ Applications

» Cryptanalysis: transfer of discrete logarithm

» Point counting algorithm SEA on elliptic curves
» Class polynomials via Chinese remaindering

> lIsogeny graphs
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Modular polynomials for elliptic curves

@ Congruence subgroup: p prime

Fo(p)z{c Z)Errplb}

CrO(P) == C(jyjp)a jP(T) ZJ(T/P)

@ Modular functions

@ Modular polynomial

o, (X)=  JI (X—jp(Mr)) €Z[X,]]
Mel/70(p)

@ p-isogenous curves to curve with j-invariant j(7)
have j-invariant j,(MT).

-

p
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Evaluation—interpolation [Eng09b]

p
o,(X)= J[ (X—ip(Mr)=XP 4> ()X, ¢ e Z[j]
mel r0(p) =0

e Evaluate ®,(X,j(7x)) and obtain the ¢;(7x)
for many 7, € H.

@ Interpolate the ;.
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Evaluation—interpolation [Eng09b]

P
o,(X)= J[ (X—ip(Mr)=XP 4> ()X, ¢ e Z[j]
mel /70(p) =0

e Evaluate ®,(X,j(7x)) and obtain the ¢;(7x)
for many 7, € H.

@ Interpolate the ¢;.
o Size
> degy ¢, =p+1
» deg;c;<p+1
» Size of coefficients = floating point precision € O™ (p)
> 07 (p)
o Complexity O~ (p3) using [Dupll], quasi-linear in output size

p
- Andreas Enge Computing with theta functions AC2015 28



Example

e p=>5
(X, ) = X8 + (—j° + 3720j* — 4550040;3 + 20285512002 — 246683410950 + 1963211489280)X°> + (3720;° +
1665999364600;* + 107878928185336800;° + 383083609779811215375,2 + 128541798906828816384000; +
1284733132841424456253440) X+ + (—4550040;° + 107878928185336800;* — 441206965512914835246100;° +
26898488858380731577417728000;2 — 1924579346189282996551082311680005 +
280244777828439527804321565297868800) X + (2028551200;° + 383083609779811215375/* +
26808488858380731577417728000;° + 5110941777552418083110765199360000,2 +
36554736583949629295706472332656640000; + 6692500042627997708487149415015068467200) X2 +
(—246683410950;° + 128541798906828816384000;* — 192457934618928299655108231168000;° +
36554736583949629295706472332656640000,2 — 264073457076620596259715790247978782949376; +
53274330803424425450420160273356509151232000) X + (j® -+ 1963211489280, -+ 1284733132841424456253440;* +
280244777828439527804321565297868800/° + 6692500042627997708487149415015068467200/2 +

53274330803424425450420160273356509151232000; + 141359947154721358697753474691071362751004672000)

o [Sch70]
X0 — X5 +4Xj + j°

-

p
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Modular polynomials for abelian surfaces

@ PhD thesis E. Milio 2015

@ Congruence subgroup: p prime

Fo(p)z{@ g>€r5P|B}

@ Modular functions

Cropy = Clin, 2, i35 dep)s  Jep(R2) = je(2/p)
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Modular polynomials for abelian surfaces

@ Modular polynomials

1 ,(X) = H (X = j1,p(MQ)) € Q(j1, 2, j3)[X]
Mel 0 p)
_ : _ Pup(X)

Hecke representation
o Surfaces (j1,j3.j3) (p. p)-isogenous to given (ji, j2,3)
¢1,p(.jl).j2).j3).j{) =0
Bo= Yoo, 3, ) /P e 2 3 1)
Jé - w3,p(.jl7.j27.j37.j{)/¢{|.,[3(jl’-j2’-j3"j]I-)
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Modular polynomials for abelian surfaces

@ Quasi-linear complexity
~ 7?7 A~
0" (p*d djdjsN) = 0" (p*°)

e p=2
2 MB

e p=
890 MB
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Smaller functions

Y0,6(2/2) 0 1/2 1/2
bi Q) = —— b » )
@ =5@2 2 \12) Lo ) (i
e Modular functions for I'(2,4)
@ Many symmetries
D = 64(b?b3b3)(16b7b3b5 + 1)(b} + b3 + b3)
—32(48b7b3 b3 + 16b7b3 b3 4 1)(bib3 + bibs + b3b3)
+256(bSbS + b bS + b3 bS)
+32(bTb3b3)(—24b7 b3 b3 + 80b3b3b3 +13) + 1
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Smaller functions

bi(2) = m’ be {(132) ’ (1(/)2> ’ G?g)}
Modular functions for I'(2,4)

Many symmetries

D = 64(b?b3b3)(16b7b3b5 + 1)(b} + b3 + b3)
—32(48b7b3 b3 + 16b7b3 b3 4 1)(bib3 + bibs + b3b3)
+256(bSbS + b bS + b3 bS)
+32(bTb3b3)(—24b7 b3 b3 + 80b3b3b3 +13) + 1

e p=3: 175 kB (instead of 890 MB)
e p=>5:200 MB
e p=7:30GB

Creia—
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Modular polynomials for surfaces with real multiplication

e Work in progress [MR16]
@ [-isogenies for
P = NKo/Q(B): /8 >0

Certain cyclic p-isogenies

Degree of modular polynomials O(p) instead of O(p?)
Complexity O™ (p*) instead of O™ (p*®) (?)
K =Q(v?2), p=97: 270 MB
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Conclusion

9 functions are everywhere!
@ Group law of (principally polarised) abelian varieties
o Construction of p.p.a.v.

@ Maps between p.p.a.v.
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FRUKIRDBRITER S Z & B kD -

Jesmanowicz FE. m, n FAWIZERBERET, m >n, m Zn mod 2
=935 Z0eE, ROAREN

(mn) (m? —n?)” 4+ (2mn)? = (m? +n?)* Ty, 2 0 HIREK
i, BB (z,y,2) = (2,2,2) UDEEZR0.

Jesmanowicz FRUL, m,n (DD WEa,b,c) IZETHRRAXLREMETT, E
LWZ EHREHENT WS, TDS5DWL D2 FIZHIZET S ¢
i) m=2n=1(Si).
i) (m,n)=(3,2),(4,3),(54), (6,5) ([Je).

(i)
(i) n =1 ([Lu]).
(iv) n =m — 1 ([De]). \
(v) mn =2 (mod 4), m?* 4+ n? PR F ([Le]).
(vi) m=2,n=3 (mod 4), m > 81n ([Le2]).
(vil) m=1,n=6 (mod 8) X7zlE m=5,n=2 (mod 8) ([Ca]).
(viii) m = 4 (mo d8) n =7 (mod 16) if’l m =7 (mod 16), n = 4
(mod 8) ([Mi]).
(vilii) @ = £1 (mod b) F7zlX ¢==+1 (mod b) ([Mi3]).
(X) a =+1 (mod b/22®) F7z1% ¢ = 41 (mod b/2"2®) ([MiYuWu]).
(Xi) n =2 ([Te]

AFEOWFEHIE, EFIZHET S [Lu] X [Te] DRRIZ, Tn 12D A% )
7T J Je$manowicz PR ELWIZ L ZFFHAT A2 Z & TH 5. FEHIZLIT
Thb.

FEI 1. HEAT3IEERAERDAEEIZEEINZ n 2/ LT, Jedmanowicz
FRIIELAEREDO m ZFRVNVTIELW. T4bb, nZZIFIZL->TEE S
EC, MFLELT, n=3 (mod 4) 2O m >C, THBHRY, Jesmanowicz
FAUZIE L W,
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BIZHMNED, EHLIZRRSNTVWBIERC IXFEXTHS. BT,
BEniZ2WTm WP C U TOBEZFREZRTZ L GIEKoHEET) #
LW, RIZEIT 2 ZDO0EHBIZZTNEMTET 2 DIZR 5.

PARTIE, Eplcd LT, v,(A) TBEA £ 0 DRRESRIZE DN
5p DEBELRT ZLITT 5.

EE 2. nWMEATILARLREGEE2ERD. f=mnh+1) LBEL. B
IR, F720E, B=3 2IEETS. 51T, nid4et 2RV EIRE
T5. TIT, el IRDOFRIZERIND :

o max{ry(m), 2} (B#3D&LE),
2 max{ry(m), 3} (B=3D& ¥).

ZDEE, nPITILEoTEEFAERC FMHELT, m>C, THABIRD,
Jesmanowicz FAUXIE L .

EE 3. nWE4 T3 AL L2562 F A 5. [ a2EH 2 LAKRIIESR
5.

(i) £3, MOREXRZET 5 :
3vs(n), grs(n) > 2s(n)\/ﬁ'
ZZTs(n) lFRORIZERI NS -

(n) = logn - RN

S\ = 22log(n'3 — n*) + 421og 2 286 )

X5, BIMEKTH D, Fi2lk, WOLEXENET S :
3mmk5%mp>5;n.

ZZTesd IZLTORRIZERI NS

€3 = max {Vg(m) +1, ?, 3} ,

31 (n V15 L EWNIER L X)),
6=1< 31V (niE3TEIDEINAL WA, 5 TIEEIVEING & ),
YL (n 15 TEID YN G & &),
ZDEE, nFRIIZE o TEEBERC; BFIELT, m >C3 TH

AR D, Jesmanowicz FAIZIEL V.
(i) £9, MOALERZKET S :

max ¢"1™ > 153432 t(n) v/n (logn)>/>.
qE{3,5}
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ZZTtn) lFIRDORIZERZIND :

1 4 n?2 10g<1 + 67?—7—9)

t(n) = \/—1534+ (14—5) log (1+6n+9> (log )2 (< 1).
X5, BIMEKTH B, 721k, MOLEAZKET S :
3%Wl5%mkzégn.

D& E, mIZIFEEMT Jesmanowicz PAUIZIE L L.

FHOEM1~31220WT, W DO DEER*T 5.
F9, FHIZBWTHLNDEEC,,Co,C5 1%, WINH n DS LT
HIRINZ G 25 Z D3 Hk5. Bz, IFORRIGERZ E KD .

_ . max{ 7-1029, 4000(log logn)?2
€y = nmad (loglogm)? }

Cy = max{56n, \/|[n° —n?|}, e 23log 2

" 1llog(4t/n)’
Cg = H6m.

KHZ, Cold, n DMRE I N7z EfR 42t 12E < 2512200 T, KELS B
EhRbhs.

FEH1LIZDOWT i n lZ@ o5 5&M1E, n DHY S SHOMSD—% 5
ELTWB., £ZT ITAREDOm Z2R\\WT] %2, (R WS IHNPORS)
HHAHERESSWNIWEDTHBEEEZDHZ LIZT AL, “Jedmanowicz
FREOMSD—ZIFEFE A LTI EE>THEVWEA D,

EH2ZDOVWT - T RICEIMNB L LT, LROWTHhDBEIZE,
Jesmanowicz FAILE 2 ARRMED m ZFRWTIEL W @

n=3,7,11,15,19, 23,27, 35, 39, 43, 47,51, 55, 59, 63,
71,87,103,119,135, 151, 167,183,199, 215, 231, 247.

EHERIZ, Zhoz2E8D7- (RO KEL W) BN n OMEIZF LT, miZ
XS T Jedmanowicz PAUXELWZ &2V TE 5 (RHiDR 1 %
ZR) .

FEH3IZDOWT i n ORRBORIZBENT, 37721350372 AN
X, Jesmanowicz PAUXIELWZ 03005, HlZIX, RRESIZ3 £7-
X5 UDBENR W n2FEZ252 8T, FHERVKLT S X5 n D “MERE
HZBZ VKDL (REETIOR225M) . (FEHIL, @#EEHCIIEH 1
ZEEHE UTHRA LD, HEmMICREENIMIE I OMERE 5 2 72
ZeREEEZTWVS.)

2 EEDOIHOHE
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— iz, SRR (mn) OFRIZ N T A =22 E0RESEANL, R<HSoH
TWABBHIDFIERHEFEN LD DI THERS Z 2 BRER (H S WIZHEH
ThdLEbnd) G&EITIE, ZDHEA%Z Baker Blim DRk —Miw72 1)
TR T 5 Z KN L I3LRIZH 5. VWE, Jedmanowicz FADER
2, fRO—FEMEMS> DL FTEEZLZLIZTE. T5&,[HLIEHMH
IRDFAE UGG BT FERRDIT L Z RS ] DFEFAI R X
NHERWZ 22725, HFERX (abe) 2B WTIE, BEIZ, Baker (2 & 2 44K
—IREADMERMP SO K E XD LRI AIRETH 5 -

(1<) =z,y,z<C.

ZIZT, ABIEFEZTCVWLHBERCL>TEE A MidElTchHs. Ll
BRSO INTRENREITE WS Z TR L TR, EEE, ClxAHER
DIFWIZHKDDTH BN 6 (L DFEH, NITA—XOENNEKTHS) .
£-oT, EEhoFEZES ZIEHEKRW. ZOEZBFHENAL, FHIMS
TRl I N7z EEAEFERDLELD R (ZNIFHEMIZEIERETHEZ &
MHRED) BDREVEDTHRWASTHS.

ZTITHEELRLION, FELZEL ZOIZHENEN, Wz 52, F
Do DRWIH A AR X ek, (AREADMNS) Mk hs “B&" % K
DFBZETHD. UF, TNEALTTILIZTS. LDFHELLLEFIEX
DZZ2MRHETE2OTHS : 9, AXEILSHERINDEDEH1S, Baker
HEmED K EHANWT, TOLEEZEDIFIEILVHEEEAS. Th
U LT 5. ¥, I RWEEZ L & 30E, RENX

L<A<U

MEKNLT 5. —HT, bL, KHOARERL > U BRI NE, FE2
B2tk s,

% Jedmanowicz YARIZRET &, n 2EET A NIGDEZEIZIE, A =
Az, y,z) EUTIE, Rz &z DEDEITND :

A=z —z|
ZOENRERIZRDEZ L LMV HPAMTH B Z L IXFAMETH S Z EHH S
NTW5., EHOIHIZ, KELHTTZOZH0hNEH, TonwThic
BPWTH, ~21EA

L(m,n) < A<U(m,n)
N, “GEEBRIZOWTEIYL, — AT, mPnllHRTHFHREN
Pz,
L(m,n) > U(m,n)

MENLT B EWREINSG., BIZBMNED, In ZEET 53] TIX, L
CLUTHHABRLDOUNRHAT S Z 2hdkR\w. TD=d, Bl LU 7-E#H
M EFLHEDAITIE, HYICEWU OFMABREIZR S, FOAIZ, EH
DFEIIZBENTIE, [Mid] TRENZ AT AOBEBROMm % A\ W= Fikz
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ffis. MAT, n DERBUFHRFIRZELS Z & T, TOFEILGRFON
50U DHREINS.

3 FRDOEHMLE

Jesmanowicz FRDMHEIZEWTIE, HIERX (mn) OfE 2, y, » DFEFRME,

FIBatE 2N Z L 3O TEETHSH. TN, [FPRPEL FE

fRIZ T RTEBE 25 ] Z2IZERLTWS. PARIZ, fEOMBENELD
NEDED—DOD M EEITS.

. m =0 (mod 4) *2n =3 (mod 4) ZIRET 5. (r,y,2) & FifEX
(mn) DL 35, ZDLE, zyldLITMETH5.

Z OB, AKX (mn) Z2¥E4,m—n,m+n TEETDHILITMAT,
TR D 7R 2 - 72 Jacobi Rl 5 DFRME 21T S T & TREE 1D (Z
NS DRI DWTIE, [Mi2] 7z 1% [Mi6] 2 5f) .

EHOFEHIZLA T D =205 EIZ3 T oNnD ¢

e m=0 (mod4) 7D n=3 (mod4).
e m=2 (mod4) 7D n=3 (mod4).

HIETIE, ME3NS, o,y DEBMEPREI NS, 72, BRiZHsnT
WBHZ el ULT, BEDEGAIE, My 1LO KBS, v=y=2=2
LB 2N (WEFEMIZ) RINTWD ([Le2] Z2). ﬁk,y-l&%%
GG aHZEZNIEINWI LIThE, FeddL, LFOZD05&5%%
VYL LIIRb:

o 1,y DT,
o y=1.
REITIE, BTEDOGEIITRONSHED ERIZOWTH U 5.

4 fEO LR

ZIZTE, zy PMEEE 25O ERFHIZOWTHENS. WE, (z,v)
Z AN (mn) OfEE U, 2,y DM APMERTHHINETS. T5&, [t
A (mn) OFEIIL, RORIZDETES

(a®? + b9/2/=1) - (a®? — /2 =1).
NS ODORFIFIKTH I A TH L. BN D, U ADOEHE L
THWIETHS. HAEX (mn) O8I (BED)z /206, EFLOZK
TONWTNE T T ADEED : F#DOKE L TWDZEDbMND. KT,
(%) a®? + 02/ —1 = w*.
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ZIT, widhHd A ABETHE. ZORRAPSH2,y, 2 1IZD20T W
KOMDERER ST I NSRS,

[Mid] T, (x) DLELDELEEHBE w DFEHRTHES L, TI0H6H
HNBFEADMIIZE W THEYRF (RIZ2) OHN DM ZRFEITHA
EIFBZ2iz&D, PRDEWED EREEFTHNS (X512, 7)Y —0
FRERX % AL U 72 AR ([Be] 21R) 1B 2 BEAI DML R $ £ 4312 H
WONTWAZLIZHEEKRLTEL) . TNZ2HLXDOGLEITHEHATHEUT
DN ND -

B 4.1, (z,y,2) %, 2,y,2 DT R THEETH 5072 R (mn) Off &
5.
(1) IRDAZFERDEL D LD
log(4c)
= log 2v2(m)+1
(i) n 1ZD <L H 23, 5DVITNL—DTEHOYIND LIKET . T
58, y=2, £721%, MOLEANKD LD :
log(éc)
Yx .
log H qVq(T)+Vq(n)

qeS1

ZZT, S IEEAE{2,3,5} £ n DERBEAROELDOILEIHL S TH
D, 5 IXXDOBRIZEZRI NS -

5 2 (SiH22A0LE),

Pl (S h 2R A ERWE X)),

B 4.2, (0,1,2) %, 7,y OESHEEDRD 2 D E 2 BB JFER (mn)
DL 5. ZOLE, y>2451E, WORFERDHKD LD :
)< log(03c) ‘
log(2u2(m)+1 H <q’/q(7")+l’q(”)))

qeS2

ZIT, Sy RHE (3,5} ¥ n ORRBLEOEEDIERATH Y, 6, 1
RORRIZERIND -
52 — H q’/q(z)‘

qeS2

FAMREIZ BV CENERB £ 51, ROBAEEEZR>T V5 : K
g XU T, IROMmE :

X?24+Y?2=A4% modq %5l X £23Y »q TEHLYINS.

98
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M, q THEID YN MEROEB AT U TR YLD, EEE, AR,

42— I mod3 (¢=3D&&),
S|l modb (g=5DEF)
72T DOMENRD B RS, ZOMWEDHRE 4 DA TIZE
TR REEZRZT. I51I20WH e, TOER3IL5IE, y=1D5a%2%>
Bz ADBRBWTRRAEZBRZ 212622 (Hil 9.2 51R) .

5 =IEEDIEB AR

ZCT, EEL AT ABNC, ADBEV LHEGDAICHEICLD
ZeRRRL. ROMEE, SRR (mn) O =t W, RED"ObHE
DREIWREDSBENI EERLTVE.

R 5. (1,y,2) %, z,y DWEAPMEHRTH 207X (mn) OfifL 3 5.
D E, MNEHC > 0P FELT, MFOLREANKD LD ¢

. 2
min{a®, 0’} > — 7 Clogz,
2

Z DOFiEDRER X, BARR (x) & Baker DX — XL AN DB GEw % i > T
REND., WEIHDOZOIZ w FERFHOB -RRIZEST D567 TE
A5

w = c/*(cos § + i sinh).
ZIT, 0l30<f<n/2%hilzdFEHTHS. $5&, F-ETTIVOE
D5,
{|Rew?|, [Imw?| } = { ¢*/?| cos(20)|, ¢*/?| sin(z0)| }.

AR OMEIZE T SHFNRERN S, IROAEFEXDED LD ¢
min{ | cos(z0)|, | sin(z0)| } > ﬁ 12260 — jr|.
m

ZIT, jlid|220 — jr| BBUNE R 28 TH L GEHIE, MiI2» X = 20
DR E LT n/2 2>l 2 MHT5) . BERILIZ, ZohHI
N, WBDO—REATEKEINEZ L THD. EE, log THEDFEE K
TILIZTDHE, log(—1)=7nTdVY,

v = cos(260) + i sin(20)
L L, logy=2072DT, IROREXNDRLD LD :

2
min{ | cos(z6)|, | sin(z0)| } > £ |zlogy — jlog(—1)|.
T
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COHAE TS FET 572012 Baker DHEFHAEH X, HEOAER
nEoNs (EEIZIE, MMMEOHFEPHEZA RN L 2R T H5HENH
B, TNIEHIZIE, v 1DRFIBTRWZ o nhrsd). LKDIERIC
X, RORFERDK DL ORRARAMITEEC > 0 BFET B ¢

log |zlogy — jlog(—1)| > — C (log |w|) log max{z, j}.
ZZT, WAFloglw| iy DI E S LIFXNLEETHD. TOALRE

R (GOEHENST RS ) FHli j < 2 2 AbED L, MBEOHIHH X
ns.

6 AD_ LR
A %S 2B, W45 2HHTE LT, XOB/FOLND -

R 6. (1,y,2) %, z,y DM APMEERTDH 207X (mn) Ofif L T 5.
() 2 < 2 2IKETS. T2 LIKDAERIE D LD :

A < 5C log z.

oI, AFOAREFEXDPEDY LD ¢

log b log 2 N~

A< 82 4 082 (> BMEKTH B & %),
2logc 2logc
1 log 2 -

A losb,  log2 (- BEHHETH B & %),
log ¢ log ¢

(i) > 2z ZINETB. THLELUFOARERNDVED LD ¢

log(4c) logb® log(c/a) ok

A= loge loga log2v(m)+1 (z MBEBTHB LX),

a< 2ege) (: WERTH B L ).
log 3

Q) IZBITBBHID ADERFHZOWTALUBRMETHAS. £, S
"5, IRDOAFXHKY LD -

(z/2 — Clog z)log ¢ — log

z>2-
log a
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INEHWPRAEFERNc>a b BDETEAD L

A:Z_x<2,’—2 (Z/Q_CIOgZ)IOgC—IOgW

loga
_ 2C'log c log » — logc — log a . 2log
log a log a loga

<

2C'logc 2log
log z + :
log a log a

L0, I0hSEESNERERNIESNDH, T OFHORET 2 D
A DI B X T 2 ORBAE > 7 N EET 2.
7 A D TR

ADTRIE, B U782, BHAZREDOUNREDIFTAZZ 2B TERWV. X
OWfEIE, AR (mn) 2Em TERTEI L TREELILFONS.

R 7. (v,y,2) %, v\ IMEET, y>1LRDRGEFAERX (mn) DL 3 5.
ZDEE, A>07%01E, WOAREADED LD :

logm

logn

8 y>1&1%F8

y>1eR2FEAPMBPFEL RNV EZGEHL LS. WE, (1,9,2) &
HEPMRL T2, A>08%5. ZOLE, v,y DEHMERTHSD &L
TEWZ e ZBEWHLTEL., ZZTRERDZDIZ, 2 MERTH H5E
I EEZS.

T, A=2—zDHEEFERD. WHE6OD (i) 05, ROAFFADHED
WASIE

A< log(4c) logb?® log(c/a)
logc loga log2va(m)+1’

GIFEMICRZ 2D, B8 E log(c/a) DFEE LT L2 HEHEidT 2 Z & A3
ks, ZOEAN1IUETHE Z L E2FZNIX, log(c/a) Vi HIEEKRE
KBS RITNUTNT RN e h 5. FNlda, chd5BEHNLTNEZ
EEEHRL, mnDEETIE, m/adbEO RSB FIZER) Z&
BRn5. £oT, m/nDBHEIRERESVGEIZIE, 2 >0 205 i
BN Ry h o7z,
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R, A=z - DEEEEX5. 410D (i), &6 D (i) B L Ol
BThro, MFTOAFEAEZGES :

|
8T A <50 log z < C'(loglogm)? (C' : #EREE > 0).

logn

ZIZT, 2Dy iZRTRYBENHEZHNTWS (FIZIX, #ES 2 5R
EINDB). mDPnIZHARTHF/IZRETNE, EEHOREFERIZBEWT, &E
WP AB LD RERBZ D5 (ZNTEM L OFEHIKI ) .
ARk (ZWoTH, HIDUEHESD), T 2,3 DIFIE, #HE6 D (i)
DAD LR & HE T Z2HNTHRI NG, KMEHIZEL &, ROBZER
HEAXESNS .

1 1
ogm A< ogm

logn logn’’
ZZT, nlE, mA2 TS IAEDYING D, HEWEnD3F/~IE5T
72 EAEDYINBGEIZ, RESBRBIETHS. 0/ >nHhBROINLD, T
bbb FEELDOARERDVK D72 WRREIIZ 72 SAEYYNnEZ 2] %
BERTHIARAERDEH 23 OFTHEIZRS.

9 y=1&R3G4H
22Tk, ARX(mn) BVt y=12UzAER
(y1) (m* —n*)" +2mn = (m*> +n°)*  z,z: BRK

IZHERZEN TS, EHOGEICIE EELO HREADMR 2 R 7 e\ 0 A
WBEN/ D, T, Baker HERAIERIZR W LRI Z 5 X 5 ¢

WE 9.1, (v,9,2) 2 HER (y1) DML T 5. Z0 L XKORERIE D
N
x < 1534 logc.

