Covering radius problems for non self-dual binary codes

Michio Ozeki Department of Mathematical Sciences Faculty of Science Yamagata University 1-4-12, Koshirakawa-chou, Yamagata Japan email address : ozeki@kszaoh3.kj.yamagata-u.ac.jp

1 Introduction

Determination of the covering radius and complete coset distribution of a code are important problems in the coding theory. When the code is linear and self-dual there have been major progresses [1],[3],[21],[47],[48],[49],[50]. When the code is linear but not self-dual there is much room for further progress. In this report we first explain how self-dual case is treated, and next we try to find an approach to reach satisfactory results in non self-dual case.

2 Standard Definitions from Binary Codes and the Statements of the problem

Let F_2 = GF (2) be the field of 2 elements. Let V = F^n_2 be the vector space of dimension n over F_2 . A linear [n, k] code C is a vector subspace of V of dimension k. An element x in C is called a codeword of C. In V , the inner product , which is denoted by (x, y) for x, y in V , is defined as usual. Two codes C_1 and C_2 are said to be equivalent if and only if after a suitable change of coordinate positins of C_1 all the codewords in both codes coincide. The dual code C^⊥ of C is defined by C^⊥ = {u ∈ V | (u, v) = 0 ∀v ∈ C}.

The code C is called self-orthogonal if it satisfies C ⊆ C^⊥, and the code C is called self-dual if it satisfies C = C^⊥.

Self-dual codes exist only if n ≡ 0 (mod 2) and k = n 2 Let x = (x_1, x_2, . . . , x_n)

be a vector in V , then the Hamming weight wt(x) of the vector x is defined to be the number of i’s such that x_i ≠ 0. The Hamming distance d on V is also defined by d(x, y) = wt(x − y).

Let C be a code ,then the minimum distance d of the code C is defined by

d = Min_{x,y∈C,x≠y} d(x, y)

= Min_{x∈C,x≠0} wt(x).

Again let x be a vector in V , then the Hamming sphere S_t(x) of radius t with center x is defined by S_t(x) = {y ∈ V | d(y, x) ≤ t}.

The covering radius t(C) of the code C is defined to be the smallest integer t such that the equation V = ⋃ x∈C S_t(x)

holds. The covering radius of a code C is also defined by another way. A vector v in a coset U in V/C is a coset leader if v satisfies

wt(v) ≤ wt(z) for all z ∈ U.

Then the covering radius of C is the weight of a coset leader of greatest weight.

A reformulation of this problem is given by

Proposition 1 It holds that t(C) = max_{u∈Fn2} ( min_{z∈u+C} wt(z)).

A more precise problem is that for a given code C determine all the coset weight enumerators ( or equally the coset weight distributions ) W_U (X) .

Let C be a self-dual binary [n, n 2 ] code, then the weight wt(x) of each codeword x in C is an even number. Further, if the weight of each codeword x in C is divisible by 4, then the code is called a doubly even binary code. It is known that doubly even self-dual binary codes C exist only when the length n of C is a multiple of 8.

Let u = (u_1, u_2, · · · , u_n), v = (v_1, v_2, · · · , v_n) be any pair of vectors in F^n_2 , then the number of common 1’s of the corresponding coordinates for u and v is denoted by u ∗ v. This is called the intersection number of u and v, and u ∗ u is nothing else wt(u).

Let C be a doubly even self-dual binary [n, n 2 ] code. The inhomogeneous weight enumerator W_C(X) of the code C is defined by

W_C(X) = ∑ v∈C X^{wt(v)}.

If we denote by a_r the number of the codewords v of weight r in C, then W_C(X) can be rewritten as W_C(X) = n∑ r=0 a_rX^r.

For example, the extended Hamming code e_8 given in the table has the weight enumerator

W_{e8} (X) = 1 + 14X^4 + X^8.

We also give W_{G24} (X) explicitly :

W_{G24} (X) = 1 + 759X^8 + 2576X^{12} + 759X^{16} + X^{24}, where G_{24} is the extended binary Golay code of length 24. Usually, the weight enumerator is expressed in the homogeneous form : W_C(x, y) = n∑ r=0 a_rx^{n−r} y^r.