Z OHFBEDFEIIZ DWTIE, [Mi5] TR L THEDTHLLLIEEE %
I N/,

WEILNS, m/nDHIREREWVGEEITE, AR (y1) 3% 7=
BNZ e bnrd, EE, A=r—2(>0)THE2ENTICOLD, HH
BAERN > a* LEDETERDLLUTOAREAERS ¢

A<z— loga x = log(c/a) xr < 1534 1og(c/a).
log ¢ log ¢
AF1LELRDT, 6HiTERLMKIZ, ERLEm/hPERTHLILE

X510z, BRLAREIZ, ndiqe {3,5) THL IAZDYING & Xi121d,

FEAGYD) Z2n 2805 ¢ DERARNFZEL L TERETLHILIZLST,
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ADERSDORWEHENESNS. T M.l ZHlAEHhESZ & TR
DI EHEFAEI NS :

R 9.2. ¢133FLB5THhdLTHLE, ROAFEXEZNET S :

n? n?
1534 1534 4)1 1 1 1 .
N > 153 \/n+ 534 (n + )og< +6n+9) og( +6n—|—9)

ZDLEHFEA (mn) ldy=1LR5HER7=7\.

ZOMMBEOR WA, (B I.1IZHRS L) mIZA 623 TV
WZ e Thsd., ZORPEH3DIFHIZINTLS 5D TH 5.

10 FEEY 2 ZDMDOER

EM1~3TIE, nDWELTILEATHIGEEFZ AN, TNIEHE

ONFIHTEEN5THB. LLAEHMS, [Te|, [MiTe] THRENZL S (T,
nME4T2LEETHD GEEICRKZ) 55125 EH 1~3 L RO
REFHT S Z L BHKS. [Te|, MiTe] Db T 072 E L, #9207
1T 4T EMAGDLERZ LT, MOEMEGHTSZ KD GEL
<&, [Mi6] 22H) .
B 4. n LA T2LARAE L5825 X 5. n/2 DI PH#EBT
Hb, £721%, n/2 DL HIES T1 L AR L7225 RN E R 720,
IRET D, ZOLE, nZIIl&k>oTREEDTEMC, BWFIELT, m > Cy
THHED, JeSmanowicz FREUFELW. X 51T,

max ¢"™ > 1534%2\/n (logn)>/*
q€{3,5}

DK D SO H1E, m ZIZ ISR T Jedmanowicz FAULIE L V.
ZIZT, ClECy LIFIFAUKREITHEHZ LIZHERT 5.

EHI~4 %25 2 CUNDRZRHYT 5 Z LAHKS (R1 T, [Tel,
[MiTe] THb N7z n DIEIZFRNT VWD) .

R 1. n PRIZBIT L —HT 25E121%, Jesmanowicz TRUIIEL L.

3.7.11, 15, 19,23, 27, 35, 39, 43, 47, 51, 55, 59, 63,
71,75,87,103, 106, 110, 114, 118, 119, 122, 126,
130,134, 135,138, 142, 146, 150, 151, 154, 158,
162, 166, 167, 174, 175, 178, 182, 183, 186, 190,
194,195,198, 199, 202, 206, 210, 214, 215, 218,
222,226,230, 231,234, 242,243, 247, ...
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R 2. n BRIZEITBEE BT 256121F, Jedmanowicz FAULIE L L.
32k’+1’ 152]@-"—1’ 9. 3/6’ 2. 5]43’ 9. 15k
ZIZTkIMEEDIETTH 5.

ARDOEZIZ, —DOOMEZGEL LS. EEDRIZE>T, £ DELK
)78 n DAEIZX U T Jesmanoiwez FAZFEHHT 5 Z & A3k 7/-. MR, Z
NLABEDOIIZETIX, /DO T DR S TZEIZ D WTERE T REZN,
ZOHTHRH/NEWE (POFEARHRES 2E D) 131 THDL. FEEE,
n=3LIZDOWTIX, f=u1w(n+1)=5%2D31%35DH5TEH Y YIh
b\ ULrL%adis, EH1IZEk-T, miZBEROEGEEEZEZNITI V. K
iZ, (Baker BiZgh2 o) fEOKEIBLEWRTHD. T ORI Z FLEIZFHEIE
IRORENR R D15
IR, ROAREAZM Z &

(m? — 31%)" + (62m)¥ = (m* +31%)*  x,y, 2 : ARREL
22T, mIZARET, UTO&MEMZT
31<m <10, m=0 mod 2, m # 0 mod 31.
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Joboooboobouoobogoogon

00 00 (0000)

u o

gbooboboobobobooobobobobooboboobobaon
gobobooobobooooboooboboooobooooobooooobooog. o
g, 000b000boobooboooooboobooooo,bobboboo

ooooo.
1 OO0
1.1 00O

QUbobOUObobQQububOoUboUobUoUbLDUObOoUObLDOoLobOUObOoLobOUOoDboOoo
gobogoboogobuoobbodb. bgg,ggbbodbobogbuo~0dboon
000000000000,0000000000000O00O0O0O00O0OODO (00O
0([2,15|000000000). 00000000,000000

1
C(k17"'7kr) = Z k. (kla"'>kr—1 €Z>0,k’r GZ>1)
im0 1 Tyt

goooogoooggn
I(n) :/OO FaOldt (f € Su(N), ne {12, k—1})
0

O00.000,8(N)0D00k OT(NV)DoOoooooooooo.oooooo, ™
oooooooQboooooooooboooobo “ooboo’bobobo,0oobooooo
0000000000000 000ooo0UooooO0 (boooooooooooDo
0000000000,210032000000000). 000,000000000
oboboobogbgo.

1.2 JO00oooboogd

000000000000 00 Broadhurst-Kreimer 00 [6)00000.

000000 ¢(ky,...,k)000, ki +---+k000,r000000. 000000
000 (3.1000),0000000000000000000QO00000000DN
0000000. 000,000000000000000000000000000

1
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000,00% 00-000000000000000O0QOOOOOO®,Z.0000.
000,92, =QC(4)+Q¢(3,1)+Q¢(2,2)000.000,1eQOOO0000000
00000000.k>00000,000000

D02, ={0} CD1Z2, CDZ, C -+ COp 121 = 2

Ooo00. 000, Z 000 (k0000000000000 QUOOOODDbDOOD. OO
ooooooo z2:=>%,.,200QO0000000,00000000000000
ooo. DDDDDD,DiﬂDDDDDDDDDDDDDDDDDDDDDDDDDD
9,2,/9,,2,0000000000000000. 00000 ©,2,/9,.12,0000
00 Broadhurst-Kreimer 0000 O0O00. OOOOOOO. 000 O(x),E(x),S(z) O
oboobooobo:

a3 x?

O(z) = o =’ +2°+a2" 4+, E(z) = T =+t +a2% 4,
12
S(x) =Y dimg Sp(1)2* =

xT
k>0

12 16 18

(1 —a*)(1 — af)
00 1. (Broadhurst-Kreimer 1997) 000000 :

) ? 1+ E(x)y
1+ d D, 2./0, 12.) "y = .
2 dme (9 2/ 12 = Gy e s

dodoodoooooooooooooo, 0 1o oouooouoouooon
00000000 QUUOD0bOO0O0dbObLO00OobOoO00DbOOo0oDOoOOoO0oDDOoOn
O00000.00100000000000000000O0O000O0 (OO0 [3joo,d
O000000000000000000000D00O0000200000000000).
r=1,2,3000, Goncharov [10]0 000 dimQQTZk/Qr,lszDD 10000 2ky
O00000000000000000,00r=400000000000000 [4, 5].
3000010000000 ooooob,3400000o0o03000oono 10d
000000 Broadhurst DO O OO OOOOO.

1.3 UDdoouoobuooooooon

00 k000000 f(-)000(00000000). 00 (resp. 00)000 f(z)0
000 (n)000000QOO0DO00DO PY (resp. PY)0D00:

PH=(I;(n)eC|1<n<k—1,(-1)"=-1)g
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(resp. Py’ = (If(n) e C|1<n<k—1,(-1)" = 1)q).

00000 dimgPY = dimgPy 000000 P¥NPyY ={0}0000000 (007)
000.0000,000 f0000 dimgPe000000.
00000000000000000000QO000000000. 000000
00000000000000,000000000000000

00 2. 0040000 f(2) = X ,m0amg" 000, 00 PP 0000 fO HeckeD
Q(f) =Q(a, |m>1)0QUOODD0O0ODO00:

dimg P! < [Q(f) : QJ.

00. Manin [16, p.81, §4] 000 [20, Theorem 1]O000, OO n = m mod 2 (1 <
nm<k-1)000,00000 I;(n)/I;(m)0 f0 HeckeD Q(f)000000000
0000.000,Ix(k—-1)#0(LO00 Eulee00000000O0O)00,0000
guooooo:

I;(n)

dimg Pp? =dimg Y Q
<n<k-—
S

]

000 f000,0000[Q(f):QO00000000,0000001000000
00 (11,50))00000, [Q(f) : Q =dime Sy(1) ~£000. 00 P OO0DOD
000 40000,0020000000000000QO0000000000000
00.000,007P¢¥0000000000(0000,000000000000,0
00000000000000000000000).

00 kO T,(N)DOODOOOOO CO0O000000 Srew(N)OOO, 00 S (N)D
D00 WwWyODODODOOO:

F(2)| Wy = NF27F (113).

Nz
OO0 WyOoooono (f(z)‘W]%:f(z)DD,WNDDDDD +1) 0 S,Zew(N)iDDD
oQgd.

00 3. 0000 N=1,200000000.0000,000 fe S (N)*000,
0ooooo:
dimg P! = dime P (N)*.
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000 N=10000, S (1)t =5,(1)000, Seev(l)- ={0}00000000
0000.0030%=360000000000000000000 (000N =34
0000000000000000,0000000000). 00000000000
0000000,4000000000.00000000000, SageMathO 0000
0000000,00000000 S (N)*0000000000000. 00000
00000 S (N)*00000000.00043000000000

2 00 (lindep)

2.1 lindepUO 00

0000000000000000 Pari-GP (ver28)000 Y. 00, Pari-GP OO O
0000 “lindep’0 000000000, 000, lindep0000000000000
(0000000000 (7, 27.20]000).

n0000000(@0O00000)000 a,...,a,000, lindep([ay,...,a,])000
000,n0000 [by,...,0,]000000.000,byay+-+-+boa, 00000000

0000000000.000,a,=((2),aa=7>000,lindep0000
7 lindep([zeta(2),Pi"~2])

» o= [-6, 117

000. 00000 -6(2)+r=00000000,00,00000 EulerOOOO
oooooooo.

Oooooboboboboboboo,gb 22000000 lindep0obonboon
00000 (Broadhurst-Kreimer 00 0000000000000 30000000).

2.2 lindepO0 0000

lindepO0OQOQOO0O, 0000000000 0O0O0O0ODOOODOOODOODODOO:

00 4.QU d000000 00000000, 000000000 Qo)0 QOO
obooobooobooo.

000,Q(+\?2)00000000,Q(¥2)000000000. 0040000000
0000,«0 QOO0O0O0O0OO0O0O000000O00 La,...,¢'0QO00000000
00000000000.000000,000000000001lindep00000. O

l00D0O0000000000,00000000000000000,000000000. Windows
coooOoooOooooooooooo,00oooooooOoboooo. pari-GPOOOOOOOOO.
MacOOOODO SageMath(ver 700)00000000000OO0OOOOOOOOOOOOOOO.

4
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00,0000 «00000QO00000000000000O0D,00400000
00 (0000,00000QO00000000, “algdep(e,d’00000000000
Dooooooooo).

A000000p(e)=2*—2°—622+2+10000004000000. 00, p(x)

googos300000000n:
? \p 30

realprecision = 38 significant digits (30 digits displayed)
7 v=real(polroots(x~4-x"3-6%x"2+x+1))
»1 = [-2.049481177735315659962553399795, -0.344150731408910807714759227%35,
0.487928364926485324714829069965, 2.90570354421774108262546415587]

1000000000000000000000. 2000v0Op(x)0000 (0DODO)
00000000000 0D000oU0O0. 00000 p(x)0D0000DO0ODOOOO,
“polroots”"0 00O UO0OOOODOOODOODODOOLO rel’ DO 0ODOODO.

O00,lindep0 000,000 (000)0000000DO0O0OO0O:
? lindep([1,v[1],v[1]1°2,v[1]"3,v[2]])
w2 = [-3, -6, 0, 1, 2]~

O00,v[1]00D000vOOOOODOOOO0OO. 0000000 “=3x1—6xv[1]+
Oxv[1]? + Ixv[l]P +2xv[2] = 0’000. 000, 000 v[2] 0 {1v[1]v[12v[1P} 000
goooo. ooao,

? lindep([1,v[1],v[1]"2,v[1]"3,v[3]1])
%3 =1-1, 6, 1, -1, 1]~

? lindep([1,v[1],v[1]"2,v[1]"3,v[4]1])
% = [-3, 4, 2, -1, -2]~

00000,p 00000 {1v1v12v[1P} 00000000, Q([1)0 QO 400
0000000000000000 (00,[17/0000,p(z)0 Q004000000
000000000000) 0000000000000000,0000000 “O0
0000000000000000000700000000000000.

3 Uboouboogood

3.1 ZagierOOJ QO QOQd

Broadhurst-Kreimer 0 00000000, Zagier 00000000 OOOOODOO
0[22)00000000000000000OD.
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0000000000000000,000 k0000000 (2*2000)0000
Oo0O00QUDbOOO0DboOoobO.ooOo,0b00boobo0oooDo.

00 5. (Deligne-Goncharov [8], 00 [21]) 00 k0000000000000 QOO
00000 2 000,00 {d)n0000 YudiaV :=1/(1-2>-2*00000.
0000,00k>0000,dimgZ,<d,00000.

OO0dq,00000bboobo0. ooobobooboooQQuuoobooobooooo
goooogo.

E10{1]23[4]|5|6|7|8[9]10 1112|1314 |15]16| 17|18
di |10 (1|11 |2/2(3[4|5| 7 ]9 |12]16|21 |28 37|49 |65

00 6. 00 {di}n>00 ZOOODO Tate 00000000000 M7(2) 000000
(000000000)0000000 AkODODOO0D0ODOOOO0.D0D0OOO,0000
000 MT7(z)DOODO0OOOODOOOOOOO,00500000000000. O
O, Brown [3]000,00 2,0 ¢,00000000 (Hoffman00)00000. OO
gboudbobobboobuodgbuoobuooboobbobbooboob,obod
O0000000000oooooo0. 0000000 O0,00D000000 (Doooo
0000000000000000)0000000dimg2,<d, 000000000
gbobuogdgbbood. bboodg,buogbbooobbooobbobodood
0000000000000 000000O0000o000o0ooooUooDooD (Doo
Zagier 10000 [12)).

OO0 7. 0000000000O00D0ODOQUOOODUOOOODODODODO. OO
D,Z::Zka;@kaDDDDD (Goncharov 0 O ).

00 dimQZk;de Zagier OO [22]00000. Zagier 000000000000
ooobobobobobooo,bo Z000000 120000000000, 00
3200000000000000D0.

3.2 UOOOOOOOOO

00, Pari-GP (ver. 28) 00 0000000000000 00O0OOODOOOOOO
0000. 00 k € Zor, ko, ky € 229000,000000 C(ky,..., k) 00000
gooobooooboon:

zetamult([ky, ..., k]).

O00,¢2,)00oooooogog
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? zetamult ([2,1])
%1 = 1.2020569031595942853997381615114499908

O00.000lindep0000,00 2,000000000000000000000
0000 2,=Q00000100000.001000000000000, 2, =1{0}
DD000000.0020 2,=Q2)000dimg2,=1000 (¢(2)#00000
00000000000000000). 0003000, Z3=Q¢3)+Q¢(2,1)000.
000,¢(3)0¢(2,1)0lindep0 000000
7 \p 200
7 lindep([zetamult([2,1]),zeta(3)])
%10 = [-1, 11~

000,¢(3)=¢(2,1)000000. 000 Eler00000000000000O0O0
0000000.00000,dimg2;=1000.
0004000000004000: ¢(4),¢(3,1),¢(2,2),¢(2,1,1). 000000, lindep

Jo0o0dooooooooon:
? lindep([zetamult([3,1]),zeta(4)])

w1 = [-4, 117

7 lindep([zetamult([2,2]),zeta(4)])
»12 = [4, -3]~

7 lindep([zetamult([2,1,1]),zeta(4)])
%13 = [-1, 1]~

000,00 2, =Q¢(4) +Q¢(3,1) +Q¢(2,2) +Q¢(2,1,1) 0000 10000000
000.00000dimgZ,=1000000.
000,0005000000000.000800000000000. 000, ¢(5)

0¢(4,1)000000000:
? lindep([zetamult([4,1]),zeta(5)])

%14 = [-2070013214947908776988. .., 192744553422687147969023...]1"

O0000,00000000000,¢(5)0¢4,1))0000Do00DooooUoooOoO

(“...”DDDDDDDDDDDDDDDDDD). g C(S,Q)DDDDD
7 lindep([zetamult([3,2]),zetamult([4,1]) ,zeta(5)])

%15 = [-2, -6, 1]~

000,000000000000000000000000. 00, ¢(3,2)0 ¢(2,3),
€(3,1,1),¢(2,2,1),¢(2,1,2),¢(2,1,1,1)00000000000000. 000,000
000000000000,00000000000000000000.000000
0,00500000000(¢(5)0(4,1)0000000000000000. 000
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00,dim2s=200000000.

000000, lindep 000000 “0000000000700000000000
00.0000000Z0000000000000000 (00000000)000
00,00000000000,(0000)00000000000000, ZagierO O
000000000000,

3.3 Broadhurst—Kreimer [ 0 0O O

Broadhurst-Kreimer 00 (00 1)000000. O0O0O0OO,00 k000000
OooobobooooQobobooo»,z,0000000b0obooo.

3.3.1 0O0O1

001000,9:2Z,=Q((k)00000,000001000:

x?

> dimg D, Zpat =

k>0

1—a

3.3.2 002
00 9,2,0000. 009,2,0000,0,2,>9,2,00000,000 D,2,/9,2;
0000000000:

dim@ ©2Zk/©lzkz = dlm@ QQZk - dlm@ ©1Zk

Odd,k=600000000000,
7 lindep([zeta(6),zetamult([5,1])])

%h24 = [-1222183950778189302444 ..., 30672805431176991340709...]1"

7 lindep([zeta(6),zetamult([5,1]),zetamult ([4,2])]1)
w21 = [-1, 12, 6]~

? lindep([zeta(6),zetamult([5,1]),zetamult ([3,3]1)])
%22 = [1, -4, -4]1~

7 lindep([zeta(6),zetamult([5,1]),zetamult([2,4])])
%23 = [-7, -24, 12]~

00000,000 D:26/9:1250 ¢(5,1) mod QC(6)000000. 000,
dim@ 9226/9126 = 1.

8
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000, dimg®,2/9,Z00000000,00000000000 (000000
0,000000000000000000000000):

k1234567891011 (12|13 |14 |15 |16| 1718|1920
o(ojoj1j1y2y2(3;/ 3,4 (3|55 |65 |[7[6]|8]|7

00 8. Broadhurst-Kreimer DO OO 00O, 000000000 0O0OO0O0O0OOODOO:

?

> dimg (D22,/9124) 2" = O(2)* — S(z) + O(2)E(x). (3.1)

k>0

000,000 Zagier [22] 0000000000, ZagierOOOODODO.

3.3.3 0OUO3

00%3;2,000000000.000,000 D32,/9,2,00000000000
00.006000000000.0000000,¢6)0¢(5,1)000 D,2,0 (00
00)00000000000000.00000,000 D32/9,Z,0000,006

DBDDDDDDDDC(6)DC(5,1)DDDDDDDDDDDDDDD.
? lindep([zeta(6),zetamult([5,1]),zetamult([4,1,11)])

%25 = [-1, 32, -16]~
? lindep([zeta(6),zetamult([5,1]),zetamult([3,2,1]1)]1)
%26 = [13, -288, -48]~

7 lindep([zeta(6) ,zetamult([5,1]),zetamult([3,1,2]1)])
w2t = [-1, 72, -24]"

? lindep([zeta(6) ,zetamult([5,1]),zetamult([2,3,1])])
%28 = [-1, 72, -24]~

? lindep([zeta(6),zetamult([5,1]),zetamult([2,2,2]1)])
%29 = [-3, 0, 161~

? lindep([zeta(6),zetamult([5,1]),zetamult([2,1,3]1)])
%30 = [-11, 32, 16]~

|:||:|DDD,lelQ@gZG/QQZ(;:ODDDDD7d1HlQ©326:2DDD
ood,do ZDDDDDD(DDDDDD)DDDD,DD@ng/’DQZkDDDDDD
oboobodgogd:

k 2131415678910 |11 12|13 |14 | 15|16
din1©32k/©22k0000001133669814
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OO0bO0bo0ooboboboogoobooooooboogn. Broadhurst-Kreimer [
gooboo,goobogggon:

Z dimg (D32 /D22y,) 2" < E(z)(O(z)* — S(z)) + O(z)(0O(x)* — 2S(z)). (3.2)

3.4DDDDD,DDDDDDDDDDDD@ng/QQZkDDDDDDDDDDDDDD
gbobobooogon.

3.3.4 00000 (Broadhurst—Kreimer O [0)

003000000000000000,000 9,2,/9,,20000000000
0000000000.0000,k<16,4<r<60000000 9,2,/9, 12,00
000000000:

r™\N [2[3]4|5|6|7|8[9|10|11|12|13|14| 15|16
4 10/0/0[0]0]0]0|0 4 10| 11
0(0]0[0]0[0]0|O0
0(0]0[0]0([0]0|O0 0

000000000000000 100000000000 «%" 000000000
O000,000z=00000000000000000000A0

? 0(x)=x"3/(1-x"2);

? E(x)=x"2/(1-x"2);

? S(x)=x"12/(1-x"4)/(1-x"6) ;

7 BK(x,y)=(1+E(x)*y)/ (1-0(x) *y+S(x)*y~2-S(x) *y~4) ;
7 taylor(BK(x,y),x,17)
514 =1 + y*x"2 + y*x"3 + y*x"4 + (y"2 + y)*x"5 + (y"2 + y)*x”6

+ (2%y72 + y)*x"7 + (y73 + 2%y"2 + y)*x"8 + (y"3 + 3xy"2 + y)*x"9

+ (3xy"3 + 3*y"2 + y)*x"10 + (y74 + 3xy~3 + 4*xy~2 + y)*x~11

+ (2%y~4 + 6%y~3 + 3xy~2 + y)*x712 + (4*y~4 + 6%xy~3 + Bkxy~2 + y)*x"13
+ (2%xy"5 + 4xy~4 + 9%y"3 + bxy"2 + y)*x"14

+ (3%y"5 + 10%xy~4 + 8%y~3 + 6%y"2 + y)*x~15

+ (Bxy~5 + 11%y~4 + 14xy~3 + 5¥y~2 + y)*x"16 + 0(x~17)

10
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3.4 0OO0o0oon

00, Broadhurst-Kreimer 1000 00000000000000000, 00 10
00400000000,000000000000000000 (000000O0 Brown
000 [4,5000). 0000,0030000 932,/9,2, 000000000000
0000 Broadhwst 100 0000000000000000O0.
00,00000000 9,2,/9,.2,0 2,000. 00,00 k0000000
C(ki,...,k,)0000 £,0000 (o(k,....k)00000. 00000000000
000000000, Broadhwst 000 00000000000000:

009.00k>0000,00 2,000 300000000000:
Zis = (Co(ky, ko, ks) | b = ky + ks + ks, k; > 3 odd)g.

009000 Z;0000000000000. 0000000 30 Broadhurst—
Kreimer 00 (3.2)00000,0000000000000.00 (3.2)0000000
oooo,

°

Z dimg 2 32" = O(x)* — 20(z)S(7)

k>0:odd
000.000,00000000)3*0003000000000000000000
godgd:

O(x)® = #{(ki ko ks) € Z2, | k= ki + ko + ks, k; > 3+ odd}a.
k>0

00900000000,00(32)00030000000000 “~20(x)S(z)"000
00 QUOO00000000000000000.00000,009000 Z,;000
ODOoodooooodooooooooooodd, Broadhurst-Kreimer 00 00000
O0doo0. 00000000000 4000000000000, Broadhurst-—Kreimer
godoodoboodgoooooodoboaood.

000000,0000000000000000,000 DingMaOOOOOO [19]
ooooogoo.

OO0 10.00 kc>0000,00 Z;000 s00000oooooOon:
Zk’3;<gg<k’1,kf27k3)|]€:k1+k2+k3, ]{31,1{332320(1(1,]{?222Z€V€D>Q.

000000000000000 Broadhurst 000000000 0O. 00,00 (3.2)

11



AC2015 117

gbobooogobon,

2

Y dimg 252" = E(2)O() — E(2)S()

000, E()0x)?000 1000000000000000000000000. 00
[19]00,000000000 “~E(2)S(z)’0000000000000000000.

00 11. Broadhurst-Kreimer OO0 “O0 000000000000 ,00 2000000
D0000000. 0000000, Gangl 00 Zagier [9] 00000 2550 {Colkr ko) |
k =k +ko ki,ke >3:0dd} 00 00000000O0O0OODO, 000000000
00000 (DO00000000)oooooooOoOoO0OO0OOoODOoOoOooOOoOooo.
000,0000000000 3.)Oooooooooooooo. ooooooao,
Zagier 24]00000 2,50 {(o(k1,k2) | k =k + ko, ky >3:0dd, ks > 2:even} 00O
0000000000000. 0000000000 (3.)ooooo,0000000
doddooooooo. 2000odo, booooooooooobooo “oooo
0007’0 ‘00000”0000 0oooooooobooooon.

4 O0O00OoO0O0OooOooon

4.1 UO00O0OO0OOO0OOOOODOOO

gbobooooboboooobbooogoobogo.

O0(000NOOOD f(2) =2 e0amg™ 000, f(2)[Wy=¢5f(2)000. f(2)
0000 I (n)00000000000, L (n)000000000 D(s,z) = [~ e ts1dt
gboboooooboo:

00 1/\/N
It(n) = (/1/m+/o Vf (i)t dt

= / h FAOEdt + e N*2n / flt)thtdt
1 1/vVN

= Z Ay, (/ e—QWmttn—ldt + ngk/Q—n/ 6—27rmttk—n—1> dt
1

/VN 1/vVN

N, (F(n, 2m /v N) F(k—n,Zﬁm/\/N)).