Again, the homogeneous form of W_{e8} (X) is W_{e8} (x, y) = x^8 + 14x^4y^4 + y^8 But these two polynomials are mutually transformable into another forms by the rules y^nW_C( x y ) = W_C(x, y), and y^{−n}W_C(x, y) = W_C(ξ), with ξ = x y , where n is the length of the code C. A celebrated MacWilliams identity says :

Theorem 1 Let W_C(X) be the weight enumerator of a binary code, then the following identity holds :

W_C⊥ (X) = 1 | C |

(1 + X)^nW_C(

1 − X 1 + X ). The homogeneous version of the above theorem is Theorem 2 W_C⊥ (x, y) = 1 | C |

W_C(x + y, x − y) (1) The coset weight enumerator of a coset U in a code C is defined to be a polynomial in X given by W_U (X) = ∑ z∈U X^{wt(z)}.

We give an example.

Let e_8 be the Hamming code, and u_0 = 0 the zero vector. For the coset U = u_0 + e_8 we obtain W_U (X) = 1 + 14X^4 + X^8 For the coset U = u_1 + e_8 with wt(u_1) = 1 we obtain W_U (X) = X + 7X^3 + 7X^5 + X^7

3 Definition of Jacobi polynomials for Binary codes.

Throughout this section we let C be a self-dual code of length n. Let u and v be vectors in F^n_2 , then u ∗ v is the intersection number of u and v.

Definition 1 Jacobi polynomials for codes

Jacobi polynomial Jac(C, v | X, Z) for C with respect to v ∈ F^n_2 is defined by

Jac(C, v | X, Z) = ∑ u∈C X^{u∗u}Z^{u∗v}.

The homogeneous Jacobi polynomial is defined by

Jac(C, v, x, y, u, v) = ∑ u∈C x^{n−wt(v)−wt(u)+u∗v}y^{wt(u)−u∗v}u^{wt(v)−u∗v}v^{u∗v},

, where x, y, u, v are algebraically independent variables over C. The connection between inhomogeneous Jacobi and homogeneous Jacobi is described by

Jac(C, v, x, y, u, v) = x^{n−wt(v)}u^{wt(v)}Jac_i(C, v, yx, xvyu), and Jac_i(C, v, X, Z) = Jac(C, v, 1, X, 1, XZ).

4 Some Fundamental Theorems

Let C[X] be the ring of all polynomials in one determinate X with coefficients in C, the ring of rational integers. We denote by W[X] the subring of C[X] generated by the inhomogeneous weight enumerators attached to doubly even self-dual binary codes. The first proposition is a restatement of a well-known result :

Theorem 3 (Gleason) W[X] has two polynomial generators W_{e8} (X) ( the weight enumerazor of the Hamming code e_8 ) and W_{G24} (X) (the weight enumerator of the Golay [24,12,8] code G_{24} . Let C[X, Z] be the ring of all polynomials in two determinates X and Z, with coefficients in C. Let J[X, Z] be the subring of C[X, Z] generated by Jacobi polynomials attached to self-dual binary codes.

Let C be a self-dual [n,^n_2 ] code containing all 1 vector. Let v be any vector in F^n. One of our basic theorems is :

Theorem 4 Let C be a binary code of length n and Jac(C, v | X, Z) a Jacobi polynomial for the code C with any binary vector v ∈ F^n_2 , then it holds that

Jac(C^⊥, v | X, Z) = 1 |C| (1 + X)^n

( 1 + XZ 1 + X

)_{wt(v)}

×Jac(C, v |

1 − X 1 + X , (1 − XZ)(1 + X) (1 + XZ)(1 − X) ).

There is a homogeneous version of the above theorem :

Theorem 5 Let C be a self-dual code of length n, then Jac(C, v, x, y, u, v) satisfies

Jac(C, v, x + y √ 2 , x − y √ 2 , u + v √ 2 , u − v √ 2 ) = Jac(C, v, x, y, u, v), (2)

5 Algebraic Study of Jacobi Polynomials for Doubly Even Self-Dual Codes

Let C be a doubly even self-dual code of length n, then the weight enumerator of C satisfies

W_C(x, iy) = W_C(x, y). (3)

We consider the following linear actions of the variables x and y :

σ_1 : ( x y ) ←− 1 √ 2 ( 1 1 1 −1 ) ( x y ) , and σ_2 : ( x y ) ←− 1 √ 2 ( 1 0 0 i ) ( x y ) . We let G_d denote the group of linear transformations generated by σ_1 and σ_2. G_1 is a finite unitary group ofgenerated by reflections and No. 9 in the list of Shephard-Todd [58], and its order is 192. The properties (1), (3) of W_C(x, y) imply that W_C(x, y) belongs to the ring of invariance for the group G_1, C[x, y]^{G1} .

The homogeneous Jacobi polynomial has the invariance properties (2) and

(4). Jac(C, v, x, y, u, v) = Jac(C, v, x, iy, u, iv)

We put

σ̃_1 = ( σ_1 0 0 σ_1 ) = 1 √ 2 1 1 1 −1 O O 1 1 1 −1 ,

σ̃_2 = ( σ_3 0 0 σ_2 ) = 1 0 0 i O O 1 0 0 i and Ĝ_d =< σ̃_1, σ̃_2 >. Then we see that

Jac(C, v, x, y, u, v) ∈ C[x, y, u, v]^{Ĝd},

where C is the field of complex numbers.

Molien series for Ĝ_d and for a subgroup of index 2 is computed in [?]. We determined the ring C[x, y, u, v]^{Ĝd} in [4].

6 Algebraic Study of Jacobi Polynomials for Singly Even Self-Dual Codes

If we put

σ̃_1 = ( σ_1 0 0 σ_1 ) = 1 √ 2 1 1 1 −1 O O 1 1 1 −1 ,

σ̃_3 = ( σ_3 0 0 σ_3 ) = 1 0 0 −1 O O 1 0 0 −1

and Ĝ_s =< σ̃_1, σ̃_3 >. Then we see that

Jac(C, v, x, y, u, v) ∈ C[x, y, u, v]^{Ĝs},

where C is the field of complex numbers. Molien series for Ĝ_s (|Ĝ_s| = 16) is given by

Φ_{Ĝs} (t) = 1 Ĝ_s ∑ g∈Ĝ_s 1 det(I_4 − tg) = ∑ k≥0 dim((C[x, y, u, v]^{Ĝs})_k)t^k, = (t^{16} + t^{14} + t^{12} + t^{10} + 8t^8 + t^6 + t^4 + t^2 + 1) (t^{20} − 2t^{18} + t^{16} − 2t^{12} + 4t^{10} − 2t^8 + t^4 − 2t^2 + 1) = 1 + t^2 + t^4 + t^6 + 8t^8 + t^{10} + t^{12} + t^{14} + t^{16} (1 − t^2)^2(1 − t^8)^2 .

Here (C[x, y, u, v]^Ĝ)_k denotes the vector space consisting of the k-th homogeneous part of the ring C[x, y, u, v]^Ĝ. The Molien series Ĝ is of great help to us in forming the explicit basis of the space (C[x, y, u, v]^Ĝ)_k , sometimes indispensable.

In [49] we proved

Proposition 2 The primary invariants (i.e. the denominators) for C[x, y, u, v]^Ĝ can be replaced by

φ_{2,0} = x^2 + y^2 φ_{2,2} = u^2 + v^2 φ_{8,0} = x^8 + 14x^4y^4 + y^8 φ_{8,8} = u^8 + 14u^4v^4 + v^8, and the secondary invariants (the numerators) for C[x, y, u, v]^Ĝ can be replaced by 1 φ^j_{2,1} = (xu + yv)^j, 1 ≤ j ≤ 8 φ_{8,1} = x^7u + 7x^4y^3v + 7x^3y^4u + vy^7, φ_{8,2} = x^6u^2 + 3x^4y^2v^2 + 8x^3y^3uv + 3x^2y^4u^2 + y^6v^2, φ_{8,3} = u^3x^5 + v^3yx^4 + 6v^2uy^2x^3 + 6vu^2y^3x^2 + u^3y^4x + v^3y^5 φ_{8,4} = u^4x^4 + 4v^3uyx^3 + 6v^2u^2y^2x^2 + 4vu^3y^3x + v^4y^4 φ_{8,5} = x^3u^5 + x^3v^4u + 6v^3u^2yx^2 + 6v^2u^3y^2x + y^3vu^4 + y^3v^5 φ_{8,6} = x^2u^6 + 3x^2v^4u^2 + 8v^3u^3yx + 3y^2v^2u^4 + y^2v^6 φ_{8,7} = xu^7 + 7xu^3v^4 + 7yu^4v^3 + yv^7,