B (2mm)" (2mm)k—n

+ ngk/Q—n

2000000,0000¢t—1/NtOOO. O0OD0OD0OOOO0O0OO, 00000000
I'(s,zx)0,z>0000,e*x (x0000)00000000. 00000000000

12
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0:000000000000000 (O: e 2% =500937...x 1072%). 000000
00,mO00<m<8WNOOODODODODODODODODODODOOO If(n)0200000000

00000000000, Pari-GPOOOOOOOOOOOO:
7 p(f,n,k,N,epsilon)=sum(m=1,floor(80*sqrt(N)),

polcoeff (f,m)*(incgam(n,2*Pi*m/sqrt (N))/(2*Pi*m) "n
+epsilon*N~ (k/2-n)*incgam(k-n,2*Pi*m/sqrt (N))/(2*Pi*m) "~ (k-n)));

012. 00 120000000000000 A(z)=7n(>)*0000 Ir(1))0DO0OOOO,
00000000 (AW, =A000):

? f=eta(q) "24x*q;

? p(f,1,12,1,1)

%13 = 0.00595896498957823785383556. . .

0 13. 00800020000 f(2)=n(2)%(2:)*0000 Ip(1)0000O0O. 00O, ¢
D000000000,000 (=)FN*2f(-1/Ni)/f()0000000000 2

? £2(q)=q - 8%q"2 + 12*q~3 + 64%q~4 - 210%q"5 - 96%q"6 + 1016*q"7 + ..
? [f2(exp(-2%Pi/2))/274,f2(exp(-2%Pi))]

%26 = [0.0018396229153702758. .., 0.0018396229153702758. . .]

gooboogoodooooooobood, e, dbooobogooagoogoodon
0,f2(q000¢0000000000000O00CO0. 000000, =10000.
O00,[(1)0000000000o0o00:

? p(f2(9),1,8,2,1)

%30 = 0.01407435391139164711849290914. ..

4.2 0O00O0O0O0OOOOOOOO

DDDDDDpDDDD,DDDDDDDDDP]?dDDDDDDD,DD 3ooogoo
O.0000 FowierOOOOOODO, SageMathOOOOOOOOOOOODOOOODO.
SageMath 0 0 0 O, “CuspForms(N k).newforms('x’)’000000, I'y(N)OOOOO
OkO0000D0 FowderDOOOODOOOO0ODOOOOODOO,DO000D0D000DO
O fents fone, - fina00000.000,008000500000 Fourierd OO
000 fssa, fsps.000000000:

sage: CuspForms(5,8,prec=5) .newforms(’x’)

[q - 14%q~2 - 48xq~3 + 68%q~4 + 0(q~5),

q + x1*%q”"2 + (-8%x1 + 90)*q~3 + (20*x1 - 152)*q~4 + 0(q~5)]

2f(»)0 » =4000000000 »=200000000000. 00,000000 (41)00
SageMath 0 0000 Fourier 00 000000000000 OOOOOOOO.

13
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O00,x’00000 HeckeOODO (QUOUOODO)ODODODO.

4.2.1 Ty(1)OoOO

O00,00000000000O0O0OD0ODO. DOON=1000,00300 (1400
00)0000000000000000000000((@0B0 f,,000).

k 1214 [ 16 | 18| 20|22 | 24 | 26 | 28 |30 | 32 | 34 | 36
dimgPf,, | 1| O [ 1|11 [1[2]1]2]2|2]2]3

O00,0030000000,dimS(1)000000C0000ODOODO0O0O0. OO,
b 1200000024 0000000000000.

014.000000000000000,00 P¥O0O0OO0O0OO0
? lindep([p(f,1,12,1,1),p(£,3,12,1,1)1)
%34 = [691, -1620]1~
? lindep([p(f,1,12,1,1),p(f,5,12,1,1)])
%35 = [-691, 25201~
? lindep([p(f,1,12,1,1),p(f,7,12,1,1)1)
%36 = [-691, 2520]~
? lindep([p(f,1,12,1,1),p(£f,9,12,1,1)1)
%37 = [691, -1620]1~
? lindep([p(f,1,12,1,1),p(f,11,12,1,1)])
%39 = [-1, 11~

0000000000000, 0000000000 (0000000 Ix(1)/1A(3) =
1620/691 0 BernoulliD 000D O0O000000D00O0000000O0O0O0000). O
00000, dimeP=1000000

DD15DDDDDDDDDJ@mPf;ﬂHDDDDDD
? lindep([p(f,1,12,1,1),p(f,2,12,1,1)])
%44 = [-508457032499845654368. .., 8171829176024575747685...]"

0 16. 0024000 100000 FourierO OO SageMathO OO OO0 :
sage: CuspForms(1,24,prec=10) .newforms(’x’)

[q + x0%q"2 + (-48%x0 + 195660)*q"3 + (1080%x0 + 12080128)%q 4
+ (-15040%x0 + 44656110)*q"5 + (143820%x0 - 982499328)*q"6

+ (-985824%x0 - 147247240)*q"7 + (4857920%x0 + 22106234880)%q"8
+ (-16295040%x0 - 8700375483)*q~9 + 0(q~10)]

14
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Udd,x0000bobobobobbbbbba*xas—ae=00000000000040404

0ood. 00o0oooooddvooo:
? v=real (polroots((-48*x+195660)*x-(143820%x-982499328)))

»46 = [-4016.3511717162451393..., 5096.351171716245139315655...]"

002400000 Fourier 000 x00000000 Pari-GPOOODO, 0000000
0.

? £(x0)=q + x0%q~2 + (-48%x0 + 195660)%q~3 + (1080*x0 + 12080128)%*q"4 . .
? lindep([p(f(v[1]),1,24,1,1),p(f(v[1]1),3,24,1,1)])
%51 = [-4258290237037830..., 4990302813300383...]1"
? lindep([p(£f(v[1]),1,24,1,1),p(f(v[1]1),3,24,1,1),p(£(v[1]),5,24,1,1)]
%52 = [-236364091, 3466670130, -6742820700]"
? lindep([p(£(v[1]),1,24,1,1),p(f(v[1]),3,24,1,1) ,p(f(v[1]),7,24,1,1)]
%53 = [-24345501373, 299682070380, -1100428338240]~
? lindep([p(£(v[1]),1,24,1,1),p(f(v[1]),3,24,1,1),p(£(v[1]1),9,24,1,1)]
%54 = [-22927316827, 271855320660, -1572040483200] "
? lindep([p(f(v[1]),1,24,1,1),p(f(v[1]1),3,24,1,1),p(£(v[1]),11,24,1, P
%55 = [11109112277, -130589249868, 953704559808] ~
? lindep([p(f(v[1]),1,24,1,1),p(£(v[1]),3,24,1,1),p(£(v[1]),13,24,1, D)
%56 = [11109112277, -130589249868, 953704559808] ~

00000,dmeP=2000000.000,000000000000,0000
gboogoboogbobuoobbuoobb.oobboob,obbogbbodgbood

Dooooog:
? \p 230

realprecision = 231 significant digits (230 digits displayed)
? lindep([p(f(v[1]),1,24,1,1),p(f(v[1]),3,24,1,1)])
%57 = [-17866559816892285640. .., 20937873830849700216...]"
? lindep([p(£(v[1]),1,24,1,1),p(£(v[1]),3,24,1,1) ,p(£(v[1]),5,24,1,1)]
%58 = [236364091, -3466670130, 6742820700]~

gbobobbooggoboboooa,bbobbouooobobbooogooboobbuooon.
obog,20o0000b000b000ob00bo0obooboo,oobooboobd
gboboodg.obbooog,boogoobbbuoooobbbooaod.

00 17.00010000003000,0000000 20000000,30000
000, KohnenZagier 1 00 [14]) 000000, dimg P§! < dime Si(1) 000000
goo.

15
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4.2.2 T,(2)000

0030000000,0,(2)00000W,00000000000000000. 0
00,dimSre(2)*000000000.

k 811012 |14 |16 | 18 | 20|22 |24 |26 |28 |30 |32 |34 | 36
dimSp*(2*|j1jofjoj1|1 01 11|11 |1]2]1]1
dimsSpe“2)-|jof1joj1(o0o|{1 |1 }j1j02{1 11|21

OOO0b0O0b 200000000 HeckeODOOO20000000000000O00
gob. bbbodg,oooooobbob,bb f,fQDDDD,DkDDDDDDDD
gbo.ogooo,bod 1DDDDDDDDDDDPJ?%DDDDDDDDDDD,DD
gbobobuooogbobbooogbobooaooboo.

4.3 TyW(2)DOODOOOODODODOOOODO

0000000000000, IyW(2) 0000000000000 QUUuUbDoODOOOd
DDDDDDDDDDDD.DDDDDDDDDDDDDDDDP?dDDDDDDD,D
obhobooboooboobgan.

O00,0000000(00000)0000000000. 002000000 f(2)
O000,00000 r(x,y)00O0D00O0O:

rea)i= [ 1@t =i Bt (20D et

ny — 1
0 ni+no=2k 2
ni,ng>1

000,000 I4(n)0 (000)000000000000000000.00%k>000
0,2000000 Q[z,%]0 k—20000000000000000 Vi := Qlz,y]x_2)
00000. 00 V00 PGL,(Z)000000000,00000000 Z[PGLy(Z)]
0oooooo:

p(z,y)|y = plax + by, cx + dy)  (Vy=(24) € PGLy(Z)).
00 18. 000 f(z) € Spew(2)*000, 000000 ¢
F25 s (zy) = (e y) [ ((B9) + (53) — (%8))

O00. f(2) =2 s0am@™ 000, Usf(2) := 3,50 02m¢™ 00000, Atkin-Lehner [1,
Theorem 3]0 0000,

Usf(2) = aaf(2) = ¥2" 7' f(2) (4.1)

16
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00000. 000 0,0 Usf(z) =5f(3)+35/(3)000000,00000000
000000000

rap(@,y) =rp(@ )| ((68) +(53) — (0))
000 (0000000000 [16,23)000). 000 (41)0000000000. O

0018000000000 ;(n)0000000000000000. 00 my, ms,ny,ng >
1000,000("™)0D000000 %

ni,n2
m1-§m2_1) 4 2m2—1 my — 1 _ (_2)m2_1 my — 1 .
ny — 1 Ng — 1

ooo, .., 00000000000D0000C. 00 8OOOOO0O0ODDOOO.

b (M02) = Gy, (2727 £ 2

ni,n2

019. 00 ny,ne>1(ni+n,=2k)000,000000:

it (2T e o) =

mo — 1
mi1+mo=2k
mi1,ma2>1

O0000000 BE-*00000

0 mo— 2k —2 m1,ms
ng’i _ ((_1)( 2 1)/2( )bi(m:nz

mo — 1 )>m1+m2—2k,mi21:odd '

ni1+n2=2k,n;>1

000,00000000 (m,me)0 (n,n) 000000, 0000, 000 f €
Spev(2)*000,00000000000

Ip(2k — 1) 0

gobo.obo,od B;’,‘f’iDDDDDDDDDDDDD,DD PJ?dDDDDDDDDD
goo:

0 20.000 feSpw(2)*000,0000000000:

dimg P§* < k — rank By

300 by (™) O Ding Ma (18] 00000000 20 Euler 0 (000 20 200000)0000
000000000000, 00000000000000000000,000000000000.

17
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gobboobobooag,dd ng’iDDDDDDDDDDDDDDD. b 360000
gboooogo:

k 8110|1214 |16 | 18|20 |22 | 24|26 | 28|30 |32 34 |36
k—rankBot (1001|101 1111 |1|2]1]1
k—rankBe~ |01 010111021 |1|1]2]1

00000,42200dimSP(2)*0000000000000000.00000O,0
03600000000000T,(2)UOOo0O0oooooooooooooooooo
gbbbuoooob.booogbobobd:

00 21.000 fesSr(2)*0000000QUO0OO0OO0O 19000000000
oboooooobon.

Mathematica O 0 0O OO O “FindGeneratingFunction”0 000, 00000000
000000000000 0oDOooDOoooon:

? 28

T
_ rank B4\ g2k X 2101 4 2t — 25)
Z(k kBQk ) (1 _ $6)(1 . IS).

k>0

Z(k‘ — rank BV )z

k>0

00000002100000,00 S (2)*000000000000000OD0O:

? x®

(1—a%)(1—a®)’
_ new on— o 2 01+t —2f)
Zdlm@ b (2) 2™ = (1— 2% (1 — 28)

k>0

> dime Spev(2)

k>0

000, [18, Conjecture 4|0 000000 N=20000000000. 000000
0000000000000000,00000000000000 Sgev(N)*0000
gbobooboooooboooobood.

HEN

gb,gbbogbbuoobbuoobbuodgboobbodobbodobboobb. g
gobobooooaon.

18
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(0, +1) R kL DR ATEHE % 1 2 BRI EEIZONT

BHBERYE - WEHEWE  BiGeE
Hiroshi Nozaki
Department of Mathematics Education

Aichi University of Education

1 EC®IC

AFETIE, FIT[1] ONEZHENT S, MEEGHIZHWT, RO Erdés-Ko-Rado D& B
FE<HSNTED, ﬁ%bt)f‘%ﬁ%’c‘?fﬁﬁﬁ-iﬁﬁ)&b“@i%ﬂ’cm 3,4,6). [n]={1,...,n}
U, (W) ={Ac A=k} T 5.

EH 1.1 (Erdés Ko-Rado [5]). n > 2k &L, Ac (M) e¥2. 2o, £EOD
A Be Az, ANB#07%513F,

n—1
|A|§<k_1)
MWROILD. n <2k D&, FS5eERT L2EAM A, [n] LOE#ZRNT,
A:{Ae(zo\leA}

n=2%k0OrE, HTELERTIEAMRAE, FEO Ac (M) LT, AFHE[0]\A
DELSL—D% e LTHD.

={(z1,...,2n) € R" | x; € {0,1},> x; = k} £ T 5. Erdés—Ko-Rado DEH I
A€ ( ) 0)%@’\7 MV ax=(r1,...,2,) € L VWD Z LT, HARREWHZDHEK
5. 22T, i €Ay, =1,i¢d AB%SIEx; =0 dz,y) 22—2V v N#fe L,
X CR"IZHULT, D(X)=max{d(z,y) |z,y e X} LT 5.
EHE 1.2 (Erdés-Ko-Rado DEHDOZFWHZ). n>2k 2L, XCLpy 235, TDLE,
FERED z,y € X ITHUT, d(z,y) < D(Ly) = V2k %2513,

n—1
X <
(1)

N AIRVASH
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(0,—1,1) RZ bz LT, ZOFEHMOILEEE X2\, Ly = (—1m,08,1H)F % —1,
0, 1 DfEEDSZNZTNm, k, | THERT MIVERIKOEETHDH LT 5. 72, n=m+k+I
9%, ARETIE, EIIROMEZES.

feE 1.3. D(X) < D(Lmkl) Zl7- 9 RKE X C Lokt Z Y K.

BRI X OREZ My £35. m=1DEHEL m+k <l DHEIE, Erdés—-Ko-Rado
DEBZEZHWS 2T, RRGEGZHRIZOETL I e PHKD.

R 14. m=1&95%. ZTDOLE,

1/n k-+m 1
Mm = — - = Lm

D DNLD., BRBES X, EED 2 € Ly 12720WLT, 2 £721 3 —2 DEBSPDA
=E50.

GEW. FERED 2 € Lo WX UT, {y € X | d(x,y) = D(Lyw)} = {—a} THZZ EH5
>, O

W 1.5. m+k<lidT5%. ZTDLE,

n—1 m—+k
Mo =
M (m—l—kz—l)( m )
DO SED. m+k>1DEE, RRBESE XX, X ={(x1,...,2n) € Lipgr | 21 = 0,—1}.

m+k=10rE, BARES X, FE0 Je (M) i, {(@1,...,2,) € Lo |
zi=1,Vie JY £ {(z1,...,20) € Lo | 2 = 1,Vi € [n]\ J} DWFTIhrDHEED.

FE. X C Lo Y D(X) < D(Lpp) 2672 BEFDEMZ, EEORES z,ye X 12
SUT, {i|z;=—-1,01n{i|y; = —1,0} PEELHTRVWI L TH 5. Erdés Ko Rado
DEFIZE D, —1, 0 DRAMLEEPRETE S, TORMEE (20 )) BOFET 5.
—1, 0 DR BEERE L =D, D S B2TONYZ MVEZEXIZ () @ o2 b
WHREET B, LizdioT, mBEDXEE2E5. O

ARTI, RISEEWABREEDO m=1, |=2I1Z20VT,

k+3
M1k2:< 3 )+2

THHILDiHOBME L, ThzERTLIEEOHEMNTSH. £/, m=1, k=6,
| =2D5ADHAE LT, [2] TRERLEINT W, Yary Y U AF—L4J(9,4) D 4HH
HEGL L TOHDIAAZ G 4 RS T, RRREDODONHELHX 5.
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2 m=1, | =2 DHEE
ZOHITIXIRDEHDOFHH ORI 2 5.2 5.

Theorem 2.1 ([1]). fEED k> 112X LT,

k+3
M1k2:( 3 )+2

N ARVASH
IRDOFiLxEHNWS.

(33?17...,{13?;”) = (331,...,{171,.__733”7___7:6”) c R)\l—i_m—i_)‘".
— —_———
A1 An,

() 1 2}t ¥R B, (21,...,2,) €R?, X; CR™IZHLT,
(z1,...,20)F = {(@o@)s s o)) | 0 € Sn} CR™,
(X1, Xm) = {(W, ..., 20y | 20 € X;} c R™,

ZZTS, XFEEERT.
T 21128 0WT, mAODESIILUTO LS ITRMKIZERINS.

k=10D¢& =:
Xl = (_17 <0a 12)P) U (07 (_17 12)P)7
Y1 =(1,(-1,0,1)7).
k=20D& X:
Xo = (0,X1) U (-1, (0%,1%)7),
Yo = (0,Y1) U (-1, (0%1%)F),
Zy = (1,(~1,0%,1)7).
k>3D&

X5 = (0, Xp_1) U (=1, (0%, 1% F),
Vi = (0,Y5_1) U (=1, (0%, 1%)P),
Z = (0, Zp_1) U (—1, (0%, 1%)F).

X, Yi, Zp, DNEM 2.1 OB KD TOEEEERTLELETHY, KO DEHRZRWTHIZ
IIFEE L7\,
EH 2.1 IXIRMNEEIC K DEFIHE NS, IRNED 2Ty 128 WT, IROMERIKETH 5.

3
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e 2.2, k >4 k& L, X C Lipo (=8 D(X) < D(leg) R A IR R TDEE, HbH1
CRUT, {(x1,.. . 2013) € X |2 =0} > (F12) + 2 272§

At Z O, 0 DEBOFII 2 AW LTINS Z e TRoNS. O

WE23. k>22F5%. Mig1o=("?)+2THY, X4o1, Vi1, Zooy 5 RO OHE
xR\ T, RABRESTH B LIEETS. X C Ligg D D(X) < D(Lyg) %1720, &
518U T, |{(21,. . am43) €X |2 =0} = (M) 422z de s 2oL E,
X[ < (") +2Thy, EERERTLEEE, ROOBEMERVT, X = X, Y, Zk &
n5.

AERADBERE . Lo (2L T, A2 D2 M2 THIZZIZEVEONE T T (B
BT 7)Z, BEXYFUITERRBBRAYYF VI EEZD. TORRKIYFUVIDNG,
77 7 DERKMNES (N AOELETRAZLD) OSENELND. RAMNESDSH
¥rG25Z8ld, WEORAKESEGZADLIL2EKT 5. O

k=1,2,3 DEBEICHLTIE, WENTEDZH, EEICEMCERICED, RARED
DREEGAZONSE. HAMIZIE, BENIMAEEEZREL, TNITED KD BILHTT
MZoN2h%2EETLH. k=1,2,31Z8WTC, V7 Y x7 Magma ZFHW\WTHHTSHZ
ENARETH D I &%, FHBICHILRF ORBIFAKIC ZHIRIEW . k < 3 DEAEMGE
HEINNIE, E>412/]0TC, #2223 2H0nWSZ8T, 21 DifHEZEZSZ L
TEG .

3 EREEEAEA~DILH

X CR" P sHEMESTH D L1E, HWIZHERRS 2 JH OO |{d(x,y) | z,y €
Xx#yH NsThdLEz55. HHEAGOMEDO L DIL, HEOMEE s ot n %
[ U7, K2z s> s G2 ES 52 £ THS. Bannai-Sato-
Shigezumi [2] Tlk, Ya vV vy AXx—LAh J(n,m) D m HHEEGL LU TOMEDIAAR, D

EQ) .
J(n,m) = (1m,0”_m)P

EEURKE m EHESER->TWA. 22T, J(n,m) DI, BROMB—ETHSD
T, R O m BEES & AT Z LA HKS. Bannai-Sato-Shigezumi [2] TI&, m <5
ZBWT, J(n,m) 2ELERKZ m EHESONEE, J(9,4) MADEATEZT WS,
Ligo DERIREZ BT 2 RRMAEEGONEHEH NS I T, KRR L THERI N TW
7z, J(9,4) 2L AFHMEAONEEER DLW TES.

PLRD 4 DDEADEZEDITIE, J(9,4) = (14,09 12 4 FEEA Z o= £ MR B Z
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EMRTE B,
P P
. 2\’ 1\2 ) 2\% 4
(1) — “ _ = (i) — z _ =
- (G5 =3
e (4 (V) oo ((AY (1) 2\
3\ 3 ’ 3 "\'3 "3

X0 e (=11,09,12)F I HiEa » U TR (FREGMPET 5) TH 5. (—11,00,1%)F

DB RHRHEE % B BRI ES X, Ve, Zo 12XBT 5 XV ONEEE, T0THh

X4, Y4, Z &5, J(9,4) OFEEOREEN V/2,V/4,V6,V/8 THH I LItEET L, &

TOEERIHZ J(9,4) ~NNX S0 BEAZ X0 OMAESIZ, X, Y], Z, THHZ L

AMB. FOZLIZERL, 512 X0, X6 x@0)  x() oo EEEGEER S 2
T, ROEHEFS.

Theorem 3.1 ([1])). X C {(z1,...,29) €R? |1 +---+ 29 =1} & J(9,4) 2 &L 40
HEATHILETE. TDLE,

X < 258
MWD LD, FEEDVERIND L EF, B OE#BMEZRNT, X IZROWTArLinb.

(1) J(9,4) U XD U X0 U {(—4/3,(2/3)%)} U X},
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(3) J(9,4)UX® U XDy {(-4/3,(2/3)%)} U ZL.
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DTG Z 5N TV,
A< n<P+1DE =

X:{(xl,...,:cn) €L1k1|$1 :1}.

n>rP+10LE: . i
X =Pl (L (=1,07 7)), (1)

n>P+20k , .
X =P (1, (=100 1 h ). (2)

ZIT, X CLigtwLlT, PX)=(0,X)U(=1,(0F 1 1NP) C Ly p11, LEHINS.
21 IZB I mARBERIE, Y2 (1) 12d7zb, Z 2 (2) iXdl=5.
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Abstract

When the author developed crystallographic software called CONOGRAPH,
it was necessary to resolve some algebraic problems concerning ternary positive-
definite quadratic forms with real coefficients: (a) when a part of representations
over Z of an unknown quadratic form is given, determine the equivalence class of
the quadratic form (powder indexing), (b) when observed values of a;; € R of a
quadratic form Zl<i<j<3 a;jxix; are provided, determine the Bravais type of the
quadratic form in as small a number of steps as possible, considering observational
errors in a;; (error-stable Bravais-lattice determination). The theorems used to
solve these problems are introduced.

Introduction

“Powder indexing” and “error-stable Bravais-lattice determination” are the following
problems discussed in mathematical crystallography to deal with some kind of experi-
mental data:

(a) powder indexing: when partial information about representations over Z (i.e., some
elements of {f(x) : 0 # x € Z"}) of an unknown positive-definite quadratic form f
is given, determine the equivalence class of the quadratic form.

(b) error-stable Bravais-lattice determination: when the coefficients a;; € R of a positive-
definite quadratic form 2195 j<3 @ijT;x; contain observational errors, determine
the Bravais type of the original quadratic form in as small a number of steps as
possible, under consideration for observational errors in a;j,

where the equivalence class of a quadratic form (over Z) is defined from the equivalence
relation: f ~ g ﬁ f(z) = g(azw) for some w € GL3(Z). The isometry group Isom(f)

of f consists of all the w € GL3(Z) with f(zw) = f(z). Two positive-definite quadratic
forms fi, fo belong to the same Bravais type, if Isom(f;) and Isom(f2) are conjugate in
GL3(Z).

The above two problems have been mainly discussed in mathematical crystallography
for an analysis of observed data (e.g., Chap. 7, [6]; 9.2.5, 9.3.2, [13]). What follows, only
the cases of ternary quadratic forms are discussed, although the cases of a general rank

*Yamagata University/JST PRESTO (ryoko.tomiyasu@sci.kj.yamagata-u.ac.jp)
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has been also a scope of interest in the community of mathematical crystallography for
analyses of quasicrystal samples. The differences of (a) and (b) from similar problems
in pure mathematics (e.g., [32], [33], [27]) are caused by the lack of information and the
existence of observational errors.

In the following Sections 1, 2, the theorems in [22], [23] used by the author to provide
new algorithms for (a) and (b) are introduced. Some reduction theory of quadratic
forms is used to construct a framework for (a). Recall that when S7 is the set of
all the n-ary positive-definite quadratic forms, the reduction theories aim to provide a
tessellation of SI'y/R* by using a finite set of tiles D; C S(/R*, and its translations
D;lg] :=={gS%g : S € D;} for some g € GL3(Z).

Our study for (b) was originally motivated by a necessity to execute the determi-
nation multiple-times after powder indexing in short time. In general, observational
errors contained in experimental data cannot be formulated accurately. However, if the
following may be assumed, it is always possible to obtain a finite set of quadratic forms
and its isometry group that contains the correct one:

(A) Let S°b¢ € 83 be the observed quadratic form of a positive-definite S € S2. If
a parameter p € R satisfies p > S°*(x)/2 or p > (5°%*)~1(x)/2 theoretically for
some 0 # = € Z3, the observed value p°*® is also positive.