As a consequence of the above proposition we have

Theorem 6 Let the notations be as above, then we have

C[x, y, u, v]^Ĝ = R ⨁ φ_{2,1}R ⨁ φ^2_{,1}R ⨁ φ^3_{2,1}R ⨁ φ^4_{2,1}R ⨁ φ^5_{2,1}R ⨁ φ^6_{2,1}R ⨁ φ^7_{2,1}R ⨁ φ^8_{2,1}R ⨁ φ_{8,1}R ⨁ φ_{8,2}R ⨁ φ_{8,3}R ⨁ φ_{8,4}R ⨁ φ_{8,5}R ⨁ φ_{8,6}R ⨁ φ_{8,7}R,

where R = C[ φ_{2,0}, φ_{2,2}, φ_{8,0}, φ_{8,8} ].

7 A Description of the Process of Determining the Complete Coset Weight Distributions of Codes

Now we explain how the complete coset weight distributions of a code C can be obtained. Once we could know Jac_i(C, v, X, Z), we can know W_{C+v} (X) by the following (c.f. [47])

Proposition 3 One has

W_{v+C}(X) = X^{wt(v)}Jac_i(C, v| X, X^{−2}).

The multiplicities of the coset weight enumerators are controled by the following proposition (c.f. also [47])

Proposition 4 Let C be a binary code of length n. We are under the assumption : (∗) in a binary linear code C any two different rigid Jacobi polynomials derive (via the process in Proposition 8) different coset weight enumerators .

Let R_k be the set of rigid vectors of a fixed weight k with equal rigid Jacobi polynomials Jac(C, v | X, Z). Let X^k Jac_i(C, v | X, X^{−2}) = W_{v+C}(X) = a_kX^k + a_{k+1}X^{k+1} + · · · be its common coset weight enumerator, then the number of the different cosets S in F^n_2 /C such that W_S(X) = W_{v+C}(X) is given by

| R_k | a_k . 8 Relation between covering radius of codes and Jacobi polynomials

Our next result is Theorem 7 Le C be a self-dual binary code of length n. We take any vector v in F^n_2 . If U is the coset in F^n_2 /C to which v belongs, then we have W_U (X) = X^{wt(v)}Jac(C, v | X, X^{−2}), where Jac(C, v | X, Z) is the Jacobi polynomial for the code C with respect to v. We now give a precise information on the relation between the multiplicity of Jacobi polynomials and the multiplicity of the coset weight enumerators. To do this we need a definition.

Definition 3 : Let C be a binary code of length n. Let v be a vector in F^n_2 . The vector

v is called rigid (with respect to C ) if wt(v) is minimal in its coset v + C i.e. if v satisfies wt(v) = min_{x∈v+C} wt(x).

A vector v in F^n_2 is fragile (with rewspect to C) if v is not rigid. A Jacobi polynomial Jac(C, v | X, Z) is rigid if v is rigid and ,fragile if v is fragile.

Theorem 8 Let C be a binary code of length n. Let R_k be the set of rigid vectors of a fixed weight k with equal rigid Jacobi polynomials Jac(C, v | X, Z). Let X^k Jac(C, v | X, X^{−2}) = W_{v+C}(X) = aX^k + bX^{k+1} + · · · be its common coset weight enumerator, then the number of the cosets S in F^n_2 /C such that W_S(X) = W_{v+C}(X) holds, is given by

R_k a .

9 A summary of the covering radius problem for binary linear self-dual codes

A table of covering radius of self-dual binary codes (extremal or optimal)

n d_I d_{II} t(C_I ) t(C_{II} ) # of eq. # of eq. cl. of C_I cl. of C_{II} 2 2 / 1 / 1 / 4 2 / 2 / 1 / 6 2 / 3 / 1 / 8 2 4 4 2 1 1 10 2 / 5 / 2 / 12 4 / 3 / 1 / 14 4 / 3 / 1 / 16 4 4 4 4 1 2 18 4 / 5, 4 / 2 / 20 4 / 4, 5, 6 / 7 / 22 6 / 7 / 1 / 24 6 8 5 4 1 1 26 6 / not yet / 1 / 28 6 / not yet / 3 / 30 6 / not yet / 13 / 32 8 8 6 6 3 5 34 6 / not yet / ≥ 200 / 36 8 / 7 / ≥ 2 / 38 8 / not yet / ≥ 3 / 40 8 8 7, 8 7, 8 ≥ 22 ≥ 1000

In the above table / implies the non-existence case, d_I (resp. d_{II} ) is the maximal value of the minimal distance of the type I (resp. type II) code of given length n . Here we quote some values from [49], [55].

A table of that who determined the complete coset weight distributions of doubly even self-dual binary extremal codes

length who year comment 8 folklore 16 Assmus − P less [1] 1983 24 folklore? once upon a time 32 Assmus − P less [1] 1983 only XQR_{32} 32 Camion and al.[10] 1993 five codes 40 Ozeki [47] 2000 48 Delsarte [21] 1973 contains an error 56 Ozeki [48] 2000 64 not yet possible 72 not yet existence is not known 80 not yet possible 88 not yet possible

10 Non self-dual binary linear code case

In the determination of the covering radius and the complete coset weight distribution of binary self-dual codes there have been explored a variety of methods. Compared to self-dual binary linear codes the corresponding problems in the class of non self-dual binary linear codes C are less explored. So far the main trend in this area is to give upper bounds and lower bounds for t(C) [6], [13], [15]. From the point of practical applications there are two important classes of non self-dual linear binary codes: Reed-Muller codes and BCH codes. The study of the covering radius and the complete coset weight distribution for these classes of codes would be important. Therefore we pose a question concerning these problems. One may remark that the use of electronic computers in these problems is inevitable but the computer is of secondary importance, and the primary importance lies in the mathmatical insights that break the difficulties of the mechanism.

Question 1. What can we do the covering radius and the complete coset weight distribution for these classes of codes along with the theory of invariants. Can we extend our method using invariant theory of finite groups to these cases?

We give one possible approach to this question.

Experience in the study shows that the followings are useful tools: (i) MacWilliams identity for the weight enumerators and the Jacobi polynomials, (ii) Delsarte’s relation [21] page 414, formula (3.5), (iii) polarization process in the invariant theory, (iv) Jacobi polynomials for binary codes, (v) the invariant theory for finite groups.

Let R_s be the ring for the group of invariance for the self-dual biary codes. We consider the R_s-module generated by the Jacobi polynomials for non self-dual binary codes. Let C be a binary [n, k] code, then C^⊥ is a binary [n, n − k] code. We assume that k ≤^n_2 . The following picture may be helpful.

C C^⊥ W_C(x, y) W_C⊥ (x, y) J_{n,m} → J_{n,n−m} ⋃ | ⋃ | Jac(C, v, x, y, u, v) → Jac(C^⊥, v, x, y, u, v) J_{n,m} ∼= J_{n,n−m} dim J_{n,m} = dim J_{n,n−m}

Problem 1. Determine the dimension Problem 2. Describe or reduce the complexity of computing in J_{n,m} by means of J_n′_{,m}′ with n^′ ≤ n, m^′ ≤ m.

Problem 3. Describe a necessary and sufficient condition that a polynomial in J_{n,m} to be rigid in terms of the conditions in the polynomials in J_{n,n−m}. Localized settings of the above problems.

E.g. J_2h_{,m}(R(r, h)) : the linear space generated by Jacobi polynomials for R(r, h).

At present we have not fully explored the problems described above along our line of ideas. The examples in the following sections will be a symptom for the success, or they do not show any real difficuties that we do not see now.

11 Elements of Reed-Muller codes

R(r, m) : r-th order Reed-Muller code of Length 2^m We now give briefly the definition of Reed-Muller codes.

We denote by (1^n)(resp. (0^n)) the all one(resp. zero) vector of length n. We use the symbol ab to denote the concatenation of two vectors a and b, and the symbol a^ℓ to denote the concatenation of ℓ a’s. For example, we see that (1^3) = (111), (1^20^2) = (1100)and(1010)^2 = (10101010) and so on. We put x_0 = (1^{2m} ), x_1 = (0^{2m−1} 1^{2m−1} ), x_2 = ((0^{2m−2} 1^{2m−2} )^2 . . x_m = ((01))^{2m−1} ).