Note that it is indicated from (A) that S°° is also positive-definite, similarly to
the original S. (A) is considered to be true in normal experimental data, although the
propagation of overestimated errors may sometimes make (A) false. Any algorithms
for Bravais-lattice determination require such an assumption, because infinitely many
candidates for the true solution may be generated otherwise. This follows from the fact
that 7; intersects at the boundary of S /R* with infinitely many of 7;[g] (¢ € GL3(Z)).

Almost of all the proofs of the theorems and computational results are omitted herein.
See the author’s cited papers, if necessary. The algorithms are used in powder index-
ing software CONOGRAPH distributed at https://z-code.kek. jp/zrg/ for users of
neutron-source and synchrotron facilities.

What follows, notation and symbols used in this article are listed. A lattice L C RY
is a discrete Z-submodule generated by linearly independent Ii,...,Ix € RN over R.
This (I1,...,In) is called a basis of L. In this article, 2D, 3D are used to represent the
lattice rank N = 2,3. If {ky,...,k;} C L (1 <i < N) is a subset of some basis of L,
the {k1,...,k;} is called a primitive set of L. The Euclidean norm of R¥ is represented
by [

If a lattice L has a basis (l1,...,In), L is associated with the N-ary quadratic form
vazl |2l |2, which is called the quadratic form of L. Throughout this article, a quadratic
form ), <i<j<N GijTi%j is always identified with the N-by-N symmetric matrix with a;;
in the diagonal entries and a;;/2 in the other entries.

On the space SV consisting of N-by-N symmetric matrices, an inner product is
defined by

N N
(8,T) = Trace(ST):ZZsijtij. (1)

The subset of SV consisting of positive-definite (resp. positive-semidefinite) sym-
metric matrices is denoted by S (resp. SL,). For any S € SV and g € GL3(Z), ¢S
is denoted by S[g]. For any subset D C Sy and a matrix g, a new domain D[g] is
defined as {S[g] : S € D}. The identity matrix of size N is denoted by In.
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1 Powder indexing

1.1 Outline of powder indexing

Powder indexing is a lattice determination problem in crystallography that aims to
retrieve the crystal lattice from experimental data called powder diffraction patterns.
Mathematically, powder indexing can be formulated as the lattice determination from
an average theta series. The advantage of doing this is that it clarifies that problems
in powder indexing such as “systematic absence” and “existence of more than one solu-
tions” remain after all the experimental problems are removed.
First let L C RY be a lattice of rank N. A periodic point set is a union of finite
number of translations of L as follows:
m
Pi=|J(z:i+ L) CR". (2)

i=1

When N = 3, P can be regarded as a simple model of a crystal structure. In [5], the
average theta series of P is defined by:

1 % % ™ —1z XTi—XTj4
Op(z) ::E;;ge VTzle ) (3)

The following is the functional equality of © p(z) obtained from the Poisson summation
formula:

2
_ 1 vV=T\ " VI PY (S~ —2my=Ta, 00
Or(s) = mvol(RN /L) ( z > Z P (7 z ) Ze ’
I*eL* i=1
where L* is the reciprocal lattice of L defined by:
L*={IreRV:leL=1-1"cZ}. (4)

What follows, it is always assumed that L is the maximum lattice contained in P,
i.e., | € L < P = P+1holds for any [ € R?. The ©p(2) can be also written as follows:

N

Ap o= {|z*\2 040" € L, Fpy- # o}, (6)

2 (7)

Fp(q) = Z |FP,Z*

l*EL*,q:|l*|2
Fpp» = Zexp(fQTr\/flzzwl*). (8)
i=1

Therefore, the information contained in ©p(z) is same as that obtained from Ap and
Fp(q).

What follows, suppose that N = 3, and the quadratic form of L and x; are parameters
with unknown values. Information about © p(z) is provided as observed data. Under this
situation, the procedures to determine L is called “powder indexing”. The subsequent
process to determine x; is called “ab-initio powder crystal structure determination”.
Normally, in powder indexing, L (or equivalently, L*) is determined only from Ap, and
x; (1 <14 < m) are subsequently determined from Fp(¢q). The method to convert a
powder diffraction pattern to an average theta series is explained in the Appendix of
[20].
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1.2 Systematic absence in crystallography

Systematic absence (SA) and existence of more than one solution are chief obstacles
against the lattice determination, and may occur even if the completely accurate infor-
mation about ©,, is available. As explained in the following, SA is determined only from
the group symmetry of a periodic point set. Although this is one of the achievements
of applied mathematics widely recognized in crystallography, SA do not seem to have
been defined in a mathematical style. Normally, SA is explained by providing a concrete
example as in Example 1.
First, let Az be the following set:

Ap = {|l"?: 041" e L*}. (9)

From the definition (6), Ap is contained in Az. However, how much difference exists
between Ap and Ap? It is possible to provide a simple algorithm to determine L from
Ap, if the rank of L is less than 5 [24], although Ap = A does not generally hold.
(Here, “to determine” means to obtain all the possible solutions if the solution is not
unique. Such an algorithm is possible as long as L has rank < 5, because infinitely many
solutions may exist otherwise.) In actual cases given by real crystals, it may be thought
that Fp;« = 0 for many [* € L* generally happens owing to SA.

Before proceeding to the definition of SA, recall the definition of crystallographic
groups; for any congruent transformation o of RY, there exist 7 € O(N) and v € RN
such that o is represented as follows:

27 =27 +v (Vo € RY). (10)

The o is represented by {r|v}. From the decomposition, O(N) x RY may be regarded
as the group of all the congruent transformation of RV .

A group G is a crystallographic group, if it is a discrete and cocompact subgroup of
O(N) x RN where the topology of O(N) x R¥ is the product of the standard topology
of O(N) and RY. When N = 2,3, G is also called a wallpaper group and a space group.

In general, G has a subgroup L := G'N ({1} x RY) consisting of all the translations
in G. As a group, L = Z~, and may be identified as a lattice in RY. The subgroup
R := G/L C O(N) is a finite group, and called the point group of G. From the
definition of L, for any {r|v,} € G, the class v, + L € RY /L is uniquely determined.
Furthermore, the map Rg — RY/L : 7 — v, + L is a l-cocycle, i.e., it satisfies
Vor = Vi +v, mod L. In this way, G is assigned to the cohomology classes of 7 — v+ L,
which provides a well-known correspondence between group extensions of L by Rg and
H?(Rg,L) =2 H'(Rg, RN /L).

Let (RY)# c RY be the subset consisting of all the # € RY fixed by all of h € H.

Definition 1.1. Let G be a crystallographic group with the translation subgroup L,
H C G be a subgroup with (RN)H £ (. Such a (G, H) is called a type of systematic
absence (SA). Let L* be the reciprocal lattice of L. If1* € L* is contained in the following
Text (G, H), we shall say that SA of type (G, H) holds for I*:

Teut(G, H) = {l* cL*: Z exp(2my/—127 - 1*) = 0 for any x € (RN)H}.

c€H\G/L

For any z € (RV)H, a periodic point set is defined by P, ¢ = {2° : 0 € G}. From
the definition, SA of type (G, H) holds for I* € L* if and only if Fp, .- = 0 holds
for any = € (RV)H. In general, the value of such an |I*|> cannot be extracted from
Op, if P is represented as |J;-, Py, ¢ for some z; € (RV)#. Contrarily, even if SA

does not hold for I* € L*, there is still possibility that |I*|* cannot be obtained from
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Op, if Fp(q) = 0 occurs, due to some coincidence (under observational errors, this also
happens for [* with very small |Fp(q)|). Although the cases of SA are mainly discussed
in the following sections, the algorithm in Section 1.4 can handle lack of information,
due to a reason other than SA, if the assumptions (a)—(c) in Section 1.3 are assumed.

The following are general properties of SA. For the proof, several facts known in the
theory of the Galois cohomology are used.

Lemma 1.1 (Lemma C.1, [25]). Let Ry be the image of H by the natural onto map
G — Rg : {o|vs} — o. For fixred I* € L*, the equivalence relation among the right
cosets Ry \Rgq is defined by:

RH01LRH02<E> Z ol* = Z ol*. (11)

ocERpgo1 oc€ERpyoo

For any x € RYN stabilized by H, I* € L* belongs to Teyt(G, H) if and only if for every
Rpo1 € Ry\R, we have

Yo e g, (12)

RH(TQZ’:RHO']
The following are corollaries of the above Lemma:

Corollary 1.1 (Corollary 4.1, [21]). Let L be the translation subgroup of a crystallo-
graphic group G, and M be the order of Rg := G/L. For any type (G, H) of SA, there
exists a union Ha g C RY of linear subspaces of RN of dimension < N and a subset
Q C L*/ML* such that for any I* € L*, ¢ Hq u, the following holds:

I €lept(G,H) <= 1"+ ML* € Q (13)
]

Corollary 1.2 (Proposition 3, [25]). Let M be the index [G : L] and ML* be the set
{MI* :1* € L*}. Then ML* NTop(G, H) = (0 holds regardless of the choice of (G, H).

We already described that L can be retrieved from Ap, if Ap = Ap. This is true
even if only Ap D M Ay holds for some known integer M [25]. According to Corollary
1.2, g € MAy, g ¢ Ap happens, owing to a reason other than SA.

In N = 2, there are 17 isomorphism classes of wallpaper groups. In N = 3, there
are 219 classes (or 230 if distinct chiral copies are counted.) In [13], 72 types of SA for
wallpaper groups, and about 1700 types for space groups are listed, and T'o.+(G, H) for
all the types (G, H) are described.

The following is an example of SA in the case of F' d d 2 (Hermann-Mauguin symbol).

Example 1. Let L C R? be the lattice with the basis (a,b,0), (a,0,c), (0,b,c) € R?
for some 0 # a,b,c € R. L is a face-centered orthorhombic lattice, and fixed by the
71,72 € O(3) with the following action on R3:

T1 : ($7y,2> = (_l’»_ya2>7

T2 ({,C7y,Z) = (—(E,y72).
F d d 2 is the space group generated by o1 := {71[(0,0,0)}, o2 := {m2|(a/2,b/2,¢/2)},
in addition to all the elements of L. If H is the the group of order 2 generated by o1, we
have (R3)” = {(0,0,2) : 2 € R}. Anyl* € L* is represented as follows, by using some
integers h, k,l.

. h+k—1 h—k+1 —h+k+1
o 2 20 2¢ '
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When h,k,l are fived, for any x := (0,0,2) € (R*)H,

Fp o1~ = Z exp(2rv—127 - I*)
c€H\G/L
— e <2m/1z(h +k+ l)) +exp <2m/1(z +c¢/2)(-h+k+ l))
2¢c 2c
— e <2m/1z(2h+k+l)) (1 +exp <2ﬂﬁ. —h +4k+l>) '
C

From this, I* € Tyt (G, H) holds if and only if —h+k+1=2 mod 4.

1.3 Idea of the algorithm for powder indexing using topographs

Herein, the background of Theorems 1-3 in the next section is explained; we shall start
from the algorithm of the program ITO which was invented by a crystallographer Ito
[14], improved by de Wolff [7], and implemented by Visser [29]. Ito’s original idea is to
obtain the binary quadratic forms of a sublattice contained in the solution L*, by using
the following identity called the parallelogram law:

2|1 + |12)?) = [l + L) + |l — Io]*. (14)

If g1, 2, g3, g4 with 2(q14+¢2) = ¢3+q4 are found among observed elements of Ap, ITO
assumes that there are some l1,lo € L* such that ¢q; = |ll|27 g2 = |lg|27 g3 = |1 + l2|2
and g4 = |l — 12\2. Under the assumption, the binary quadratic form of the lattice
expanded by (1,15 is computable by:

0 (1 +q2—aqa)/2
((‘11 +q2 —q4)/2 0 ) (15)

Although this estimation may seem to be no problem, it is known that /70O does
not work well in particular when SA holds for some [* € L*. This is because some
assumptions used in ITO are not always true, or even never true in some cases (in
this point, similarly to the other powder indexing algorithms, ITO cannot be regarded
as a mathematical algorithm, because it is not based on mathematical reasoning.) For
example, ITO assumes that the true solution L* always contains a primitive set {1, 2} of
L* such that all of \l1|27 |l2|2, |1y + l2|27 |1y — lg|2 are observed as elements of A p. However,
in the cases some types of SA happen, L* contains none of such primitive sets.

In Section 1.2, powder indexing is formulated as a lattice determination problem
from ©p. If A% C Ap is extracted from real observed data (i.e., powder diffraction
patterns), and the observational error Err[gups] of ¢°% € A°®® is ignored for simplicity
(it is straightforward to reformulate all the discussions under consideration of Err[¢°*],
as in the original papers), the following may be assumed:

(a) The range of A°®* is contained in a bounded interval [gmin, @maz] C (0, 00).

(b) For any ¢ € Ap N [Gmin, Gmaz)s ¢ ¢ A°% occurs with unknown small probability e;.
In addition, for any ¢°** € A°**, ¢ ¢ Ap occurs with unknown small probability €.

(¢) owing to repulsive forces between atoms, there exists a constant D (= 24) such that
|I| > D holds for any [ € L and all the existing crystal lattices L.

In the case of real powder diffraction data, the observed range [¢min, Gmaz] is supposed
to be adjusted to the size of considered L. In addition, larger elements in A°’ have
less accuracy in their observed values, e.g., the values of |I*| > 547! of a reciprocal
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lattice vector [* € L* are almost indistinguishable from observed data. Therefore, the
last condition (c) is important for successful powder indexing; with regard to the third
successive minimum Dj of L*, the following is proved from (c) and an inequality in [16]:

D <3.27Y3D 2= 06472 (16)

The inequality indicates that even if ¢mar < 5A™!, A normally contains sufficient
information to obtain the quadratic form of L*.

In the situation explained so far, our idea for the lattice determination is to use
topographs defined in [4], as a sorting criterion of 2D lattices generated from A°*. As
a consequence, our algorithm can be explained in a picturesque way.

2

Figure 1: A topograph (at most one edge in a topograph can have orientation 0.)

As a property of the topograph, the following can be easily observed from Figure 1;
for any fixed edge, if the two domains adjacent across the edge are labeled with |I1]%, |I2]?,
the two other domains which touch an endpoint of the edge are labeled with |I; + lg|2
|l; — Io|*>. Therefore, as stated in [4], every edge of a topograph is associated with a

)

\/;
* ]2 e o % L2
p—d —
]1 + ]2 R 5 “, ]1 ]2
& lx < .,

Figure 2: Four lattice-vector lengths associated with an edge of a topograph

set of four lattice-vector lengths satisfying the parallelogram law. In [4], topographs are
used to explain the Selling reduction for 2D lattices. For a general rank N > 0, the
fundamental domain DV C S, /R~ consists of S € S that satisfy:

(S, An) < (Slg], An) for any g € GL3(Z), (17)

where Ay € 82, is the matrix with 2 in all the diagonal entries and 1 in the others.

If we put St(Ay) := {9 € GL(N,Z) : 'gAng = Apn}, the right-hand domains are
disjoint except for their boundaries, hence the following union provides a tessellation of
S;VO/ R>o:

S /Rso = U DVg] (18)
gGSt(AN)\GLN(Z)

The graph structure of a topograph is the same as the dual of the above tessellation,
i.e., it is the graph obtained by regarding St(An)\GLx(Z) as the set of all the nodes,
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and by connecting two nodes St(Ax)g1 and St(Ay)ge if DN[g1] and DV [gs] have a
common facet.

The first advantage of using topographs is that a method to verify the assumption
mentioned after (14) is naturally provided; if some sets of q1, ¢2, g3, ¢4 satisfying g1 +¢2 =
2(q3 + q4) are found in A°"*, topographs can be formed from those sets; first, an edge
of a topograph is formed for such g¢1, ¢, g3, q4 as in Figure 2, by assuming as in ITO
that there exist l1,ly € L* such that ¢; = |ll|2, ga = |lg|2, g3 = |1 + lg|2, qa = |li — lg|2
After multiple edges are obtained, by searching for edges that have a common node and
joining them as in Figure 3, subgraphs of topographs are generated. If the assumption

Figure 3: Connection of topographs with the same node

is false, and there do not exist l1,ls € L* such that ¢; = |l1\2, g2 = |l2\2, g5 = |l + lg|2
qga=|l1 — lo \2, the subgraph containing the edge will not have a number of edges, because
the probability that all of the observed lengths accidentally satisfy the parallelogram law
is rather small. Conversely, if such ly,ly € L* really exist, even if A°bs ig a little different
from Ap, the subgraph will grow. This estimation seems to work, at least unless SA
happens. This is actually proved for any types of SA of wallpaper groups (Th. 1, [23]).
Although the same thing does not hold for space groups, similar things can be proved
if a different identity is used, instead of the parallelogram law.

As another advantage, topographs can be utilized as a framework to discuss common
rules (distribution rules on topographs) of SA, as in Section 1.4. Although some types
(G, H) of SA, have complex conditions for I* € I'.,;(G, H) when G is a space group,
an algorithm that works regardless of the type of SA is provided by the distribution
rules. However, our initial goal was to prove the rules by using properties of topographs
generalized for 3D lattices, which has not been achieved in the CONOGRAPH software
project. Therefore, all the theorems in this article were searched for by a computer. For
the proof, Corollary 1.1, some properties of convex bodies in R? and an exhaustive check
by a computer were utilized. In N = 3, if M is taken as in Theorem 1.1, I'.,+(G, H) for
some type (G, H) contains half of L*/ML*. Thus, before the search, it was not clear
whether such common properties really exist.

In order to discuss the distribution rules, the definition of topographs should be
generalized for ternary quadratic forms. With regard to the method of the generalization,
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there seem to be two candidates (Section 1.4 is understandable, even if the following
part is skipped):

1. (Well-rounded retract [26]) For any finite subset ® C Z¥, define
D(®) := {S € 8, : for any v € &, vSv = min{uSu: 0 #u e ZV}}.

In this case, D(®) is convex in SV, and S)/Rso = Up(@)20 P(®)/R5o. When
the cardinality of ® =1 (resp. 2), D(®) # (), and has dimension N (N +1)/2 (resp.
N(N +1)/2 — 1) if and only if ® is a primitive set of ZV. A well-rounded retract
of S¥)/Rs¢ is defined as the subset X :=|J )z, . D(®)/R+g of SV /Rsg. If

® generate Z

N = 2, a topograph can be identified with N, because they are homeomorphic,
and the association of lattice vectors with edges and nodes of topographs are also
provided by the natural map D(®) — P.

2. (C-type reduction [28]) Let [u] be the class of u € Z, when u and —u are identified.
Let ® be a set of 2V such classes, and assume that the natural map ® — Z /2ZN
is onto. For such a @, the convex cones C(®) is defined by:

C(®) := {S € 8L, : for any [v] € ®, WSv = min{ uSu : u € v+2Z"}}.

Only C(®) containing interior points is used for the tessellation. Similarly to the
Voronoi reduction of the first and the second kind [30], [31], the tessellation of the
C-type reduction coincides with that of the Selling reduction if N = 2. Even if the
definition of topographs is generalized to N > 2, the relation between the edges of
a topograph and the parallelogram law naturally holds, i.e., if two distinct C-type
domains with interior points share a facet, the facet is naturally associated with
the 4 vectors +l7, £15, (17 £13), because of the following proposition:

Proposition 1.1 (Proposition 5.1, [21]). Suppose that two distinct C-type do-
mains containing interior points have an (M — 1)-dimensional cone as their
intersection. Then ®g, N ®s, contains exactly 2N — 1 elements, and there exist
u,v € ZN such that ®g, \ ®s, = {[u]}, s, \ Ps, = {[v]}, and [“F4], [¥5%] are

elements of @5, N @g,. {154, %54} is a primitive set of ZV.

1.4 Theorems and algorithm for ternary case

In the sequel, for any fixed type (G,H), let L C G be the translation subgroup of
G. L* C R3 be the reciprocal lattice of L, by seeing L as a lattice in R3, In powder
indexing, the type (G, H) is normally unknown, and with regard to every element g €
At (G, H) := {\l*|2 20 #£0* € L*1* ¢ Tyt (G, H)} extracted from Op, it is unknown
which [* € L* correspond to the q. Owing to this, properties of SA that hold for all the
types (G, H) and most of [* € L* are required to establish a mathematical algorithm
for powder indexing.

First, the following theorem can be used to obtain candidates for 2D sublattices of
the true solution L*.

Theorem 1 (Th. 2, [23]). Regardless of the type (G, H) of SA, there exist infinitely
many primitive sets {7,135} of L* such that none of I3, I3, I + 213, 215 + 15 is contained
m Fewt(Ga H) O

Note that the same thing does not hold if I7, 5, I7 4+ 215, 217 + I3 in Theorem 1 are
replaced by I, 15, I7 £15. The 4 lattice vectors in the theorem satisfy the following
identity:

3|07 + |1 + 2157 = 3|15 + |20 + 132 (19)
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Figure 4: The subgraph of a topograph associated with the identity 3|I3|* + |17 + 213]* =

3l3 1% + |20 + 13

The identity (19) may be considered to correspond to the left-hand subgraph in
Figure 4. Furthermore, we have:

Theorem 2 (Th. 3, [23]). Regardless of the type (G, H) of SA, there exist infinitely
many primitive sets {I5,15} of L* such that mi + (m —1)I5 ¢ Tyt (G, H) holds for any
integer m. Furthermore, L* contains infinitely many 2D sublattices whose bases are
such primitive sets. I

From the following identity, it is seen that the lattice vectors mif +(m—1)I5 (m € Z)
in Theorem 2 provide four vectors satisfying the identity (19):

3|mlt + (m — DB + [(m+ 2)1F + (m+ DE? = 3|(m + DIF 4+ ml? + [(m — DI + (m — 2)15%. (20)

Therefore, Theorem 2 leads to Theorem 1. By joining the subgraphs corresponding
to (19) for each m, the right-hand graph in Figure 4 containing infinitely many edges
is formed. In the graph of Figure 4, SA of the type (G, H) holds for none of all the
reciprocal lattices, except for +(I7 + [%) in the centered domain. This indicates that if
the identity (20) is used, instead of the parallelogram law. the estimation on the growth
of topographs in the latter half of Section 1.3 works. That is, a number of topographs
corresponding to 2D sublattices of the true solution L* will have a number of edges,
without being adversely affected by SA. Theorem 2 claims that “infinitely many” of
topographs with infinitely many edges are generated, if Ac,+(G, H) is used, in stead of
the finite set A°’® of observed lengths.

The following theorem describe how to obtain the quadratic form of L* from the
lattice-vector lengths in A°%® after well-grown topographs are obtained:

Theorem 3. [Th. 4, [23]] Regardless of the type (G, H) of SA, L* has infinitely many
basis (I3,15,13) satisfying the following:
(a) 17 +15+15 ¢ Teat (G, H),
(b) the following holds for both i = 2,3: mif + (m — 1)(=1 +1}) ¢ Tt (G, H) for any
integer m, or mif + (m —1)(I5 —1F) ¢ Tepte(G, H) for any integer m > 0.
O

Finally we shall explain the algorithm of CONOGRAPH, based on the above the-
orems. What follows, A°° is a finite set, consisting of observed elements of Ap N
[qmin7 Qmaaj] .

(1) If g1, g2, g3, g4 € A°"® satisfying 2(q1 +¢2) = g3 + g4 are found, an edge as in Figure 2

. . 2 2 2 2

is generated, by assuming q; = [l1|%, g2 = [l2|”, g3 = |1 + 12|, qa = [l1 — l2|".

10
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2

i+t [ -1

+

35 +13f

Figure 5: Lattice-vector lengths used for enumeration of 3D lattices (In the process of
determining the ternary quadratic form of a lattice, it may be assumed from Theorem
3 that the lengths of all the underlined vectors are included in A°.)

(2) If q1,q0,q3,q2 € A° satisfying 3q; + g3 = 3¢2 + q4 are found, two edges as in
Figure 6 are generated, by splitting the graph in Figure 4, where the value of g- is
set to (g1 + g3 — 2¢2)/2 = (g2 + g4 — 2¢1)/2 so that they satisfy the parallelogram
law. If this g» does not equal any of ¢; € A°"®, - is supposed to be an element of
Ay, that has not been observed owing to some reason.

ey g . < .
q, :',O Q.‘ q; 4, O—O n
q, q, -

Figure 6: Edges obtained from g1, g2, g3, g1 € A°®° satisfying 3¢1 +¢3 = 32 + q4 (¢ may
not belong to the set A°*® of observed lengths)

(3) If two edges contain the same nodes (two nodes are the same, if the labels of the three
domains surrounding the node coincide), the edges are connected as in Figure 3. For
each obtained graph 7', count the number of elements in A°®* that appear in T'. Sort
the subgraphs in descending order of the number. If two subgraphs T3, T have the
same number, the sorting is done according to 17 < T% ﬁ detS(T1) < detS(T»),

where S(T) € 8? is the quadratic form of 2D lattices expanded by I}, 15, when T
contains an edge as in Figure 2.

(4) Starting from the subgraphs in higher order, insert all the edges in the subgraph in
an array Ao, until the number of entries of Ay exceeds M.

11
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(5) For all the combinations of g5 € A°®® and two edges in A, that commonly contain
q1 € A°% | the following is done ; if it is assumed that a basis (I}, 13, 13) of L* satisfies
G =a (0 <i<3), [F+B° = a, 5 +B7 = a5, [lf +15+15]" = g6, the
quadratic form of L* is provided by:

94—491—q2 45—91—9gs3
q1 2

2
94—q1—q2 96+91—9a—gs
g4—91—G2 02 doth—da—ts

2
95—41—93 96+491—q4—3q5
2 2

q3

Insert this quadratic form in an array as a candidate solution.
q, q, o
D, [y (s P,

K q 2 "'. .’: QS R

Figure 7: Two edges commonly containing ¢;

(6) The quadratic forms are sorted by the de Wolff figure of merit [8] and output.

The M in (4) is a parameter used to adjust the efficiency and exhaustiveness of the
search for L™ in CONOGRAPH. Further discussions to rationalize the use of M and to
determine whether the algorithm is practical or not are omitted herein, considering the
scope of AC proceedings. See the author’s cited papers, if necessary.

2 FError-stable Bravais-lattice determination

If the automorphism groups of lattices L1, Ly C RY are conjugate in GL3(Z), L1 and Lo
are said to belong to the same Bravais type. If the automorphism groups are conjugate
in GLN(Q), Ly and Lo belong to the same lattice system. Since the study of Bravais
[2], it has been well-known that that there are 14 Bravais types for 3D lattices. With
regard to N-dimensional lattices with N = 1-6, it is known that there are 1, 5, 14, 64,
189 and 826 Bravais types [27]. For N = 3, there are 7 lattice systems, and each system
is divided into distinct Bravais types as in Table 1.

The centering type is another category to classify 3D lattices (Figure 8). Mathe-
matically, the centering types may be considered to describe on the relation between
the original lattice L and its sublattice expanded by all the I € L whose corresponding
reflection  — x — 2(x -1/l - 1)l is an automorphism of L.

If triclinic is excluded, monoclinic (P, B), orhothombic (I, F) and rhombohedral are
Bravais types with the automorphism group minimal by inclusive order. If it is possible
to determine whether a given 3D lattice has at least either of the above 5 symmetries, the
check whether the lattice belongs to a higher-symmetry Bravais type is straightforward
and can be conducted in a small number of steps (cf. Section 5.3, [22]). Therefore, it
may be thought that the most complex part in the Bravais-lattice determination is the
stage for centering-type determination. Theorem 4-7 in the following sections, prove
the algorithms in Table 2-8 are error-stable. In particular, even if the distribution of
the error is unknown, as long as the scale of the error is not extremely large and (A)
described above is satisfied, it is possible to prove the algorithms are error-stable.

What follows, we shall briefly introduce the background of this problem in mathe-
matical crystallography; error-stable Bravais-lattice determination algorithms have been
discussed mainly for the cases of N < 3. A method that uses 44 lattice characters (cf.
9.2.5, [13]) was proposed for the case of N = 3. It was soon noticed that the method
does not always work well when the coefficients of quadratic forms are real numbers and

12
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Table 1: Lattice systems and Bravais types for 3D lattices

Lattice system Constraints on lattice vectors Number of Bravais types
(centering types®)
Triclinic no conditions 1
Monoclinic some 1,1l # 0 satisfy I -l =0 2 (P, B)
Orthorhombic some l1,ls,l3 # 0 satisfy l; - I; =0 4 (P,B,I,F)
Tetragonal some l1,l9,l3 # 0 satisty [; - [; =0, 2 (P, I)
Lh-li=ly-1o
Rhombohedral some lattice basis (l1,12,[3) satisfies 1
Li-lhy=lalo=l3-l3, l1-la =113 =
Iy -3
Hexagonal some lattice basis (l1,ls,13) satisfies 1
by -y =lo -l = =2l - lg, 11 - I3 =
la-l3=0
Cubic some ly,l9,l3 # 0 satisty [; - ; =0, 3 (P,I,F)

L-li=lh-la=l3-13

apP: primitive centering, B: base-centered (also notated as A, C), I: body-centered, F": face-centered.

7 BB

Primitive centering  Base-centered Body-centered  Face-centered

V===

Rhombohedral centering

Figure 8: Centering types for 3D lattices; it is easily seen that all the rhombohedral
lattices contains a hexagonal lattice as a sublattice. Similarly to the other centering
types, rhombohedral centering (abbreviated by R) can be seen as a subcategory of the
rhombohedral lattice system.

13
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include small errors. In [3], [12], [15], [35] and [11], some improvements was proposed in
order to handle the cases in which round-off errors are contained in the coefficients. Stud-
ies on Bravais lattice determination under experimental errors have been conducted by
Clegg (1981), [17], [34], and [1]. Most of them use the Niggli reduction and the Buerger
reduction, because they are standard in crystallography. In the method of [34], the Sell-
ing reduction (also called the Delaunay reduction [9]) is adopted. In [1], it is proposed
to apply the above 44 lattice characters to all the nearly reduced lattices.

One of the problem of the existing methods is that they are not well-grounded by
mathematical discussion. As a result, under large errors, they fail to obtain the correct
solution in some cases, or need a number of iterations for computation. Another problem
is that the Niggli and Buerger reductions clearly do not suit for efficient error-stable
algorithms, because their fundamental domain is not connected, and many forms with
high symmetry exist in the boundaries of their fundamental domain (also called reduced
domain). For example, if the reduced domain of the Buerger reduction defined in (23)
is denoted by Dpuerger, the following quadratic form of a cubic (F) lattice is in the
intersection of 168 distinct Dpyerger|g] (9 € GL3(Z)).

2 1 1
121 (21)
11 2

This indicates that if Buerger reduction used for the cubic (F) determination, the nec-
essary time is almost proportional to the number 168. By a similar reason, if the Selling
reduction is used, the time is proportional to 3 (the size of C'r in Table 3). The op-
timal reduction varies, depending on the considered Bravais types. Owing to this, our
algorithm applies the Minkowski reduction to lattices with primitive centering, and the
Selling-reduction to face-centered, body-centered, rhombohedral and base-centered lat-
tices. In [21], it is explained by comparing the number of matrices required for the
determination that our method is (in the best case, about 120 times) faster than the
method of [1]. Our algorithm is optimal, in the sense that the number of matrices can-
not be reduced, as long as the Minkowski, Selling, Niggli and Buerger reductions are
utilized.

2.1 Definition of several kinds of reduced forms

The Niggli and Buerger reductions for ternary quadratic forms, which are standard in
crystallography, were originated from the paper by Eisenstein [10]. Later Minkowski
established reduction theory for lattices of general rank [18]. As seen in the following,
the definitions of these three reductions are basically same if the boundary conditions
are ignored.

Recall that (s;j)1<i j<3 € S3 is Minkowski-reduced if and only if it belongs to to the
following Dpin:

- 0 <s11 < sp < s, 2|s12],2|s13] < s11, 2|s23] < S22,
Dyin = (sij)1<ij<3 € S*: 2[s13 + s23| < 511+ S22 + 2512,
2|s13 — S23| < 511 4 S22 — 2512

A quadratic form is Buerger-reduced if and only if it belongs to the following D pyerger:

(Buerger-reduced domain)

DBuerger = DE UDév

145

(22)

Df = {(sij)i<ij<3 € 810 < s11 < spp < 33, 0< 2813, 2513 < 511, 0 < 2893 < s},

Dp

{(Szj)lgz,_7§3 —2(s12 + 813 + 823) < 511 + 522

14

S8 - 0 < s11 < 592 <833, 0< =251, —2513 < 511, 0 < 2893 < 599,
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The following boundary conditions are added in the definition of the Niggli-reduced
cell (Niggli(1928), Hahn (1983)).

1. (Normalization)

(51;]') S Dg = 512 >0, 513 >0, s93 >0, (26)
511 = S22 = [s23] < s3], (27)
Sog =833 = [s13] < |s12]. (28)

2. When s15 > 0, s13 > 0, s93 > 0,

So3 = % = 512 < 2813, (29)

S13 = % = $19 < 2893, (30)

S12 = % = 813 < 2893. (31)

3. When s15 <0, s13 <0, s03 <0,

|s2s| = % = s12 =0, (32)

|s13| = 8%1 = s12 =0, (33)

|s12| = %1 = s13=0, (34)

[s12 + s13 + S23| = # = s11 < [s12 + 2s13]. (35)

The Niggli reduction is defined so that the reduced form is uniquely determined
for any (s;;) € S2,. Frequently, sio < 0, so3 < 0 are added to the definition of
the Minkowski-reduced form. Whichever definitions are used, the Minkowski-reduced
domain D, is connect, while neither of the Niggli and the Buerger-reduced domains
has this property. As seen in the following sections, the efficiency of a given error-
stable algorithm is almost determined by how far quadratic forms with the considered
symmetry exist from the boundaries of the reduced domain. It is not to difficult to see
that whichever Bravais types are chosen, the Niggli or the Buerger-reduced reductions
have properties opposite to this.

In order to discuss the error-stableness of a given algorithm, it is convenient if the
method of the Venkov reduction is adopted to define the Minkowski and Selling re-
ductions (in a broad sense). Note that the following reduced domains are invariant by
permutation matrices.

(Minkowski-reduced domain in a broad sense) Any S € &3 is Minkowski-
reduced in a broad sense if and only if it is an element of the following set:

Dppin == 8€83,:(S,I3) = i Slg], I 36
{sestoiist= mm (i1 (36)

. B o 3 . 2|Sij| S min{sii, Sjj}, 2‘8“7c + Sjk| S Sii + Sjj + 28”‘
o {(S”)K”Q’ €S-0 for any distinct 1 < 4,5,k <3 '

It is easily seen that Dinin contains D, in (22), and any S € Dinin is transformed
into an element of D,,;, by simply sorting its diagonal entries in ascending order.

15
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(Selling-reduced domain in a broad sense) Any S € 83, is Selling-reduced (or
Delaunay-reduced) in a broad sense if and only if it is in the following set:

o C o
Daa = {sesty(sa) = min (s}, (37)

Ag =

— =N

1 1
2 1]. (38)
1 2
For reference, we shall also define the Selling-reduced (or Delaunay-reduced) domain
in a narrow sense that is also used in [34]:
Ddel = {(31] S Ddel 01 <811 <892 < 533 < Elgi,jgi’) Sij} . (39)

A Selling-reduced S € 82, is frequently represented as an element of Sé(); for any
(sij)1<ij<3 € 82y, let S € St be the quartic quadratic form given by:

S11 512 513 - 23:1 S1j
521 522 523 - Zgzl 525 (40)
831 832 533 - Zj:l 835

3 3 3 3 3
—Dim1 S T X1 Siz — 2183 Do Zj:l Sij
For any S € S8, there is some S € 83, corresponding to S as in (40) if and only
if S belongs to the following set:

4 4 -
Viaeo = 3 (8ij)1<ij<a €S*: Li=1 Zj:l.sij.' =0, (41)
== (Skik; )1<i,j<3 = 0 for any distinct 1 < ky, ko, k3 < 4

We shall also say S € Ve is Selling-reduced in a broad sense, if S belongs to the
following set:

e
{sevi:szo Gay= i S0} (12)

= {(8ij)i<ij<a €Vaer :5;; <0(1<i<j<4)}

From the definition, the stabilizer subgroups of Dmm, Do of GL(3,Z) are defined
by:

St(I3) {9 € GL(3,Z) : 'glzg = I3}, (43)
St(Az) = {g€GL(3,Z): 'gAsg = As}. (44)

2.2 Minkowski reduction for determination of monoclinic (P)
cases

The error-stable determination of monoclinic (P) lattices might be the most straightfor-
ward case among all the centering types, although the discussions applied to the other
centering-types are not much different from the following.

Any Minkowski-reduced S € 830 belongs to Vinono,p, if it precisely has monoclinic
(P) symmetry.

Vinonop = Vimonop,a U Vimono,p,b U Vinono,p,cs (45)
Vimonop,a = {(Sij)1<ij<s € 83 510 = 813 = 0}, (46)
Vimonopp = {(sij)i<ij<3 € 83 519 = S93 = 0}, (47)
Vinono,p,c {(sij)1<ij<3 € S : 8513 = 593 = 0}. (48)

16
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When the above union of linear space is for the determination, it is necessary to check
if the observed quadratic form S°%* and the true quadratic form S become Minkowski-
reduced with regard to the same basis. Fortunately, the following theorem holds (al-
though it seems almost clear in this case). As a result, the algorithm in Table 2 is
error-stable, as long as (A) is satisfied. Note that the it is impossible to reduce the size
of Cp used in Table 2, even if the input S°° has precise coefficients (i.e., € = 0).

Theorem 4 (Th.1, [22]). Let S € 83, be the true quadratic form of a lattice with
monoclinic (P) symmetry, and let S°%° be an observed S corresponding to the same
basis of Z2. Under the assumption (A), if S°° is Minkowski-reduced in a broad sense,
S belongs to Viono,p-

From Theorem 4, it is concluded that the algorithm in Table 2 is error-stable. On
output, S°* is projected on each subspace, Vinono,p.ar» Vimono,p,p @1d Vipono p e T€Spec-
tively, according to which of the three matrices in Table 2. The coefficients of S°*
containing errors, are modified by projecting S°’* onto the subspaces.

Table 2: Algorithm for nearly monoclinic (P) lattices

(Input) So%s ¢ 83 Minkowski-reduced in a broad sense,
€ > 0: threshold,
dist(S, T): arbitrary distance function with arguments S, T € S3.

(Output) A: array of pairs of g € GL3(Z) and S € Vinonop,p With dist(S, S°%[g]) < e.

1: Prepare the array Cp of size 1,4, 1= 3:
100 0 1 0
Cp:=<I3,{0 0 1],[1 0 O
01 0 0 0 1
2: fori=1to I,z := 3 do
3: Compute Sy := Cp[i]S°* 'Cp[i] and
s11 0 s13
4: S:=1 0 s 0 |, wheres;; is the (4, j)-entry of Spew-
s13 0 833
5: If dist(Snew, S) <€, insert (Cpl[i],S) in A.

6: end for

Proof of Theorem 4. Let g be an element of G'L3(Z) such that S € Dinin [g]. Then,
S[g~!] belongs t0 Vinono,p N Dimin. By replacing g with ggo for some go € St(I3), it may
be supposed that S[g~!] is also contained in the following subset of Vinono,p,b-

Umono,p,b = {(Sij)lgi,jSS € Vmono,p,b 1511 < 833, —s11 < 2813 < O} (49)

The (4, j)-entries of S and ‘gg are denoted by s;; and a;;, respectively. The following
inequality is obtained from S[g™'] € Uponopb:

si1 0 s13
0 s» 0 |.,¢"g-1Is (50)

s13 0 833

<Sa I3> - <S[g71]a I3>

= (a11 —1)s11 + 2a13513 + (a22 — 1)s22 + (ags — 1)s33

(@11 + azs — 2 — |aas])s11 + (az2 — 1)sa2

Y

1
5(011 + asz — 2)s11 + (ag2 — 1)s92.

\%

17
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For the last inequality, a1 + asz > 2|aiz| + 1 is used. Since lgg is an integer-valued
positive definite symmetric matrix, ai1, ase, and ags are positive integers. Hence, the
coefficients of s11 and sg9 are not negative in the last line of (50).

On the other hand, (S, I3) — (S°*[g~'], Is) < 0 also holds because S° € Dyip.
Therefore, the coefficients of s11; and sso must be less than % from the assumption (A).
Hence, we have

a1l = azz = agz = 1. (51)
Thus, it is proved that g belongs to Umonopb. From the assumption, Slg71 €
Unmono,p,b, therefore S is an element of Vy,on0.p- O

2.3 Selling reduction for determination of face and body-centered
cases

While the Minkowski reduction is suitable for lattices with monoclinic (P) symmetry,
the Selling reduction is more suitable than the Minkowski and Buerger reductions to
deal with the other centering types, i.e., face-centered, body-centered, rhombohedral
and base-centered. The distance defined on the linear space S was used in the proof of
Theorem 4. All the following theorems are similarly proved.

In this case, the face-centered case seems to be the most straightforward. Any
S € Vyer Selling-reduced in a broad sense has face-centered symmetry if and only if it is
an element of the following:

Ve = U VE ket ko (52)
1<k <kz<3
(/ o s . . gklll = §k112 = §k2ll = gkzlz
VF,khkz = {(51])1SZ<]S4 € Vaer for 1 < I; < Iy < 4 distinct from k17k2} (53)

For example, as seen from the following, any elements of VRLQ has a sublattice
represented by a diagonal form.

a 00 1 } —11 8

hF 0 b O thF, hF = = (54)
00 ¢ 21-1 0 1
-1 0 -1

What follows, v1,vs,v3,v4 € Z3 with Z?:l v; = 0 is called a superbasis, if they
expand Z3 over Z. The following theorem is proved similarly to Theorem 4.

Theorem 5 (Th.2, [22]). Let S € Vg be the true quadratic form of a lattice with
face-centered symmetry, and let Sobs Voo be an observed S with regard to the same
superbasis. Under the assumption (A), if Sobs s Selling-reduced in a broad sense, S
belongs to Ve.

As a result, the algorithm in Table 3 for face-centered lattices is proved to be error-
stable. If S € 83 has orthorhombic (F) symmetry, S~* has orthorhombic (I) symmetry.
Hence, the algorithm for body-centered cases, is provided by Table 4.

2.4 Theorems and algorithms for rhombohedral and base-centered
cases

If a lattice has rhombohedral symmetry, its quadratic form S' is an element of Vy defined
by

VR = {(Sij)lﬁ’i,jﬁlS ~ 83 $ 811 = S22 = 833, S12 = S13 = 523} . (55)
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Table 3: Algorithm for nearly orthorhombic (F) lattices
(Input) S € 82, Selling-reduced in a broad sense,
e > 0, dist(S,T): same as in Table 2,
(Output) A: array of pairs of an integer matrix g with hpg € GL(3,Z) and
a diagonal matrix S with dist(S, S°**[g]) < e.
1: Set the inverse of the following matrix h ok
1 1 0 0
hpe=31 -1 0], np' = 1 0)
-1 0 1 2
2: Set the array Cg of size Inqr =3
100 010
Cp:=<hp bt [0 0 1|,hzt |0 0 1
01 0 1 0 0
3: fori =1 to Iyae do
S11 0 0
4: Compute Speq = Cp[i]S°*Cpli)and S:= [ 0 s22 0 |,
0 0 533
where s;; is the (4,4)-entry of Spew-
5: If dist(Snew, S) < €, insert (Cr[i],S) in A.
6: end for

%This algorithm outputs the diagonal S, because in crystallography, this S is conventionally used to
parametrize face-centered lattice.

Table 4: Algorithm for nearly orthorhombic (T) lattices

(Input)

(Output)

Sobs € 83 11 (S°%%)~1 is Selling-reduced in a broad sense,

e > 0, dist(S,T): same as in Table 2,

A: array of pairs of an integer matrix g with hyg € GL(3,Z) and
a diagonal matrix S with dist(S, S°*[g]) < e.

Set the inverse of the following matrix h;:

1 1 1 1 1 -1
hpe=311 -1 1|,h =1 -1 0
0o 0 2 0 O 1
Set the array C7 of size 4, := 3:
1 00 01 0
Cr==<Xh;"h;' [0 0 1],A;" [0 0 1
01 0 1 0 0
fori =1 to Iqe do
S11 0 0
Compute Spey = Cr[i]S°%*'Crli] and S:= | 0 s92 0 |,
0 0 533

where s;; is the (,4)-entry of Spew-
If dist(Spew, S) < €, insert (Cr[i], S) in A.
end for
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When —%sn < 512 < —%511 or %sn < 812 < 811, the elements of Vi are positive-
definite but not Minkowski-reduced. However, the following linear space Vi contains all
the Selling-reduced forms of rhombohedral lattices.

Ve = U Vl%—,khkmll U U VR_Jl,lml?,’ (56)

1<ky<kp<d4 1<l <ly<ls<4
1<1y <4, Uy #ky ko

- - Skily = Skaly = 0, Skyky = Skily = Skal
VT = 5. . eV, kil 2l1 Ohiky 1l 2l2
Bok1kz,l (5ij)1<ij<a € Vael for 1 < Iy < 4 distinct from ky, ko, l; [’

Vit = 1Gighcij<a € Vaer : 8ut, = 8iay = Siglys 811y = 51415 = Sal5 ) -

With regard to base-centered lattices, the following linear space Vi contains all the
Selling-reduced quadratic forms:

(7 o (1) 7 (2) 7 (3)
Ve = U ey U VEawY U Vel (57)
1<ky <ky<4 1<ky <ks<3 1<k, ko<4
Vlé%l)cl,kz = {(gij)lgi,jgzl € Viger : §k1l = Skl forany 1 <[1<4, [# kl,kg}, (58)
~(2) L N ) Skil = Skyds Skid = Skol
VB»klskZ T {(8”)19’]§4 € Vaer - for any 1 <[ < 3 distinct from k1, k2} ’ (59)

7(3) R .. . . §k1k2 =0, gklll = §k112
VB,kl,kz T {(S”)K“Jq € Vaer - for any 1 <[y < ly <4 distinct from k;, kg} - (60)

The above is seen from the following equality between S € Sio and S € Vye.

0 d d a —d —a+d 0
hd lT+ d a d t(hd 1T+) = —d @ 0 —e+d (61)
SR Jd d a ‘R —a+d 0 2a—d) —a+d |’
0 —a+d —a+d 2a-—d)
atb a=b d _atd
a 0 d P2} i _atd
haethp |0 b 0| Yhaethp) = d d z e 2 a | (62)
d 0 e —@ —‘%—Qd —c—d a+c+2d
a+b —a+b __a+b+2d a—b+2d
a 0 d b ato a—b+2d athiod
hdelT](;)hB 0 b 0) t(hdezTg)hB) = aibiod  a—b42d atb —sc—kd —a+b —4c— dl (63)
d 0 c afb4$2d _a+4b4+2d ft%rb —e—d % te+d
ath d b —atb-2d
a 0 d é z 02 —64— d
haa Ths [0 b 0| (haaTPhp) = A 0 b b2, (64)
d 0 ¢ —u+i)2—2d _C_% _% a+b +2c+d
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where
1 0 0
0 1 0
hdel A O 0 1 bl (65)
-1 -1 -1
-1 0 O
T4 = 0o 1 0|, (66)
1 0 -1
11
11
2
e o= (110, (67)
0O 0 1
-1 0 O
T = |0 1 0], (68)
1 0 1
-1 0 0
T = [0 0 -1 (69)
1 -1 0
What follows, let g € GL3(Z) also act on S € Vyer, D C Vg by:
(1) (1) 8 100 0
Slgl = 3S'%, g g{0 1 0 0, (70)
0 0 1 0 01 0
-1 -1 -1
Dl = {Slg:S €D} (71)

For rhombohedral and base-centered forms, the following theorems are obtained:

Theorem 6 (Th.3, [22]). Let S € Vo be the true quadratic form of a lattice with
rhombohedral symmetry, and let 595 & Vo be an observed S with regard to the same
superbasis. Under the assumption (A), if S° is Selling-reduced in a broad sense, S
belongs to the following subset of Ve :

ViU U ‘71{1,273[9075001]U U ‘71%,1,2,3[907?}’]’ (72)

goE€St(As) giiiio(?g,o)i

where Tg is the matriz defined by (66), and too1, toro are the following elements of

(-1 0 0
ti1i2i3 = 0 (*1)7;2 0 . (73)
0 0 (-1

Theorem 7 (Th.4, [22]). Let S be the true quadratic form of a lattice with base-centered
symmetry, and S"bs be an observed S with regard to the same superbasis. Under the
assumption (A), if 5°bs s Delaunay-reduced in a broad sense, S belongs to the following
union of linear subspaces of Vye;:

VsU  J Vilslootoo] U U VE alooT5 o2, (74)
goESt(A3) Joelsg(zgs)
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where T](;), TS) are the matrices defined by (68), (69) respectively and

1 0 0
023 ‘= 0 0 1 (75)
0O 1 0
The domains (72), (74) are decomposed into UgEC’R ~1{172’3[g’1], UgecB ~E(;i’2[g’1],

where Cg (resp. Cg) constitute the matrices in Table 5 (resp. Table 6).

Table 5: Matrices to search for nearly rhombohedral lattices; the matrices are chosen so
that VI{,LQ,B[Ql—l] # VR_71,2,3[92_1] holds for any g1 # ga-

1 0 0\~ 1 0 0\ /1 0 o0\ /1 0 o0\~ 1 0 o\ /1 0 o0
0 1 0 0 1 0 0 0 1 0 0 -1 0 0 -1 0 -1 0
0 0 1 -1 -1 -1 -1 -1 -1 11 0 0o -1 -1 i 0 1
1 0 o\* /1 o o\~ 1 0 0\~ 0 1 o\*/o0 1 o0\~ 0 1
0 -1 0 11 1 11 1 0 0 1 0 0 -1 0 0
0 -1 -1 1 1 0 1 0 1 -1 -1 -1 1 1 0 -1 0
0o 1 o0\~ 0 1 0\~ 0 0 1\~ 0o o0 1\~

1 1 1 11 1 11 1 11 1

11 0 0 1 1 1 0 1 0 1 1

1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0
0 0 -1 0 0o -1 0 -1 0 0 -1 o0 -1 0 -1 -1 -1
0 1 1 -1 -1 0 o 1 1 -1 0 -1 11 1 1 1
0 1 0 0 1 0 0 1 0 0 1 0 0 o0 1 0 0
0 0 -1 0 0 -1 0o -1 -1 -1 -1 0 0o -1 -1 -1 0
1 0 1 -1 -1 0 11 1 1 11 1 1 1 1 1
1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0 0 1 0 0o 0 1 0 0 1
0 0 -1 1 0 1 0o -1 -1 11 1 0 -1 0 11 0
1 0 0 1 0 0 1 0 0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0o -1 0 -1 o0 1 1 0 1 0
0o -1 -1 11 1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
1 0 0 1 0 0 1 0 0 0 1 0 0o 1 o0 0 1 0
0 1 0 0 1 o0 0o 0 -1 0 0 1 0o 0 1 0 0 1
0 1 1 -1 0 -1 0 -1 o0 1 1 0 -1 0 -1 1 1 1
0 1 0 1 0 0 0 1 0 0 1 0 1 0 0 1 0
0 0o -1 0 -1 0 1 1 0 0 1 1 0 0 1 0 0
-1 -1 -1 101 1 -1 -1 -1 -1 -1 -1 0 1 1 -1 -1
0 1 0 0 1 0 0 1 o0 1 0 0 0 0 1 0 0
0 0 1 0 0o 1 0 0 -1 0 0 -1 1 0 1 0 1
1 0 1 -1 -1 o0 11 1 11 1 -1 -1 -1 -1 -1
0 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0
-1 0 -1 0o -1 -1 -1 -1 0 0o -1 -1 -1 -1 0 -1 0

-1

“Matrices contained in C%,.