If x and y are two vectors of the same length, then we denote by xy another vector of identical length obtained from the component-wise product of those two vectors. We call it the vector product of x and y. Likewise we can define the vector product of arbitrary number of vectors of the same length.

The r-th order Reed-Muller code R(r, m) of length 2^m is defined to be a binary linear code spanned by vectors ∏

1≤i_1≤i_2 ≤···≤i_h≤m

x_{i1} x_{i2} · · · x_{ih} , h ≤ r

and by x_0.

We give an example. Let m = 4, then we see that x_0 = (1111111111111111), x_1 = (0000000011111111), x_2 = (0000111100001111), x_3 = (0011001100110011), and x_4 = (0101010101010101).

Further we see that x_1x_2 = (0000000000001111), x_1x_3 = (0000000000110011), x_1x_4 = (0000000001010101), x_2x_3 = (0000001100000011), x_2x_4 = (0000010100000101), and x_3x_4 = (0001000100010001).

Thus the generator matrix of the first order Reed-Muller code of length 2^4 = 16 R(1, 4) is given by 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

and the generator matrix of the second order Reed-Muller code of length 2^4 = 16 R(2, 4) is given by 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 1 1 0 0 1 1 0 0 0 0 0 0 0 0 0 1 0 1 0 1 0 1 0 0 0 0 0 0 1 1 0 0 0 0 0 0 1 1 0 0 0 0 0 1 0 1 0 0 0 0 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1

.

C_1 = R(1, 5)

Weight enumerator of C 1 + 62X^{16} + X^{32}

Jacobi polynomials of C

When wt(v) = 1 the multiplicity = 32.

Jac(C_1, v | X, Z) =

1 + X^{16}(31Z + 31) + X^{32}Z

XJac(C_1, v | X, X^{−2}) =

X + 31X^{15} + 31X^{17} + X^{31}

(2)When wt(v) = 2 the multiplicity = 496.

Jac(C_1, v | X, Z) = 1 + X^{16}(15Z^2 + 32Z + 15) + X^{32}Z^2

and

(3)When wt(v) = 3 the multiplicity = 4960. Jac(C_1, v | X, Z) =

1 + X^{16}(7Z^3 + 24Z^2 + 24Z + 7) + X^{32}Z^3

(4)-(1) When wt(v) = 4 the multiplicity = 34720. Jac(C_1, v | X, Z) =

1 + X^{16}(3Z^416Z^3 + 24Z^2 + 16Z + 3) + X^{32}Z^4

(4)-(2)When wt(v) = 4 the multiplicity = 1240. Jac(C_1, v | X, Z) =

1 + X^{16}(7Z^4 + 48Z^2 + 7) + X^{32}Z^4

Rigid Jacobi polynomials (5)-(1)When wt(v) = 5 the multiplicity = 34720 Jac(C_1, v | X, Z) = 1 + X^{16}(3Z^5 + 4Z^4 + 24Z^3 + 24Z^2 + 4Z + 3) + +X^{32}Z^5

(5)-(2)When wt(v) = 5 the multiplicity = 166656 Jac(C_1, v | X, Z) = 1 + X^{16}(Z^5 + 10Z^4 + 20Z^3 + 20Z^2 + 10Z + 1) + X^{32}Z^5

(6)-(1)When wt(v) = 6, the multiplicity = 416640. Jac(C_1, v | X, Z) = 1 + X^{16}(Z^6 + 4Z^5 + 14Z^4 + 24Z^3 + 14Z^2 + 4Z + 1) + X^{32}Z^6