However, it may be too prudent to use all the matrices for the determination, because
Propositions 2.1, 2.2 hold.
By using the inner product Trace(S, T), define the distance on &3 by:
dist (S,T) :=

Trace((S —T)3?). (76)

More generally, the propositions hold, if the distance on S? is represented as follows for
some 7 > 0:

1/2
3 /

Z(Sn‘ - tu‘)Q +r Z (sij — tij)Q

i=1 1<i<j<3

dist ((sij)1<i,j<s, (tij)i<ii<s) © (77)

Proposition 2.1 (Prop.3, [22]). By using the following projection map Pr : 8* — Vg,
Sr(S) := dist(S, Pr(S))? is defined as a measure of the displacement caused by the
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,[g5 '] holds for any g1 # go.

T # Vi

Table 6: Matrices to search for nearly base-centered forms; the matrices are chosen so
that Vg, o

AC2015
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projection:
s s s a d d
11 S12 S13 1 _s11+ 820+ 833 _ S12+ 813 + Sa23
s12 S:2 s | g d a d], a:= -3 d:= 3
513 S23  S33 d d a

This dr(S) satisfies the following inequalities for any g € St(As) and Selling-reduced
Sobs € 83 in a broad sense:
Sr(S?*[g71]) < 6Rr(S°*[(gtoor) 1)),
Sr(S™*[(gT) ™) < 6r(S°*[(gTH toor) ")) < 6r(S°*[(gTH to1o) ).

(78)
(79)

Proposition 2.2. By using the following projection map Pg : S3 — \7;%72, 0p(S) :=
dist(S, Pp(S)) is defined:

513 a 512 d
So3 | — | S12 a d , @ =
533 d d 533

512
522
523

S11
512
513

S11 1 S22
2

813 + S23
2

, d:=

The following inequalities hold for any g € St(As) and Selling-reduced S € 83,
in a broad sense:

55(S°[(gto10) 1),
B(S* (9T 023) 7)), (81)
5(S° (9T 095)1)).

From Proposition 2.1, Pr(S°**[g71]) and Pr(S°*[(¢gT%)~!]) are prioritized over
PR(SObS[(th()l)_l]), PR(SObS[(ngtom)_l]) and PR(SObs[(ngto()l)_l]), if the most fea-
sible candidate for the Bravais type is determined by the distance between the observed
quadratic form and its projection on Vg. Therefore, the algorithm in Table 7 uses only
the matrices belonging to the right cosets St(As) and St(A3)T; (the first 16 matrices
in Table 5). From (66), f/le)Q’g[Tg] = IN/I{SAJ, and Vg = UgGCk 171%1’2’3[9—1] are ob-
tained. This indicates that the algorithm is optimal, in the sense that it is impossible to
reduce the size of C';, even if the coefficients of S°bs have precise values. With regard
to base-centered forms, Vg = Ugecj,3 Né%i,z[g_l] holds, hence the same conclusion is
obtained.

5B(Sobs [g—l])
SB(S[(gTE) ™) <
SB(S[(gTy) ™)) <

IN
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Table 7: Algorithm for nearly rhombohedral lattices
(Input) S9%s ¢ 831 Selling-reduced in a broad sense,
e > 0, dist(S,T): same as in Table 2,
(Output) A: array of pairs of g € GL3(Z) and
S € Vg satisfying dist(S, S°%*[g]) < e.
1: Prepare the array C; of size Iy, := 16 presented in Table 5.
2: fori =1 to I,z do
3: Compute Spey 1= Cili] S 1O [i].
4. Set a := %(811 + S22 + 833) and d := %(812 + s13 + 823)7
using the (i, j)-entry s;; of Spew.
a d d
5: Set S:=|d a d
d d a
6: If dist(Spew, S) < €, insert (CR[i], S) in A.
7 end for
Table 8: Algorithm for nearly base-centered lattices.
(Input) S9%s € 83+ Selling-reduced in a broad sense,
e > 0, dist(S,T): same as in Table 2,
(Output) A: array of pairs of an integer matrix g with hpg € GL(3,Z) and
S € Vg satisfying dist(S, S°[g]) < e.
1: Prepare the array C; of size L4, = 21 presented in Table 5.
2: fori =1 to I,z do
3: Compute Spey = Cili] S CY i,
si1 0 813
4: Set S:=| 0 s22 0 |, using the (7,7)-entry s;; of Spew.
s13 0 s33
5: If dist(Spew, S) < €, insert (Cyli], S) in A.
6: end for
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A summation formula for polynomials in binary
variables

Norichika Matsuki

Let I, = (212 — 1,;.,95”2 — 1) be an ideal of Q[z1,...,2,]. For f €
Q[z1,. .., xy], we define f as the right-hand side of the congruence

f=ag+ Z asz®  (mod I,),
SC{1,...,n}

S

where z” is a multilinear monomial that has factor z; if and only if ¢ € S. Note

that f(b1,...bn) = f(b1,...,by) for by,..., b, € {—1,1}. Denote by S; the i-th
subset of the graded lexicographically ordered subsets

D<{1}<{n}<{l,2}<---<{n-1,n}<---<{1,...,n}

We define T(f) = (T(f):;) to be the matrix whose (i, ) entry is as,as,, where
S;AS; is the symmetric difference of S; and S;. Then the following property
[2, Theorem 3.3] holds.*

Theorem 1 Let n(f) be the zero points in {—1,1}" of f € Q[x1,...,z,]. Then
n(f) =2" —rank T(f).

In this article, we calculate the trace and determinant of T'(f). Our tool is
the following summation formula.

Lemma 2

> by, by) =27F(0,...,0).

biyeosbn€{—1,1}

Proof. We use induction on n. It is obvious for n = 1. Suppose that it is true
for n = k. Since

?(xl,...,xm—l) —i—?(xl,...,xk,l) = 2?(m1,...,;vk70),

1For the number of solutions in Fqn of a Diopantine equation in n variables over 'y, the
similar property also holds [3].
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we have

> f(b1,... be1) = 28F(0,...,0,—1)+2%F(0,...,0,1)

bl,...,bk+1€{—1,l}
28 F1F(0,...,0).

Hence it is also true for n = k + 1. O

Theorem 3

wT(f)= Y ... ), (1)

bi,...,bp€{-1,1}

det T(f) = 11 f(by,. .. by). (2)

biseobn€{—1,1}

Proof. From the definition, we have T'(f); = f(0,...0). By Lemma 2, (1)
follows.

Since f(by,...,by) is an eigenvalue of T(f) [2, the proof of Lemma 3.2], (2)
follows. ad

Lemma 2 is applicable to combinatorial problems. Given a set of integer and
an integer m , the subset sum problem is to decide whether there is a subset
whose sum equals m. Li and Wan [1] gave a formula for the number of solutions
of the subset sum problem over a finite field. The problem is reduced to deciding
whether [,, = a121 + -+ + apx, = 0, where ay,...,a, € Z, has a solution in
{—-1,1}". We calculate the number n(l,) of the solutions.

Proposition 4 Let a = |aj| + -+ + |a,| and T = {12,...,a®}. Then we have
2n (=1)4(2i) kg - - - kgjar 291 - - - @, 2n
-2 Y Y |

(@) SZe T (2j)t-- (2jn)t
ki,.-ka—i €0 j120,...,5,2>0

Proof. Setting

L(z1,...,xy) = H (a1z1 + -+ anzp — k)
1<|k|<a

= Z (_l)ikl"'ka—i(alxl +...+an$n)2i,
1<i<a
kq—

it follows that

L( o1 et e =0,
T Tn) =4 otherwise.
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Since
_ 1 ;
L(0,...,0) = Gk > (D) X
1<i<a
K1,k €T
Z (24)! a2 ... g 2in
(25 (25)! " ’
2j1+ 425, =21
2§120,...,25, 20
the proposition follows. O

Next consider

n 2
hn = H (Z ZL’ikSEjk> — 4l2
k=1

1<i<j<n
1<i<n/2

Since a matrix (c;;) is an Hadamard matrix if and only if |¢;;| = 1 and >, _, cikcjr =
0for1 <i<j<n,wesee that there is an Hadamard matrix of order n if and
only if 7y, (0,...,0) # 0.
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R7) VTESICEL 7-FEHEEED
ARG DAREMEICDWT
PEIEF REE] (HRRESCRERZE)

1 EHER

Koblitz [13], Miller [15] IZ & > THIZIZIRIE X N7z H ElGamal 5 & 1
BN, BHERD R T ) v I FED W15 5 A8 2000 4F % B L T Boneh-
Franklin [4], - K5 [11], [12] IZ &> T (INd £72MA02) RIS 7.
Z DAL ID-FEHIZEED < ARSI 5 = H ML A 70 A DRI #E
LTWHEHEZASNTWS. ZOSHADERE KEWHHBO DI, “X7
Y V7N U 7 (pairing-friendly) #5Fi#R (MU F PF SRR & 18 97)” & &
ENLRREEZ S Ol e B EE 95, W52 THS. TLTIOH
WEMKT S Z VR ZONHORERFED —DL>TWVD. K<{HLHN
PRIE TRBIDAISHE N TWS HD L LTI, #lZIX Cocks-Pinch 12
£ DK (7], Brezing-Weng (2 & 2§ [6] X, = HI-fik-mEIZ &5 MNT-
Hfi## [16], Barreto-Naehrig 12 & 2 BN-fi## [2], Kachisa-Schaefer-Scott 12 &
% KSS-HifR [10] e E3dH 5.

T, 20X BRHIRORT ) v A IZHED WS AR T, B L PR
fEHdh#R E/F, OFMDHEEZRESIZHWSDTH LD, ZOHIHOMNE r &
ERRDAE ¢ IZB LU THEEL 2510 p ZEHKT D : p(E) = (logq)/(logr).
CDMEPREVIZE, HOEHEAEKD r ITHRTRELWS ZETHDY, G
BB TUED 2 2RKT 5. FRARHEOAARRBIZH L, Z
DA 1IEWN (1 2782 L EVRMBTHD L VWA L) MR EHEKT 2 Z &N
RELEETHS. LA p D L ITEVHFROMEEIZBAE L A ICHEE
TWVWBIZEPLDL5T, brHE p=1R2EDIFIFEIDRV. KHIAR
FROFZENETH ZHEMHIIRDTRIRIZOWVTI, (p DEHRIZFADURELZ D)
p=1, 75X BN-Hiig D7z o 7z—D2 U2HI SN T WAL, JEETIEER
HIFRFEHIZ p =1 TdH S MNT-HHFRX> BN-ffRDO & DOWENISHI N T WS
([3], [8] &) & WS Z &%, HEMEk,roH, p=1 &5z kD D
ZEIRERECHBEE WA S, LU RO K S IR RO sk no
THdNo, THXZHFETEOOMBEXMELEZDZHEND 5 LB bh
5. BIZIE, BORAAIRE 1, 2 12/ LTk p=1 &7 % PF fEHEftO s
BIRIFAFIE L7220 ([9, Proposition 2.9]). £ Z TARTIZZ O & 5 AR 7
PF MR DG RIEPFAET 272D DFM2H5T 5.

k ZEHRE, D 2 VARTFEBZROEREE T4, ARHEREZHA
Dl (t(z),r(z), q(z), y(x)) H CM-HHIX D, HDIAARE k 25D PF 1§
MBI OTEREZ EET 5 L5 (BRFE IR THOTERT D).

. logg(z)  degg()
t =1 =
plt.70,Y) v logr(xz) degr(x)

DE-mail: okano@tsuru.ac.jp
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EEL. BT ¢(z) & Euler BE, ®k(z) IF k IRADZHEAETE. Tk
EEMBRFRDE 125, BHID 2 DIFNE WHDIABKE k 12BT 5 H

EE 1.1. £ =3,46 DL E, pt,r,qy) # 1, THbHLED LS % PF M
HEAR D 58 22 i B B S 1336 72 S 7w,

EE 1.2 k=8 £/B k=12 95, V=D » k RABEKIZEEN»D
degr(x) # 2degt(x)
ToHNE, plt,r,q,y) #1 Thb.

S 1.3, MNT-HIZIHDAAKE 3, 4,6 D p=1 Zi=THETHBH, 5%
BETIFZRV. 72 BN-ghfRIZHEOIAAIREL 12 25 DA, EH 1.2 DINE
degr(z) # 2degt(z) 7z L TWARWDT, BEFOREREIEFELR.
RD 2 DFHAFEDONEZ EKT 2L HA r(z) L UTHAZHAZEA
EEBEDRRTH 5.
EE 1.4. [17. r(z) = Pp(z) & &, MOVWTNLZHHEZLTVWERLE
p(t.rq,y) # 1. ‘
() kiZp BLT 2p DT D, 72720 p IFHFEH.
(i) & 1 pQ, 2pQ DWTNNTH > TIRAF D LD -
(p-2)Q+1< k), D=p, t(x)=z+1.
ZZTp>TlEp=3mod4 RE5EGFERMTHY, Q>2 1FBHTH5.
F 1.5. EH 1.4 (i) 1% Sha [18] IZX D T SITHRINT WS, EHL 1.4 (i)
DM (1) OREASEE k BERBOBEICHHEHATES L5129 5720
DHEMMZRMTH D, HIZIE2 DOFEE p,q (p<q) LD k=pg &K
EED0THNE, (p—2)Q+1< (k) FilirzEnb.,
EE 1.6. [17]. r(z), t(x) W
r(z) = Pap(x), t(x) =2%+1 (ged(g,k) =1)

TH52T5 (dIMEEOHARK). Z0 & SHDIAAKE k BWEHRAFZ$H
D6IE p(t,r,q,y) #1 Th .

2 RPYUJICELEHERE 2Ok

ZDFITIERT Y Y ZIT#E L MR DOEFE &, Brezing-Weng [6] 12X 5
Z DSEREDOREGEZ BRI T 5. 7 U WAESHE Freeman-Scott-Teske
[9] &,

AR F, LOWHEIRE £ &35, £D F-AHROMEEIE Frobenius
BO ML —A t ZHWT

E(F,) =q+1—t
ERESD., E OHAEIZET 2MDIARRBEZIRD LD ITEET 5.

163



AC2015

T BIBORAFREE, G EOIERIART I VI Gx G =T, OhesE
CI/NDERD F, EOFLRIRBEED D, 272U F, 1Z F, OREAE. H L
rtkq THNIX, Thik

r| Op(t —1)

& [FAE ([9, Proposition 2.4]).

9] 1Ty, RO (1)(ii) 2372 TR MR E R T ) > JICE L - feE EAR

(BUF PF HEFHifR 2 169) & k.5
() 38 r & r > /G 2D r | #E(F,) 2T
(i) r (2B 2 HDIAARIRE k 1% (logyr)/8 L D/,

PF #&Mhft & 1%, fliFICE 21X, X7V v DRI R AR TH -
THEEDOEF 2 T4 VRV ERER L 7205 R (SR FH TR 22 M M HhifR D Z &
THhbd. F7-HETBRZESIZ p(E) = (logq)/(logr) ZEDS. ZDEN
RKEWFE, FHHEICKRELI2P>TLUED 2 2EKT 5.

IR ORITIE, ZRMIZHDOE ThRA RIEDIARRE k 12X3 5 PR
BRI LS. EPBERRETHINE L <6 THDHZ AN o>TW
L5, KRR TR (ordinary) MR 2 E D &R H L. G A 5 NHK
Bafifie 3 2MaH% £ DR MR OMEIZ X, Atkin-Morain [1] 12X %
CM-ERMEDNS -

EI 2.2. (Atkin-Morain [1]) k ZHRKE 5. RemdEE t,r,q B
FEzonized5:

(i) r & rtkq 7255

i) ¢ I3RBD%E.
|g+1—t D ged(t,q) = 1.
| Pp(t—1)

(iii

4q — t2 DKV LD (D 1% CM-HHIR & L idh3).
D&, F, LOBRRETRWEMIR TS > TIROMWE 272§ 5 DHF
£35:
(a) #E(F,) =q+1—t Th Y, E(F,) I r OFIHELD
(b) r (B3 2 A ARE k.

PAE & 0 REEIE, BRA DA BRIRE kb &R r (2L, EH 2.2 &7
Tt,q, DBEOy ZEAOTNEIV, EWVWHZEIThE., ZThoHTRA—=X
EEBIIKRDZTIVTY ALE LT, HlZIE Cocks-Pinch ¥ [7] 21501 T
Wb, L2, ZORETERICHEMNHIRZHEL TAB LIFEAED pr 2
TH->T, pWP LITHMENMER L B2 L Zmhkhrimn. FREEDLD
WZIEBEE T8y NEOMEZEMIKTE S LS LAEZEI ARV, 207
DIZEH 22 D t,r,q, y 237 A=K 2 OZHANIZ LT, HBHIfROE%
MRS 5.

& 2.3. f(z) eQz] £ T 5.
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() % a € ZHH>T fa) €L LBHLE fz) RBEEUERATHD L
m)%%iﬁ%%ﬁﬁﬁ?ﬁb%%%ﬁﬁf@)KOVT,ﬂﬂ®%%m%
BMWIETH->T
ged (f(z)| 2 1 f(z) € Z Zizd) =1
Zi7-9 L E, flz) IFEBERRTHD LV,

Bouniakowski, Schinzel 512 & 0, FREAERRTH 52 H A MELRAE D 2
BAEAELD 35 & FRINTWEDT ([14, p.323]), ZZTERZETNEFIHT 5.

EE 24. k ZARY, D 2 F/iRFZ2 b2 VWHREEL TS, 42D 0T
WL EHAOHM (t(x),r(x),q(x),y(z)) € Qa]* WIRE-T LT 5 :
(i) r(z) 1EFHERR 2.

(i) g(x) FFBEMR.

(iii) r(z) | qlz) + 1 —t(z), BBH 2 h(z) € Q[z] WFFEL T h(x)r(z) =
q(z) + 1 —t(z).

(iv) r(z) | Qx(t(z) — 1).

(v) Dy(z)* = 4q(z) — t(z)? (= 4h(z)r(z) — (t(z) - 2)*).

ZDEE (tx),r(x),qx),y(z)) (FHDAAKE k, CM-HHIX D O PF ¥
MERDOTEEHEE LT EL VD, THITIDEE

. logq(z) degq(x)
t = ]_ =
p(t,r,q,y) A oer(@) ~ degr(z)

LREDD.

T, p=p(t,r,q,y) LUEELT 5. p = 2max{degy(z),degt(z)}/ degr(x)
LHERED. FIBDEIIIT p=1 DEEVHREDEDLE VR, ZDEE h(z)
BEBTH 5.

(t(z), (), q(z),y(x)) 1FHDIABIE k, CM-H[HIX D O PF # iR
DEREEERTDHETEH. ZOEEEX 248D, Q]/(r(z)) & k IRHZ
e Bk Q(vV=D) 2&LkER L, t(x)—1 71 DFE k FTtio 1o
2o TWD Z eWbrd. HIZZD &S 2 Ek» 5 PF FEHHIFRD e 4
WaERT 2L HAZ KT 5 DY Brezing-Weng D7)V TV XL TH5 :

EIH 2.5 (Brezing-Weng [6]). k Z HAE, D 2 FHHTZ2E 72 0HREK

&35, UFRDORAT Y T2FEFTT 5 :

L.k RAKE R —XIE Q(vV-D) 2 &L K 2L 5.

2. FHERRTHELHA r(2) € Z[x) TH->T Qlz]/(r(z)) > K &5
LDELY, ZORMEFRET S.

3. K HD 1 Dk k M & 2 1 DEEL, t(z)— 1€ Q] 2 ZDRIMLIZ
£ & TR BLHA LT 5.

(), (il) DEMEZADFOZEHRS DS [9, Definition 2.7], [10, Definition 2.2].

4
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4. y(x) € Q] & ZOMAIZE>T VD ¢ g zabind 5 SHA L
5.

5. q(z) := 1(()+DM))33<~

H U q(z) PEBEERRL S, (t(x),r(2),q(2),y(x)) 1FHDIARE k, CM-

HHI D @ PF M DB 2k Z Lk 5.

Brezing-Weng O HIETIE t(z), y(x) (& r(z) Z2IEE LTEXSDT, &
B U 7GR ED % <X p < 2 2T 2 ENTE L. TOHEOHKED
HELID I r(x) @Eﬂbjﬁf% V), r(z) £ UTHAZHAZ & 2Dl
B OBMERTH 5. (9], [10] TRADZHEATHEWGHZ2HE {FoTW
5. F7- t(x) DID HH 1 @J?ZZA k FROMWD /ORI HE. ZDHE
IZ&D, p<2 ODERBOBEPRIET N, KD/ W p 28 DEEEKT
LZMENED SNTWED, HEIZBEWTE p =1 2T 22KROMIX
Barreto-Naehrig [2] (Z & 5L FOHIL RIS N TWRW ¢

t(z) = 622 +1,

36z + 3623 + 1822 + 62 + 1,
36x* + 3623 + 2422 + 62 + 1,
6

22+ dr+1

<

(z)
q(z)
(2)

y\x

LB E, ZNSIFHOIAARE 12, CM-HFIRX 3, p =1 ® PF #EMihfro
SEeREERT 5.

3 FIE 1.1 OHRE

k=4 Dt ZDHrT (L FER). degt(z) < degr(z), degy(z) < degr(x)
ERELTEW. £ V-D Mk RAPRIZEENGEIEZTHD : (4
% 1 DOFMH 4 FRTH->T, EE LR Qx]/(r(x)) ~ K D Q&) IT&b
Xi=tz)-1&METd2HDLT5. /-11Fs(z)=4+X EHRTEN6,
Py(X)=X2+112&D

sy = FO ey

= (X +1) mod r(zx)

7%, £oTq(z)=3(X+1)2 2355, Zhid qz) BFEEERRTDH
5 LITHE.

RIZ /=D Dk RMABEIZEENT, D p=1¢,95. X =t(x)-1,
m :=degt(z) &ELE, IREXD m>1Thbd. r(z) | 24(X) D2 1=

p> Al Xv, r(z) &

r(z) = ®4(X)
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EWVWIRREDD. r(z) DEAKKRRPIEFESNZDT, HEIFHLEIZ y(z)
mod r(z) ZFHEITNXI W £
m
degy(z) = 5
ZELS B 2m KR DLIHA LD 785 Q-2 MVZERM Q[z]om—1 DEEIE
LT
™LX 2m2X, L, 22X, X,

am L ™2 L, o, 1

&0, s(z) e Qr|lam_1 Z
s(z) = (Fi(x)x+a1) X+(Fo(x)z+a2) (a; € Q, deg Fi(x) <m —2 (i =1,2))
EHRERX

(X — 1)s(a)
= Fi(2)2X? 4+ a1 X? 4 (Fa(z) — Fi(2)zX + (ag — a1) X — (Fo(2)x £3u3)

YD, Fi(x)eX? aiX?, (Fi(z) — Fy(a)eX X ENE R UIOEIES 7
BWZ EIZHERT S, — AT deg (X —1)s(z)) <3m & degy(z) <2m &£ D

(X —Ds(z) = —Dy(z) + (G(x)x + b)Py(X) (b e Q, degG(z) < m — 2)3.2)
RS, degy(z) <m =06 (3.1), (3.2) OMliF % HEEL T

—Dy(m) = (ag — al)X — 2F1(x)a; - (CLQ + al).

D?y(z)? = —4(ay — ay)Fi(z)zX (3.3)
+4F) (2)%2? + 4(ag + a1) Fy(x)z + (X DADIE).

Z 2T Dy(x)? = 4hdy(X) — (X — 1)2 € Q[X] DT, (3.3) & deg X > 2
LEARDLET
Fl(:E) =0 if:&i a; = ag

THb. V—D ¢ Q(l) KVEGIZ Fi(x) 00D a; =ay =bDBON25DT,
#J —Dy(z) = —2F (z)z — 2a1 £7%2%. BALELD deg (y(z)?) < 2(m—1)
NEoN, y(r)? € Q[X] & deg X =m &0 degy(z) =m/2 2135.

ZORERE D Dy(z)? =2X %5 Tq(z) = 3(X?+4X +1) &% 5. fi
M degq(z) = degr(z) THBH, ik q(z) WEBEERRTHEZ LI
FIESTSH. MU p £ 1.
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4 FIE 1.2 OFBADER

FEFIZHEAITH S, B m = degt(x) £BL. r(z) | Op(t(z) — 1) 2D
o(k) | degr(z) 7275 ([9, Theorem 5.1] ZM), HHEEH n < m HH->T
degr(z)=4n £EITS. BL n<2mBHp>18DTm<2n &LTE
{, RELADLET

n<m<2n (4.1)

M DLoTWD. 72 degy(r) < degr(z) &L TEW. EH 1.1 DIEHD
LELFBIC C=¢ & 1 DFA k BIRTH - T, A Qr]/(r(z) ~ K IZ
0 tx)—1 HERTEEDLT S,

a € Q) L, ZoOBIZX>THIET B 4n KiEORETL%E
P(a) = P(a;z) € Qz] £ B<. HIRIZPE) =t(x) — 1, P(C —1)vV/—D) =
—~Dy(z) TH5. Zhid QMG H Q) — Qz] KR->TW5.

ZZTp=1,RETS. (41) £V 2degt(z) < degr(z) 7275

degy(z) =2n (4.2)

2135, 51T deg (P(¢)?) =2m < 4n 202505, P(¢?)=P()?* b3
ond. UEZEFEST((—1)V-D & (((—-1)V—D DX EHAD. ZIT
E k=8 D=10rE%2ES5 MOHGEEFAK). v—1=+ &0

—Dy(z) = P(£((-1)¢?) =P (£(*-¢?)
= +P(*) F P

(4.1), (4.2) LHEDESZ L
deg P(¢*) < 2m
2135, —H (4.1) 25 deg (P(Q)P((¢C —1)vV-1)) =m+2n < 4n 22D T
P(F(+1) =P C(C-1DV-1)=PP (¢ -1V-1)
B, B P(C) WIRBIm+2n 25D, LA L degP(¢3) < 2m ThH -
=05 2n<m THD. TN (41) TFEL, oTp#1 Th.
5 EE 1.4 OFERADBLIRE

k=p DL EDAED (MBFAKTH D). r(z) =P,(z) &T5. EH 1.1 &
Dm:=pk)/2>2DEEDAFARNIETE V. 2 ITHRT D 1 Ol p 5
B¢ #FEET 2. ZOLE, degr(z) =p— 1705 t(x) ZHDEM g

NZZD G DEDHIF EM 11,12 DEELIFRRD. G Et(z) -1 ITHIELTWS L
RS 72w,
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(1<g<k, ged(g,k)=1) ZHWTt(z)=29+1 &FKES. degy >m %
ALV, HMROHEREI D p=D=3mod4 THY, m>2 LD p>7
Th 5. HlZIX [5, Theorem 7 on p.349, Problem 8 on p.354] 7 & & 2§
5 &

p—1
V-p= Z Xp(a)Cg
a=0

EREDL., TIT xpla) i p 2IEE T HA8 2 @ Dirichlet 8. ST y(z)
XSS Bt (¢ — 1)/—p/(—p) THH, T ERERATE L

p—2
(¢ —DvV=p=>> (wla—g) = xp(a)) + (1 —xp(1+ )" (5.1)
a=0

5.
Xp(ltg)=12F53. Z0LEHs L <b<p—2 DUFEL T xp(b—
9) —xp(b) 0 DK D LD L B RT. TS THRVWEIRET B &
Xp(1) = xp(1 + 9),
w@) =xpla—g) (B <a<p-2)
LBBDT, xp(p—1) = -1 =xp(-1—g) = xp(lp — 1) — g) BHY LB,
> T
xp(a) = =xp(p —a) = —xp(p —a —g) = xpla+g)
WERTD 2<a< L THRYID. &oT x, Bk g TEHINBZ 2T
" g=p &b, TNid ged(g,p) =1 ITFETHD. ZDOFEREID (5.1)
D b DEHEFHARVDS y(z) OWEIE m =L X REW,
KIZ xp(14+9) =0, 905 g=p—175, degt=g=p—17%E»5

p#1TH5b.
BEEIZ xp(14+g9)=-1 95 (51) IF

p—2
(¢ —DvV=p=>_(la—g) — xpla) — 2)¢;
a=0
Y75, I THEE 2 <a < L BEELT xp(p—a—g)—xp(p—a) # 2

MO VDZ L ZRBIXEV. 25 TRVERET S L,

{xp@) == (B =1
Xp(Bh) = = xp(p— 1) = —1

MDg=L2 ZHIEPE. EBEp=T711735x:(4) =1, x11(9) =1 TH Y,
p219%5,\[b<e< b LB () =1 2D B < <p-1
EroThs. UELD degy>m LBo>TEENVALI LIRS,

8
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6 T 1.6 DA

ZOHP 4 DDOEMOFTHREP PRI L. EANREZ AL, p=12L
ULTES 24(v) ORX%ERD &, MEEEZ £ DM LIHAD 20 (k = oK) O
ZEATEDHDLE (Hx) —2)2 = (2% —1)2 LVWSENP3HEEFLZ LT
Dy(x)? L WO EREHEELDIFHLNA S VWS 2L ThHhD. TITET
EARGFH AN T ZELD R 2 T r(z) OREE t(x) DIRBDKRNEFEL
IR (i 6.3), ZOZ a2 EXEMTS. TN LARAS (17 DFEHIZIE
Fry I WHc0T, BELZEDZELTHEL. £ TIROMEIIRINIEZ
ffio>THHATE 5 ¢

& 6.1. f(z) € Qz] 2 m ODZHEA LT 5. f(x)? DIHD S HIREMH
m A EDEDRETANT Q[z?] (a|m) TEENDZETHE, f(zx) IZ2VWTH
f(z) € Q] Y L.

r(z) = Qgp(z) &L, EH 1.6 DIREDPHD LoTWNWdETH. p=1¢&
RELTHEERELS., D >0 5D Dy(z)? = 4h®gp(z) — (29 — 1)2 (h 1ZE
B) ThBHMS, WEEAT 2y < o(dk) £55. £F sed(d, k) = 1 DHE
KRESES.

BE 6.2. BERDS r DEUBRAREZEDT o WEEABTILICLD,
ged(d, k) =1 0 d BEAET % 6B VBB ICRBETE S,

FERA. ged(d,k) =1 e > 2 YIRELT d=ed B L, MHZHEAONE
A

Dy(a)? = 4h®ay () — ()77 — 1)? (6.1)

2725, degy(z) <e EINELTHFEEELS YD, 2D & p=1 K&V p(dk) =
2dg D2 h =1/4 TH5. L dg=1ThHNIZ, ep(k) =2 %> T,
E=3,4F72136 THhIINERS AW, UL2ALUEHE 1.1 X > TIHITFE.
WUz d'g > 2. Pyp(x¢) DHDOREK dg DIED —22% T F I

2degy(x) > dg =edg > 2e

LSO TFIETH DS, Oyp(z®) DHORE dg DIEIE —22%9 TH Y, (6.1)
D ((z9)¥9 —1)2 DT RTOIEIF Dygp(x®) DELITHHLH S T LITR D,
dg = (dk)/2 LR ZHADNFMEIZ L > T (6.1) DAHELDIREIE dg £ b
RKELLY, ZOHEL 2degy(z) > ed'g > 2e PRONFETS. LELD

degy(z) > e

LTV, (6.1) OALIE Qz°] ILHEEND S, #HilE 62 2@HLT
y(x) € Qzf] 2f35. £oT a2 ZWHT z ITEZRBT I LT ged(d, k) =1
ELTENnWZ eilns.

VA7) EZ DELRT> TVR.
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RIZd BPVEHHEFEHBDELTd=a’d (a>2) &BL. ZDLE
Dy(2)? = 4h, 4, (2%) — (292 9 — 1)2

Thd. EeEos7<FAKIZLUT degy(x) > a BEITS. BIZHUOHIE 6.2
ZHEMAULT 2 %2 ¢ WD TESLETILHNTET, dIFHRFZSE
RN (12D ged(d, k) =1) L LTEZNET LW 2122 5. O

WD LS RO E & T, &k BWEARTEEL, D p=1Tbhd
CLUTHEZREL. k=ad%k (a > 2, K XFEARTEEZRV) ERRL
THKL. ged(d, k) = ged(g, k) =1 £V ged(dg,a) =1 THDZ L ITHER.
m = @(dk)/2 = ap(d)p(ak’)/2 LB L, 2dg < 2m TH 5. HU Dy(r)?
DAz RL &

Dy()* = 4h® gops (%) — (2% — 1), (6.2)
B 6.3. a £2 BXV m < 2dg < 2m DK LD,

SEBA. (i) dg < m, (ii) a # 2, (iii) m < 2dg DNEIZFEHHT 3.
()a>21CHFEE. £9

p(d)p(ak’)
2

DO DZ L %ERT. £F d=12D (6.3) PO LzHhnwed 5. 20D
LZa=2=1THhs. MZZDGET r(z) = Dy(z) D k=4 Tho
T, ZOHEE p#£1 ThHo2o, SOIRE p=11ZFF. RITd>2
ThE ged(d,a) =1 &0 a#2 F72E d#£2 THDH, WInOGE
o(d)p(ak’) FMEBTZD S (6.3) DO LD, BAEXD (6.3) DR 7z,
dg=m725m=ap(d)p(ak’)/2 € aZ £V a|dg £72>7T ged(dg,a) =1
ZFE. o Tdg <m BMFons. KT (6.2) DALDIREUE 2m 755 T

€Z. (6.3)

degy =m

"ELEND.
(i) a=2 LRELTHUOBEHEEZHWS., Z0LE

Dy(x)? = 4h®ogy (22) — (22)¥ + 229 — 1

THh->T, 20 PADOFADTRTOIEIZ Q22 T&EEND. £izdg<m =
degy 72025, i 62 % a=2 L UTHALT y(x) € Q2% 285, Ly
UAD 2% OIFIZ ged(dg,a) = 1 & 0 TEIREZ»1 S, ZNIEFETH 5.
WIZ a#2 &35,

(iil) Edd (i) R m < 2dg BMEFSNSE. EBE (6.2) DALED 2299, 2299
PAADIEIE Qz?] DILTH Y, 2dg <m =degy £ T2 LM 6.2 & atdg
MOFEPRELEZNOTHS. 61T

p(ak’)

2dg # m = ap(d)—

10
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DWAD., EEZSITRWETSE L, o(d)plak’)/2 €Z £V a|2dg £75-
Ta=2%1350, ZNEIFETHE2NLOTHS. HIZ dg<m<2dg L7
5. O

(6.2) OWIA % IFIAIZHIKL TWL . degy =m TH o7z,

(@) =yma™ +--+yo Wi €Q, ym #0)

CERRLUTHL. FTHIE631I2L>Tm<2dg THoZ LIZHEELT,
BEIRDIED S 229t DA LIRINEE WS &

yi=0 2dg—m+1<i<m, afi) (6.4)

LB ENEING.
Yo #£0 DL E : ZOHE, SEFXELIENS 291 OB D > TR
ErHWS &

yi=0 (0<i<dg—1, ati)

ERBIENDODD. dg<m—1 &Y 2dg—m+1<dg TH>d05, D
AL (6.4) ZHELT y(z) € Q] MEArn23. (6.2) DFUD 2% % ML
THE, ZhiZFETH 5.

Yo =0DLZ:ZDHHE, (6.2) DEBIHZAT 4h = 1. degr = 2m > 2dg
oIk Dy, =1 28T 5. 512y, Q& D>02EART
LW Ie kD D=12%5. Ko THDMADOWEDS 4| dk TH 5.
ged(d, k) =1 & d PEARFEZEZRVEWVWIRELD, 21d, LzoT
4| a®k TRIFNER SRV, T 5IT ged(dg,a) =1 & K BFEHKNTE2E 7=
BNZENS, o lHMERTH Y dg 1FHFE. BB (6.2) D 22,22, ... 220972
DIE% AR LT wWL &

yi=0 (0<i<dg—1, afi)

MEMN, FHEFEFRRIZINDNSFENELNS.
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Oo0o0ooood LMFDB OOOOOOO
Development of LMFDB: a database in number theory

00 OO0 'O0Shun’ichi Yokoyamall
O000O000 Ooooooo

000 LMFDBO the database of L-functions, Modular forms, and related objects0 0O 0O 0O O
gddoboobodoobooooouooboooboobooooouoobbouoobooooa
gdoboooootoobuoououobuoouoboboooooooo

1 LMFDB 00

000000000000 Galois 000000 O0OOOODOOOODOOOOOOOOO
gdooooboduotooooooobououooooooboouooooooouood
LMFDBUO the database of L-functions, Modular forms, and related objectsd O O O O

LMFDB OODavid Farmer OO0 0000000000000 O0OOOOOOODOOOO
0000000 DOOO0OO0D00O00 “the database of L-functions, modular forms, and related
objects” DO O0ODOODOOOODOODOODOONO “the L-functions, Modular forms, and
their Friends Data Base” OO 00000000000 OOOOOO LMFDBOODOOOO
00ddooooooooooooond John Cremona 0 PIODOOOO2013000 2019
00006000 EPSRC2 0000000 D0O0OOOOODOOOOOODOOOOOOO
00000000000000000000000201300000000000%0000
oo

000o00o0o0o0o0o0o0o00000b0 GitHubh D000 00000000O0OO0OO0OOOOog
0000000000000 LMFDBOOODOOODOOODOOODO

.

GitHub s erostoy searen Explore Features Enterprise Pricing Sign in
LMFDB / Imfdb ©Watch 22 #Star 20 YFork 68
<> Code Issues 166 Pull requests 3 Wiki Pulse Graphs

L-Functions and Modular Forms Database

D) 4,844 commits V¥ 5 branches > 0 releases “ 48 contributors
Branch master + Findfile | HTTPS«+ https://github.com/LvF08/ [2 1 Download ZIP
jwbober remove spurious app.debug = True Latest commit @59323d 4 days ago
data_mgt Different populators 2 years ago
Imfdb ‘emove spurious app.debug = True 4 days ago
[E) .gitignore updated authentication code for elliptic_curves, ecnf and hmfs 3 months ago
[E) CONTRIBUTORS yaml Updating the contributor list 4 months ago
[E) Development md empha the n of testing! 2 years ago
B GettingStarted md more changes to GettingStarted md, mostly formatting 6 months ago
[E) LICENSE added a name to LICENSE 6 months ago

LMFDB GitHub  https://github.com/LMFDB/1mfdb

! s-yokoyama@math.kyushu-u.ac. jp
?Engineering and Physical Sciences Research Council.
*PI 0 John Cremona 0000000 DO



AC2015

2 LMFDB OOOO

oooobooooooooooLMFDBOUOOOOOODODOOOOODOODODOOO

gooooooooo

a (smach.. ). Feedback - Hide Menu - Login
Introduction and more o .. ADatabase Hall of Fame

Intioduction  Fealures
Tutorial Map
Contact Citation
Future Plans I

Lfunctions
Degree: 1 2 3
¢zeros

Modular Forms

& Classical Maass
@ Hibert

_ surfoch

Siegel

Other

Varieties

Elliptic. fetes S o
) N p
INUmDErFields PN

Genus 2 ¢
i

Curves

e
Chanctors

LMFDB

000D QOO0DO0O0DOOO0OO0O0OO0D0O John Cremona OO ODODOOOOOOO
0000000000000 “Varieties” 000000 “Curves - Elliptic /Q” 00000

The LMFDB is an extensive database of
mathematical objects anising in Number Theory.

Sample lists: L-functions, Elliptic
curves, Maass forms, Tables of
zeros, Mumber fields

Search and Browse
Search for Objects wilh Specific properties. or
browse categories

Browse: L-functions, Modular forms, Elliptic
curves, Number fields.

Explore and Learn

The LMFDB makes visible the connections.
predicled by Ine Langlands program. Knowls
offer background information when you need it

LMFDBmap  Knowledge

goooooooooooooo

The database currently contains the Cremona database of all 2,306,461 elliptic curves defined over () with conductor at most

369,999, all of which have rank < 4. Here are scme further statistics.

Browse elliptic curves over (@

By conductor: 1-99 100-999 1000-9999 10000-99999 100000-369999

Byrank: 01234
By forsionorder: 1234567891012 16

A random elliptic curve from the database

Find a specific curve or isogeny class by coefficients or LMFDB label

S 3. condactor( ) factor ()

= 2unm

"
o = P

11.a2 curve, label or isogeny class label

e 71.a2 or 389.a or Cremona:11af or [0,1,1,-2,0] or [-3024, 46224]

Search

Please enter a value or leave blank:
conductor 389 .9 3890r 100-200  j-invariant 1728
rank 0 €g.0
torsion order 2 eg 2 torsion structure [2,4]
analytic order of LI |4 eg 4
surjective primes 23 2g 23 non-surjective primes | include[v| 2,3
Optimal only No |[v]

Maximum number of curves to display 100

Search

O000020160 100000000400000 36999000000 Q000000
0230646100 000000000000QLOOOO0ODODOOO “Cremona’s index” O
O00oO0booobobooobbOon ssogeny OO0 O0DODOOOOOODOODOOODOD

LMFDBOOODODOOOOO

1-tsete

Riemann zeta function

Cubic Field of discriminant —23
Ramanujan A function and its L-function
First Rank 4 Elliplic curve and its
L-function

Visualize Data

Explore individual plots or view gistributins of
various objects.

Examples: GL(1) Level one Maass
forms, Isogeny graph of eliplic curve 102.c

Code and Open Software

Download the data, download the code, or see
how the gata were generaled.

GitHub SageMatn PariGP Magma
Python

http://www.lmfdb.org/*

Learn more about
Completeness of the data
Source of the data
[H\pUC Curve labels

e.g. 1725 or -4096/11

‘D00000000000000000 http://beta.lmfdb.org/ 0000000000
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Elliptic Curve 389.a1 (Cremona label 389a1)

Show commands using: sagemath, pari/gp, Magma Properties @
Label 389.a1

This elliptic curve has smallest conductor among those of rank 2

/
Minimal Weierstrass equation .
Piry=2'+22 2% o N
Mordell-Weil group structure
N Conductor 380
z Discriminant 80
j-nvariant Lo
Infinite order Mordell-Weil generators and heights !C.M n:’"
Rank 2
P (-1 (0,0) Torsion Structure  Trivial

i’l(P) 0.686667083305587 0.327000773651605
Related objects

Isogeny class 389.a

Integral points
Minimal quadratic twist (itself) 389.a1

(~2,0), (-1,1), (0,0), (1,0), (3,5), (4,8), (6,15), (39, 246), (133,1539), (188, 2584) All twists
L-function

Note: only one of each pair +Pis listed
Symmetric square L-function

Invariants Symmetric 4th power L-function

Modular form 389.2a
N = 380 = 380

0000000 3890 Q000000 389a1ly’+y=23+22—2: 0000LMFDB 00
D0000000000D0D0000000 LMFDBOODODDOOOOOOOODOOO
00000000000 000000000000000000000000000000g
00000000000000000000000 j000000 CMOOO0ODOO389al
OCMOOOOODDOODO0OO0D 20000 Mordell-Weil OO torsion part 000000
ooooo00ooog

LMFDB 0O 0O O Sage [6], Pari/GP [5], Magma [1]0 30 00000000000000
O0000000D0000000D00000000000000000%0000 “Show
commands using:” 000000000000

Invariants

‘ sage: E.conductor() factor() l

N = 389 = 380

"sage: E dicriminant() factor()‘l

A = 380 = 380

‘ sage: E.J_invariant().factor()!

i
End(E)

Complex multiplicstion

L0 = 212.7%. 3891
Z (no Complex Multiplication)

An elliptic curve whose endomorphism ring is larger than Z is said to have complex multiplication_ In this
case, for curves defined over fields of characteristic zero, the endomorphism ring is isomorphic to an order in
an imaginary quadratic field.

This is a special case of an abelian variety with complex multiplication.

permalink

OO0 permalink 00 O0O00D0OOOO0OCOOO0OOOCOOODOOODOOODOOOOOOOO
O0D0000000 “complex multiplication” OO0 O00OOD0OODOODLOOOODOOODOO
gboobogobooabod

OO0000DOO0O “Related objects” OO O OOOO0ODOOCOOOOODODOOOOODO
goboobooboooobooboobooboooboLMFDBOODOD OO 10ODog b
gboobogobooabod

000000000 Sage UDDUDUDUDOSage D00DODOO Magma 000D OOOOOODO
OoboooodOMagmaODOOOOOOOOCOOOOOOOOOO
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Newforms of weight 2 for I'; (389)

The character number should be a positive integer less than or equal to and coprime to the level 389. You gave: 0
The space of Newforms of weight 2 on I'; (389) decomposes as

Ser(389) = @) S3(To(389),%)
x mod 389

where the direct sum is over all Dirichlet characters mod 389. If x and x’ are in the same Galois orbit, then 87 (T'0(389), x) and S3°(I'0(389), ') are Galois
conjugate, so in particular they have the same dimension.

The table below gives the dimensions of the spaces of newforms for I'p(389) of weight 2 and characters in each Galois orbit, with links to each space.

g;'::?;;o(f'sag)’x) Sa(xase(n,-)) := S5=°(To(389), xas0 (n,)) for characters x grouped by Galois orbit
32 Saxass(1,))
0 Sa(xam0(2,-)) Sa(xamo(3,-)) Slxam(8,r))  Slow(10,7)  SHlow(12)  Slaen(4,)  S(xam(1s,)
32 Sa(xase(4;)) Sa(xam(9,-)) S000(19,))  Slxw(20,1)  S0ae(24))  Slxs(28,))  Saxam(41,-)
3 Sa(xaa(5,-)) Sa(xase(6,-)) Sa(xas0(7,-)) S(xam(11,7))  Silaw(13,7)  Saxam(16,-))  Sa(xam(17,))
0 Sa(xa0(115,))  Sa(xase(274,°))
32 Sa(xas0(388,-))

The space is clickable whenever the Hacke orbits are stored for that space

goboobo20000 30000000000 0b0ob0ooooboooo0 LoD
gboooobooood

L-function L(s, E) for the Elliptic Curve Isogeny Class 389.a

Dirichlet series Properties @
Degree 2
L0, B) = 1o 1 41427 = 1154-37 = 47— 134157+ 1.632-67 - 1.889-7° = 0.333-9% = 1.897-10% - 1.206-11% = 1.154-12% - 0.832-13° Conductor 389
£ 2672147 - 154515 — 16¥ — 1455177 - 0471187 + 1147-19% - 1.341-20% + 2.182-20% = 1.705-22° — 0.834-23° Sign L
self-dual yes

Functional equation Motivic weight 1

A(s, E) = 380" (s + 1/2) - I(s, ) Related objects

=A(l-s,E) Isogeny class 389.a
Elliptic curve 389.a1
Invariants Symmetric square L-function
d = 92 Symmetric cube L-function
N = .’1589 Downloads
e =
icfile

Primitive : yes L d
Self-dual yes
Selbergdata = (2, 389, ( :1/2), 1)

Euler product

Ls,B)= [ —alpp)" T] (- alpp +p7)
phad pgood

0000000 3891 00000 LOO L(s,F) 000000 0O0OODirichles 0000
gboboooboboboooobobooboobbobobboobobbobOoobo
Oo0oDOOoOobOOo0oO0oDOoOooO0o0DboOO0ob0O0o0oDOoO0b0OO00D ™ modularityd O
oboooooooooooooboooobooLMFDBOODODOD

3 LMFDBOOOOOOO

000 “How to cite LMFDB” OO OO http://www.1lmfdb.org/citation DO OO0
O0O0BibIeXO0OOODOOODOOOOOOOO@B00000000000000000O
O000000000000000000000O000000O00O000000OO0000O0BOO
000000000 0O0O00UD 4ooo0oooooo
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4 LMFDB OOOOOOO

O000AC2011 0000000 [7JO000000O00O0O0O0O LMFDBOOOOOOOO
gbobobboodgobobooooobbboooobobboooobbobooabbogao
OO00O000O0ODOO000O0ODO0OOObDOoOoDOobooOoO0Od John Cremona OO O Haluk
Sengunl] University of Sheffield00 00000000 0O0GitHWbOOOOOODOOOODO
gbboobobooboobboobuobbooboobbooboobboan

“Elliptic Curves with Everywhere Good Reduction over Number Fields”
http://www2.math.kyushu-u.ac. jp/~s-yokoyama/ECtable.html

gboooobooaoboog

gobooooboooobooob tMrDBUOODOODOOODDODOODOODOOODOO
gbobooboboobobooboboobobobobobooouooboboobo
gooooooooooooooooooooooo LMFDBODODODOODOODOD

gbobobobobobobobobo LMFDBOODODODODODODODODO
0000000000 0000000O0OO PIO John Cremona 0000000 [21 000
goooooooooooooooooooooooooooooogoognD LMFDB O
goooobooboooooboobooobuoobboobooobo
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High-speed computation of the dimensions of coherent cohomology
by computer algebra systems

Momonari Kudo*

April 26, 2016

Abstract

A number of invariants to classify algebraic varieties are computed from the dimensions of
the cohomology groups of coherent sheaves. J.-P. Serre theoretically proved a possibility to
compute the dimensions of the cohomology groups H?(P", F) for a projective space P" over a
field K and a coherent sheaf F. After that, some algorithms for the computation have been
proposed and implemented over computer algebra systems. Computer algebra system Magma
has a function to compute dimg H?(P", F), which adopts an algorithm proposed by W. Decker
and D. Eisenbud. Their algorithm is based on the free resolution computation over exterior al-
gebra, the Beilinson-Gelfand-Gelfand correspondence and Tate resolutions. On the other hand,
M. Maruyama showed an alternative method to compute the dimensions in his textbook. Dif-
ferent from Decker-Eisenbud’s algorithm, his method can compute dimx H4(P", F) by directly
computing a locally free resolution of F. However, Maruyama’s method has not been described
in an algorithmic format, and it has not been implemented yet. In this paper, we first write
down his method as an explicit algorithm, and give some remarks for efficient implementations
of the algorithm over mathematical softwares. We also give an analysis on the algorithm, whose
complexity is estimated. Furthermore we implemented it over Magma, and compare our function
with Magma’s one in order to investigate pros/cons between the two algorithms.

Key words— Computational algebraic geometry, Sheaf cohomology, Free resolution

1 Introduction

Throughout this paper, let K be a field and S = K[Xj,...,X,] the polynomial ring with (r + 1)
variables over K. The polynomial ring S can be represented as the graded ring S = @@~ Sa, by
taking S for each d > 0 to be the set of all linear combinations of monomials with total degree d
in Xo,...,X,. Let P" = Proj(S) denote the projective r-space, and Opr its structure sheaf. For
a coherent Opr-module F and ¢ € Z, we denote by HY(P", F) (or H(F)) its g-th cohomology
group. Computing the dimension dimyx H?(P", F) allows us to compute a number of invariants
such as Hilbert functions, Euler characteristics, and arithmetic genera of algebraic varieties (see
[6] for details). Thus the computation of dimx H4(P", F) is one of the most important topics in
computational algebraic geometry.

Since Serre [10] theoretically showed a possibility to compute dimg H?(P", F), some algorithms
to compute dimg HY(P", F) have been proposed by Eisenbud [4], Smith [11] and Decker-Eisenbud [3].

*Graduate School of Mathematics, Kyushu University. E-mail: m-kudo@math.kyushu-u.ac.jp
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In particular, the algorithm proposed by Decker-Eisenbud is based on the free resolution computa-
tion over exterior algebra, the Beilinson-Gelfand-Gelfand correspondence and Tate resolutions, and
it has been implemented over computer algebra systems such as Macaulay2 [5] and Magma [1]. On
the other hand, M. Maruyama showed an alternative method to compute dimg H?(P", F) in his
textbook [9] (unfortunately, it is written in Japanese). Different from Decker-Eisenbud’s algorithm,
Maruyama’s method can compute dimyx HY(P", F) by directly computing a locally free resolution
of F and the Cech cohomology via Grébner bases for free modules and linear algebra.

In this paper, we focus on Maruyama’s method to compute the dimensions of the cohomology
groups H?(P", F). His method is not described in an algorithmic format, and it has not been
implemented yet over computer algebra systems. Then our main contributions are as follows:

Contributions: We write down Maruyama’s method as an explicit algorithm (Algorithm 2.2.2 in
Section 2.2), and then we analyze it. More concretely, we analyze the complexity in order to
prove that the algorithm terminates in polynomial time under some assumptions, and also show
a pruning technique for efficiency. We implemented the algorithm over Magma as a new function
“newCohomologyDimension” (cf. Magma already has the function “CohomologyDimension”, in
which Decker-Eisenbud’s algorithm is adopted)!. We compare the two functions by experiments,
and investigate pros/cons between the two algorithms.