(6)-(2)When wt(v) = 6, the multiplicity = 17360. Jac(C_1, v | X, Z) =

1 + X^{16}(3Z^6 + 12Z^4 + 32Z^3 + 12Z^2 + 3) + X^{32}Z^6

(6)-(3)When wt(v) = 6, the multiplicity = 27776. Jac(C_1, v | X, Z) =

1 + X^{16}(Z^6 + 30Z^4 + 30Z^2 + 1) + X^{32}Z^6

(6)-(4)When wt(v) = 6, the multiplicity = 444416. Jac(C_1, v | X, Z) =

1 + X^{16}(6Z^5 + 15Z^4 + 20Z^3 + 15Z^2 + 6Z) + X^{32}Z^6

(7)-(1)When wt(v) = 7, the multiplicity = 4960 Jac^{(1)}(C_1, v | X, Z) =

1 + X^{16}(3Z^7 + 28Z^4 + 28Z^3 + 3) + X^{32}Z^7 +

(7)-(2)When wt(v) = 7, the multiplicity = 416640 Jac^{(1)}(C_1, v | X, Z) = 1 + X^{16}(Z^7 + 2Z^6 + 6Z^5 + 22Z^4 + 22Z^36Z^2 + 2Z + 1) + X^{32}Z^7 +

(7)-(3)When wt(v) = 7, the multiplicity = 277760 Jac^{(1)}(C_1, v | X, Z) =

1 + X^{16}(Z^7 + 12Z^5 + 18Z^4 + 18Z^312Z^2 + 1) + X^{32}Z^7 +

(7)-(4)When wt(v) = 7, the multiplicity = 2222080 Jac^{(1)}(C_1, v | X, Z) =

1 + X^{16}(3Z^6 + 9Z5 + 19Z^4 + 19Z^3 + 9Z^2 + 3Z) + X^{32}Z^7 +

(7)-(5)When wt(v) = 7, the multiplicity = 444416 Jac^{(1)}(C_1, v | X, Z) =

1 + X^{16}(Z^6 + 15Z^5 + 15Z^4 + 15Z^3 + 15Z^2 + 1) + X^{32}Z^7 +

(8)-(1)When wt(v) = 8, the multiplicity = 119040 Jac^{(1)}(C_1, v | X, Z) =

+X^{16}(Z^8 + 2Z^7 + 14Z^5 + 28Z^4 + 14Z^3 + 2Z + 1) + X^{32}Z^8 (8)-(2)When wt(v) = 8, the multiplicity = 624960 Jac^{(1)}(C_1, v | X, Z) =

+X^{16}(Z^8 + 4Z^6 + 16Z^5 + 20Z^4 + 16Z^3 + 4Z^2 + 1) + X^{32}Z^8 (8)-(3)When wt(v) = 8, the multiplicity = 3333120 Jac^{(1)}(C_1, v | X, Z) =

+X^{16}(2Z^7 + 4Z^6 + 14Z^5 + 22Z^4 + 14Z^3 + 4Z2 + 2Z) + X^{32}Z^8

(8)-(4)When wt(v) = 8, the multiplicity = 1666560 Jac^{(1)}(C_1, v | X, Z) =

+X^{16}(8Z^6 + 16Z^5 + 14Z^4 + 16Z^3 + 8Z^2) + X^{32}Z^8 (8)-(5)When wt(v) = 8, the multiplicity = 4444160 Jac^{(1)}(C_1, v | X, Z) =

+X^{16}(Z^7 + 6Z^6 + 15Z^5 + 18Z^4 + 15Z^3 + 6Z^2 + Z) + X^{32}Z^8 (8)-(6)When wt(v) = 8, the multiplicity = 52080 Jac^{(1)}(C_1, v | X, Z) =

+X^{16}(Z^8 + 8Z^6 + 44Z^4 + 8Z^2 + 1) + X^{32}Z^8 (8)-(7)When wt(v) = 8, the multiplicity = 277760 Jac^{(1)}(C_1, v | X, Z) =

+X^{16}(12Z^6 + 38Z^4 + 12Z^2) + X^{32}Z^8 (8)-(8)When wt(v) = 8, the multiplicity = 620 Jac^{(1)}(C_1, v | X, Z) = +X^{16}(3Z^8 + 56Z^4 + 3) + X^{32}Z^8 Rigid Jacobi polynomials (9)-(1)When wt(v) = 9, the multiplicity = 952320 Jac^{(1)}(C_1, v | X, Z) = +X^{16}(2Z^8 + Z^7 + 7Z^6 + 21Z^5 + 21Z^4 + 7Z^3 + Z^2 + 2Z) + X^{32}Z^9 (9)-(2)When wt(v) = 9, the multiplicity = 8888320 Jac^{(1)}(C_1, v | X, Z) =