Organization of this paper: In Section 2, we first introduce Maruyama’s method to compute
dimg HY(P", F), and then we write down an explicit algorithm of the method. In Section 3, we
give some remarks for exact and efficient implementations of the algorithm. In Section 4, we first
analyze its complexity under some assumptions. Then we show experimental results obtained from
our implementation of the algorithm over Magma, which shows practical behavior in performance
of our function.

Notation

e tkF' : the rank of a linear map F' : V — W,
e A(f) : the support of f € K[Xy,...,X,] ~ {0},

e M(m) : the m-th twisted graded R-module @,., M4+ of a graded R-module M = &, M;,
where each M, is the homogeneous part with degree ¢ of M,

e M" : the set of homogeneous elements for a graded module M,
e M~ : the sheaf associated with an S-module M,

e F(m) : the m-th Serre twist of a sheaf F of Opr-modules,

e Ry : the localization of a ring R by an element f € R,

e Ry : the homogeneous part with degree d of a graded ring R,

° (ZL) : the binomial coefficient of two non-negative integers m and n with m > n.

'The source code of our implementation and the computation results for this paper are available at
http://www2.math.kyushu-u.ac.jp/ “m-kudo/ (our source code is in the file newCohomologyDimension.txt).
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2 Maruyama’s method and its algorithm

In this section, we introduce Maruyama’s method given in [9, Chapter 6] to compute the dimensions
of the cohomology groups of coherent sheaves on a projective space.

2.1 Bases of HY(P", Opr(m))
In this subsection, we give a brief review on the bases of H4(P", Opr(m)).
Theorem 2.1.1 ([6], Theorem 5.1) We have the following:
(1) For all m € Z, there exist isomorphisms of K-vector spaces as follows:
70 (B Opr (m)) = { Sy form >0,
0 form <O.
Hence for every m > 0, the set
(Xl Xl 4;>0for 0<i<r and fo+ -+ L, =m}
of monomials of total degree m is a basis of HY (P", Opr(m)).

(2) HY(P",Opr(m)) =0 for 0 < ¢ < r and arbitrary m.

(3) Let S(m) denote the m-th twisted graded ring of S. Denote by (S(m)(Xo---Xr)>0 the ho-
mogeneous part with degree 0 of the localization S(m)(x,..x,) by Xo---X;. Note that
(S(m>(XO'”Xr))O is the K-vector space spanned by the set

{anO...Xfr s a€ K, l;eZfor0<i<r, and ly+---+ ¢ =m}.
Let W be the K-vector subspace of (S(m)(Xo---Xr))O spanned by

{Xgo...XfT ; £; > 0 for some i, and ¢y + - - + £, = m}.

Then we have the following isomorphism of K-vector spaces:

HT (B, Opr (m)) 2 (S(m)(xo,,,xr))o /W (2.1.1)

Hence for every m < 0, the set
(Xt Xl 4 <0for 0<i<r and fo+ -+ L, =m}
gives rise to a basis of H" (P", Opr(m)) via the above isomorphism (2.1.1).
Corollary 2.1.2 ([6], Theorem 5.1) For all m € Z, we have the following:

(m:rr) for m > 0,
0 for m < 0.

{ (_m_l) form < —r —1,

dimg H° (P", Opr(m)) = {

r

dimg H" (P", Opr(m)) = 0 form > —r — 1.
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2.2 Interpretation on Maruyama’s method and explicit algorithm

In this subsection, we give explicit formulae (Theorem 2.2.1) on the dimensions of the cohomology
groups of coherent sheaves on P". As we will give an algorithm (Algorithm 2.2.2), with the formulae,
the dimensions can be computed algorithmically. To simplify the notations, we denote H4(P",H)
by H?(H) for a coherent sheaf H on P". As only a sketch of a proof of the formulae is given in [9,
Chapter 6], we here give a complete proof. A coherent sheaf F on P" has the following locally free
resolution:

tr t
0= @ 0rr () ' - s D g () B 7 50 )
j=1 Jj=1

for some t; and mg-i) with 0 <i<r+1and 1 < j <t;. For an index ¢ with ¢; = 0, we identify

@;i:l Opr (mgz)) = 0. Put
t;
Gi == D O (mg.“) K= Ker(fy), K_p:=F. (2.2.2)
j=1

Then we have the following theorem (for the proof, see also [9, Chapter 6] and [7, Theorem 4.2.1]).

Theorem 2.2.1 ([9], Chapter 6) Let F be a coherent sheaf on P" with a resolution of the form
(2.2.1). Put G; and K; as in (2.2.2). Then we have the following formulae:

(1) dimg HO(F) = dimg H%(Go) — dimg H"(Gy41) 4+ dimg H™(G,) — tkH°(f1) — rkH"(f.).
(2) dimgHY(F) = dimgH" (Gr—q) — tkH"(fr—q) —1kH"(fr—g4+1) forr >2and 1 < g <r—1.
(3) dim H(F) = dimy H" (Go) — tkH' (7).
Here H"(f;) denotes the morphism H"(G;) — H"(G;—1) induced by f; for each 0 <i <r+ 1.
Proof. 'We first show (2). Suppose r > 2. It suffice to show
HY(F) = Ker (B (fy—q)) /I (H' (fr_gs1)) for 1< q<r—1. (22.3)
For each 0 < i < r + 1, the following sequence of coherent sheaves is exact:
0—Ki—Gi — Ki_1 — 0. (Ei)
Each (F;) induces a long exact sequence of cohomology groups
0 — HYK) — HYG) — HKi)
- HYK) — HYG) — HY (K1)

4) ...
— Hril(lci) — H”*l(gi) — HT71<K:Z'_1)
— H”(lCl) — HT(QZ) — HT(ICZ'_l) — 0.

K
K

Note here that H9(G;) =0 for 1 < ¢ <r — 1 since
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and HY (OHDT (m?)) = 0 for all indexes i, j and 1 < g <r — 1. It follows from (L;)’s that

HIY(F) = H (o) = =2 H YK,y 2). (2.2.4)

The sequence
0— HY(F) = H' H(Kr—go2) = H (Ky—g-1) = H (Gr—g—1)

is exact, and thus we have H4(F) = Ker(o,), where o, denotes H" (IC;_q—1) — H"(G,—4—1) in the
above exact sequence. Note that the following diagram of morphisms of coherent sheaves commutes
and its horizontal sequence is exact:

Since the functor H"(-) is right exact, the horizontal sequence of the following commutative diagram

is also exact:

Hr(frqurl)

H' (Gr—g41) H(Gr—q) — H (Ky—y1) —0

e |

H" (grqul)

Hence we have HY(F) = Ker(oy) = Ker (H"(fr—q)) /Im (H"(fr—q+1)) as K-vector spaces.

We next show (3). It suffices to show that H"(F) is isomorphic to Coker (H"(f1)). The sequence
of coherent Opr-modules G; — Gy — F — 0 is exact, and the functor H"(-) is right exact. Hence
the sequence

H"(f1) H"(fo)

H"(G1) H"(Go)

is also exact, and thus H"(F) = Coker (H"(f1))-
We finally show (1). Note that K, = G,1 because of the exactness of (2.2.1). In a similar way
to show (2), we have H*(K;1) = H"~}(K,_1) for r > 2 and

H"(F)

dim H' (K1) = { dimcH' (Gr 1) (r= 1%’ (2.2.5)

dimg H" (Gry1) —tkH" (fr41) (r >2).

In the long exact sequence (Lg) of cohomology groups, specifically the following sequence is also
exact:

H%(Go) — H(F) — H'(Ko) — H'(Go) — H'(F). (Ly)
We denote by kg the linear map H'(Ko) — H'(Go). It follows from the exactness of (Lj) that

dimg H°(F) = dimgIm (H°(fo)) + dimgKer (ko). (2.2.6)
The K linear map H(fo) : H%(Go) — HY(F) induces the isomorphism

Im (H°(fo)) = H'(Go)/Ker (H'(fo)).
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Since Ker (H°(fo)) is isomorphic to H%(Ko), we have
dimgIm (H(fo)) = dimg H°(Go) — dimg H(Ky). (2.2.7)
In the long exact sequence (L1) of cohomology groups, specifically
H°(G1) = H°(Ko) — H' (K1) — H'(G1) = H'(Ko) (L1)

is exact. We denote by 7 and ; the K-linear maps H%(G) — H°(Ko) and H(K;) — H'Y(Gy),

respectively. The exactness of (L)) implies
dimg H°(K) = dimgIm(7) + dimgKer(xy). (2.2.8)

Let us determine dimgIm(7). Since HY(Kg) — H°(Gp) is injective in the commutative diagram

HO(gl) H(f1) Ho(go)

N7

H(Ko)

we have Ker (H%(f1)) = Ker(r). Thus,
Im(7) = Ho(gl)/Ker(T) = Ho(gl)/Ker (Ho(fl)) >~ Im (Ho(fl))

and hence

dimgIm(7) = dimgIm (H°(f1)) = tkH"(f1). (2.2.9)
Now we show the equality (1) by (2.2.5)—(2.2.9) in each case of r =1 and r > 2.

Case of r = 1: In this case, H'(Gy) — HY(K_1) and H'(G1) — H'(Kp) are surjective in the
exact sequences (L()) and (L)), respectively. Thus we have

dimKKeI'(Ho) = dimKHl(]C()) — dlmKHl(go) + dimKHl(lC_l), (2210)
dimgKer(k;) = dimgH (K1) — dimg H(G1) + dimg H'(Ko), (2.2.11)

where we recall K_; = F. By the equations (2.2.5)—(2.2.11) and (3), the equation (1) holds.

Case of 7 > 2: In this case, since H!(G;) = 0, it follows from (L) that Ker(x;) = H*(K;) for i =0
and 1. In a similar way to (2.2.4), we have H(Ky) = H"~1(K,_2), and a similar strategy to
the proof of (2) shows

dimg HY(Ko) = dimg H™(G,) — tkH" (f,) — tkH" (fr11). (2.2.12)

Thus (1) follows from (2.2.5)—(2.2.9) and (2.2.12). O
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Maruyama’s method Let F be a coherent Opr-module. In the following, we write down Maruyama’s
method to compute dimyg H?(F(n)) as an explicit algorithm, where F(n) denotes the n-th Serre
twist of the coherent sheaf F. It is known that F (resp. F(n)) is isomorphic to M™ (resp. M(n)™~)
for some finitely generated graded S-module M of the form

@S(—dj) J(uy,.. . ug)s, (2.2.13)

h
where u; € (@;Zl S(—dj)> for 1 < j <to. We take integers t > 0, ¢, d; for 1 < j < ¢ and finite

. t .
homogeneous elements uy, ..., u, in P;_; S(—d;) as inputs.

Algorithm 2.2.2 Let uy,...,us be homogeneous elements in the S-module @; 1 S(—dj), and M
the finitely generated graded S-module given in (2.2.13) with F := M"~. For given t > 0, ¢, d; for
1<j<tandu,...,u, one can compute dimyg H4(P", F(n)) as follows

Step 1. Compute a (graded) free resolution of M (for the free resolution computation, see [2, Chap-
ter 6]):

trq1

0—>@S< ”“)*”itl- @S( ) M = 0. (2.2.14)

The above exact sequence (2.2.14) induces an exact sequence of coherent Opr-modules, that
is of the form

r+1

t
0 @OPT (n— i) proafr™ ety 609 Osr (n—d”) 2T £y 50, (2.2.15)
j=1

where each ¢;(n) denotes the n-th twisted morphism of ;. We here set
t; ‘
Gi:= @Opr <n - dg”) and f; := ¢i(n)~ for 0 <i<r+1. (2.2.16)
j=1

Step 2. If ¢ < r (resp. ¢ = r), generate bases of H"(G;) for r —q—1 < i < r —q+ 1 (resp.
r—q<i<r—q+1)by Theorem 2.1.1 (3). If ¢ = 0, additionally generate bases of H"(Gy)
and H°(G1) by Theorem 2.1.1 (1).

Step 3. If 1 < ¢ < r —1 (resp. ¢ = 0), compute the representation matrices of H"(fr—_g+1)
and H"(fr—q) (resp. H(f1) and H"(f,—,)) via the bases obtained in Step 2 and compute
their ranks. If ¢ = r, compute the representation matrix of H"(f,_44+1). Finally output
dimg H9(F(n)) by the formulae given in Theorem 2.2.1.

3 Remarks for exact and efficient implementations

In this section, we first concretely describe Step 3 in Algorithm 2.2.2. We also give a technique to
prune unnecessary operations in the implementations, by which one’s implementation is expected
to become more efficient.
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3.1 Detail of sub-procedures

Step 3 has the computation of rk H"(f;) or tkH(f;) for some 4. In the computation, explicit bases
of H"(G;) or H%(G;) and explicit representation matrices of the morphisms are computed. We here
give such explicit representations, by which the algorithm shall be implemented more exactly.

Computing H"(f;): Let t > 0 and t' > 0, and let m; and m) be integers for 1 < ¢ < ¢ and
1<k<t. Let A= (9k,0)y, 0 be a (t x t') matrix such that each (k,¢)-entry gy, is a homogeneous
polynomial in S with degree (mj — my). Then A defines the following graded homomorphism ¢ of
degree zero:

t

o+ PS(my) — PSm)); u—su- A (3.1.1)
j=1 j=

Clearly ¢ induces a morphism ¢~ of coherent Opr-modules

~ P O (my) — €D Opr(m) (3.1.2)
=1 i=1

and the following K-linear map of the cohomlogy groups:

H™(f) : H(P",G) — H"(P",G") ; w— w- A, (3.1.3)
where we set
t #/
f=¢", G:= @O]Pf‘(mj) and G = @Opr(m;.) (3.1.4)
j=1 i—

For an element v € H"(Opr(m;)), denote by n;(v) an element (0,...,0,v,...,0) in H"(G). Namely,
define the map 7); as the following embedding;:

n; - H"(P", Opr(m;)) — H"(P",G) ; v+~ (0,...,0,v,0,...,0) (3.1.5)
We here describe how to compute rkH"(f).

Step 3-1. Note first that H"(G) and H"(G’') are represented as follows:

t

Opr m] and HT HT Opr (316)
=1

Thus the set

V::{nj <X0£° . --XTET> 1 1 <5<t £ <0for0<k<r, and {o+---+4, = m]} (3.1.7)

gives rise to a basis of the K-vector space H"(G). (Similarly, a basis V' of H"(G’) is con-
structed.)
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Step 3-2. Compute the image of V by H"(f). Each v € V is of the form v = 7, (XgO e Xfr) for
some 1 < j <tand ({y,...,0) € Zg)l with ¢p + - -+ + ¢, = m;. Then we have

H (N = D gam(X5e - X/)
k=1

¢
- Z Z ck(),...,kr (gj,k)Xé:O cee XjfTT]k(Xgo . Xfr)
k=1 (ko,....kr)EA(gj 1)

t/
_ Z Z Chom (gj,k)nk(X§°+k° .. .Xf"'*‘kr), (3.1.8)
k=1 (ko,....kr)EA(g) 1)

where ¢y, 1. (g) denotes the coeflicient of Xgo .-~ XFr in g for each polynomial g € S. Note
from Theorem 2.1.1 (3) that 7, (X0 ... Xtr+hr) is regarded as 0 if £; + k; > 0 for some i.
Comparing the representation (3.1.8) with the basis V' of H"(G’), the representation matrix
of H"(f) is computed.

Step 3-3. The rank of H"(f) is computed by techniques in linear algebra, e.g., the Gaussian elimi-
nation, the LU decomposition.

Computing H°(f;): This computation can be done in a similar way to the case of tk H" (f;), which
we described in the previous paragraph.

3.2 Pruning unnecessary operations

For efficient implementations, note that we can prune unnecessary operations in the computation
of H"(f;). We here give a brief description on the pruning, which we adopt in our implementation.
In Step 3-2, we have

(H' (M) =) > Chooo iy (G5 ) (X HHO o Xy (3.2.1)

k=1 (ko,....kr)EA(gj 1)’

where we set
Agjr) == {(ko,.... k) € Agjx) : ki +£; <0 forall 0 <i<r}. (3.2.2)

Considering (3.2.1) and (3.2.2), for each basis element v = n; (Xgo---Xffr> € H"(G), we first
determine the coefficients cy,,... k, (gj,x) such that for all 0 <7 <, k; +£; < 0 and write (H"(f))(v)
as the form (3.2.1). Then we obtain the representation matrix of H"(f). By this procedure, we
can prune at most t' - o - dimg H"(G) operations, where we set o := max; ;# (A(g;x)). Moreover,

the representation matrix obtained as above can be a sparse matrix, which can make computing
rkH"(f) more efficient.

4 Analysis on the proposed algorithm

In this section, we analyze Algorithm 2.2.2. In our analysis, we first determine the complexity of the
algorithm under some assumptions. We also implemented the algorithm over Magma, and examine
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the efficiency of the algorithm and our implementation by experiments. Magma already has a
function CohomologyDimension in which Decker-Eisenbud’s algorithm [3] is adopted. Comparing
our function with Magma’s one, we investigate pros/cons between the two algorithms.

4.1 Complexity

Let M be a finitely generated graded S-module, where we recall S := K[Xy,..., X,]. Maruyama’s
method can be divided to the following two steps: (A) computing a (graded) free resolution of
the form (2.2.14), (B) computing the bases of H?(G;) and the morphisms HY(f;) for ¢ = 0 or
g = r and some i, where G; and f; are given in (2.2.16). Note here that the complexity of the free
resolution computation has been estimated only for the worst case. Mathematical objects such as
the cohomology groups are determined by mathematical invariants for the inputs. In this case, the
output dimgx H4(P", F(n)) is determined by n, t;, dg-l) and g,(;’)g, which are invariants with respect to
the (minimal) free resolution of M. In addition,

D := max{dimgHI(P",G;) ; 0<i<r+1land ¢=0,r} (4.1.1)

is determined by n, t;, dg-i), and thus it is also an invariant with respect to the (minimal) free
resolution of M. From this, we estimate the complexity with respect to the parameters D and

Q1= INaX1<i<r41 {# (A (g,(;)g)) 3 1 S k S ti and 1 § 4 S ti—l} . (4.1.2)
In other words, we determine the complexity of the computation (B).

Remark 4.1.1 In our analysis, we fix 7 and do not count the computation of the bases of H?(G;)
in Algorithm 2.2.2. This computation depends on the method to compute partition numbers.

Case of ¢ = 0: In this case, we first compute the image of a basis of H"(G,) by H"(f,). For a
simplicity, suppose H" (O]pr (n - dg-z))) # 0 for each pair of ¢ and j. Since dimgH"(G,) =

O(D) and since A, = (g,@)w is a (t; X t,—1) matrix over S, this computation runs in

O(at,_1D) = O(aD?) arithmetic operations over K. We then construct the representation
matrix of H"(f,) and compute its rank. Clearly the computation of the representation matrix
terminates in O(aD?) arithmetic operations over K. Assume that rkH"(f,) is computed by
the Gaussian elimination. This computation can be done in O(D?) arithmetic operations over
K. Thus the arithmetic complexity of computing tk H" (f,) is estimated to be O(aD?)+0(D3).

We next compute tkH?(f1). In a similar way to rkH"(f,.), the arithmetic complexity of
computing rkH(f1) is estimated to be O(aD?) + O(D?3).

Case of ¢ # 0: In a similar way to the case of ¢ = 0, it is estimated that this computation can be
done in O(aD?) + O(D3) arithmetic operations over K.

To summarize, we estimate that the complexity of the computation of dimxH(P", F(n)) by
Maruyama’s method is O(aD?) + O(D?) when r is fixed,

10
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4.2 Implementation and experiments

In this subsection, we show experimental results on our implementation of Algorithm 2.2.2. We
implemented Algorithm 2.2.2 over Magma V2.20-10 [1]2. Our aim in this subsection is to examine
practicality in performance of our function, and we observe that our function performs more effi-
ciently than the complexity estimated in Section 4.1. In the following, we first describe the form of
the (minimal) free resolutions in our experiments.

Case 1 Choose three homogeneous polynomials fi, fo and f3 in Q[Xo, X1, X2, X3] so that the
minimal free resolution of M := S/(f1, f2, f3) forms

5 @505 s

Jj=1 Jj=1

0— S(— AR M 0.

Case 2 Choose four homogeneous polynomials f1, fa2, f3 and fy in Q[Xo, X1, X2, X3, X4, X5] so that
the minimal free resolution of M := S/(f1, f2, f3, f4) forms

4 6 4
0—5(-8) B P S(-6) 3P S(—4) B P S(-2

j=1 j=1 j=1

Table 1: The results of experiments to compare our implementation of Algorithm 2.2.2 with
Magma’s function. The parameters « and D are defined as in (4.1.1) and (4.1.2), respectively.

Parameters 1nde.pe— Parameters depen- Output and Timing of each function
Case ndent of resolutions || dent on resolutions
r n o D dimg H'(F(n)) | Our function | Magma’s function

0 3 56 0 0.047s 0.109s

1 3 -3 3 165 0 0.110s 0.110s
-7 3 455 0 0.937s 0.109s

0 3 21 17 0.031s 3.172s

2 5 -3 3 252 64 0.156s 5.907s
-7 3 3168 128 13.703s 13.188s

Performance: Table 1 implies that our function performs more efficiently than O(aD?) + O(D?)
which is the complexity estimated in Section 4.1. For instance, in Case 1 of Table 1, when
D = 56, our function terminates in 0.047 seconds. Note that a = 3 is fixed in Case 1. Since
455/56 = 8.125, we predict from the estimated complexity O(aD?) + O(D3?) that it takes
0.047 x (8.125)% a 25.210 seconds for our function to terminate when D = 455. However,
our function actually performs in 0.937 seconds, which implies that an actual complexity
of Algorithm 2.2.2 is not as expensive as O(aD?) + O(D3). We observe the reason why
our function performs more efficiently than O(aD?) + O(D3) as follows: In Case 1, we have

We use a computer with 2.60GHz CPU (Intel Corei5) and 8GB memory. The OS is Windows 8.1 Pro,
64bit. The source code of our implementation and the computation results for this section are available at
http://www2.math.kyushu-u.ac.jp/ “m-kudo/ (our source code is in the file newCohomologyDimension.txt).

11
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dimg H" (Gy—g+1) = 455 and dimg H"(G,—,) = 660, and the size of the representation matrix
of H"(fr—q+1) is 660 x 455. We here denote by B the representation matrix, and then B has
660 x 455 = 300300 entries. In our computation, the number of zero entries of B is equal to
298320. We see that B is so-called sparse, i.e., most of the entries of B are zero, which causes
that the computation of tkH"(f,—_4+1) = rankB becomes more efficient. The sparsity of B is
considered to be due to our pruning technique given in Section 3.2.

Table 1 also shows that performance of Magma’s function mainly depends on the size of r
while ours depends on the size of D, and thus it is implied that Magma’s function performs
more efficiently for large D, whereas ours performs more efficiently for large » when D is
fixed. Specifically, we see from the timing data of Case 2 that when r» = 5, Magma’s function
performs more efficiently for D > 3000 while ours performs more efficiently for D < 3000.

Merits on Ours: Once one gets a free resolution, one can obtain explicit bases of H?(G;) and explicit
representations of HY(f;) by our function. As in [8, Chapter 5], those explicit representations
can lead further computation of mathematical objects such as an explicit basis of H?(F(n))
(cf. the current Magma’s function does not support the computation).

5 Conclusion and future works

In this paper we first introduced Maruyama’s method to compute the dimensions of the cohomology
groups of coherent sheaves, and then proposed an explicit algorithm in order to implement his
method over mathematical softwares. Maruyama’s method is mainly based on the free resolution
computation over modules, the Cech cohomology and linear algebra. In more detail, for a given
finitely generated graded S-module M with S = K[Xj,...,X,], Maruyama’s method takes the
following three procedures: Step 1: Compute a free resolution of the form (2.2.14). Step 2: Generate
the bases of the K-linear spaces H4(G;) for ¢ = 0 or r and some i, where each G; is given as a locally
free sheaf of the form (2.2.16). Step 3: Compute the representation matrices of H4( f;) for some ¢ and
1, and their ranks. Moreover, we gave a pruning technique which is adopted in our implementation.
Main idea of the technique is to focus on the algebraic structure of H?(G;) which are defined by
the Cech cohomology. By the technique, the operations to compute the representation matrices of
HI(f;) can be reduced, and then the representation matrices shall become sparse. In such cases,
computing the ranks of HY(f;) becomes more efficient.

We then analyzed the proposed algorithm. In our analysis, the complexity of the algorithm
was determined to be polynomial-bounded as O(aD?) + O(D?) under some assumptions, where
«a and D are parameters determined from the form of the free resolution. We implemented the
algorithm over computer algebra system Magma and conducted experiments, by which we examined
a practicality in performance of the algorithm. Our experimental results show that our function
performs more efficiently than the complexity estimated in Section 4.1. In our experiments, we also
compared our function with Magma’s one. Magma’s function adopts Decker-Eisenbud’s algorithm
which based on the free resolution computation over exterior algebra, the Beilinson-Gelfand-Gelfand
correspondence and Tate resolutions. By our experimental results, we observed that performance
of Magma’s function mainly depends on the size of r while ours depends on the size of D, and thus
it is implied that Magma’s function performs more efficiently for large D, whereas ours performs
more efficiently for large » when D is fixed. Aside from this, the algorithm based on Maruyama’s
method has an advantage that once one gets a free resolution of the input module, one can obtain

12
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explicit bases of HY(G;) and explicit representations of HY(f;) for all ¢ and i. Thus it is concluded
that those explicit representations can lead further computation of mathematical objects such as
an explicit basis of H1(P", F(n)).

However, the algorithm proposed in this paper deeply depends on the free resolution computation
over modules, and thus without efficient computation of the free resolution, one cannot compute
dimg HY(P", F(n)) efficiently. For instance, if M has a long free resolution, the proposed algorithm
might be costly. In order to realize more high-speed computation for large  or D and for the case
that M has more long free resolutions, it needs to improve the free resolution computation over
finitely generated S-modules. This is our future work.
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