+X^{16}(3Z^7 + 13Z^6 + 15Z^5 + 15Z^4 + 13Z^3 + 3Z^2) + X^{32}Z^9 (9)-(3)When wt(v) = 9, the multiplicity = 833280 Jac^{(1)}(C_1, v | X, Z) = +X^{16}(Z^8 + 4Z^7 + 4Z^6 + 22Z^5 + 22Z^4 + 4Z^3 + 4Z^2 + Z) + X^{32}Z^9 (9)-(4)When wt(v) = 9, the multiplicity = 9999360 Jac^{(1)}(C_1, v | X, Z) = +X^{16}(Z^8 + 2Z^7 + 10Z^6 + 18Z^5 + 18Z^4 + 10Z^3 + 2Z^2 + Z) + X^{32}Z^9 (9)-(5)When wt(v) = 9, the multiplicity = 6666240 Jac^{(1)}(C_1, v | X, Z) =

+X^{16}(5Z^7 + 7Z^6 + 19Z^5 + 19Z^4 + 7Z^3 + 5Z^2) + X^{32}Z^9

(10)-(1)When wt(v) = 10, the multiplicity = 83328 Jac^{(1)}(C_1, v | X, Z) =

+X^{16}(5Z^8 + 10Z^6 + 32Z^5 + 10Z^4 + 5Z^2) + X^{32}Z^{10} (10)-(2)When wt(v) = 10, the multiplicity = 20832000 Jac^{(1)}(C_1, v | X, Z) = +X^{16}(Z^8 + 8Z^7 + 14Z^6 + 16Z^5 + 14Z^4 + 8Z^3 + Z^2) + X^{32}Z^{10} (10)-(3)When wt(v) = 10, the multiplicity = 7221760 Jac^{(1)}(C_1, v | X, Z) = +X^{16}(3Z^8 + 4Z^7 + 12Z^6 + 24Z^5 + 12Z^4 + 4Z^3 + 3Z^2) + X^{32}Z^{10} (10)-(4)When wt(v) = 10, the multiplicity = 19998720 Jac^{(1)}(C_1, v | X, Z) = +X^{16}(2Z^8 + 6Z^7 + 13Z^6 + 20Z^5 + 13Z^4 + 6Z^3 + 2Z^2) + X^{32}Z^{10} (10)-(5)When wt(v) = 10, the multiplicity = 2666496 Jac^{(1)}(C_1, v | X, Z) =

+X^{16}(10Z^7 + 15Z^6 + 12Z^5 + 15Z^4 + 10Z^3) + X^{32}Z^{10} (10)-(6)When wt(v) = 10, the multiplicity = 1984000 Jac^{(1)}(C_1, v | X, Z) =

+X^{16}(3Z^8 + 28Z^6 + 28Z^4 + 3Z^2) + X^{32}Z^{10} (11)-(1)When wt(v) = 11, the multiplicity = 42163968 Jac^{(1)}(C_1, v | X, Z) = +X^{16}(5Z^8 + 10Z^7 + 16Z^6 + 16Z^5 + 10Z^4 + 5Z^3) + X^{32}Z^{11} (11)-(2)When wt(v) = 11, the multiplicity = 6666240 Jac^{(1)}(C_1, v | X, Z) = +X^{16}(3Z^8 + 16Z^7 + 12Z^6 + 12Z^5 + 16Z^4 + 3Z^3) + X^{32}Z^{11} (12)-(1)When wt(v) = 12, the multiplicity = 2499840 Jac^{(1)}(C_1, v | X, Z) =

+X^{16}(11Z^8 + 16Z^7 + 8Z^6 + 16Z^5 + 11Z^4) + X^{32}Z^{12} (12)-(2)When wt(v) = 12, the multiplicity = 3513664 Jac^{(1)}(C_1, v | X, Z) =

+X^{16}(15Z^8 + 32Z^6 + 15Z^4) + X^{32}Z^{12}

We summarize the above computation as a table below. The table is a reconstruction of Berlekamp-Welch analysis [5].

coset wt 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 mul coset wt 32 31 30 29 28 27 26 25 24 23 22 21 20 19 18 17 16 0 1 62 1 1 1 31 32 2 1 15 32 496 3 1 7 24 4960 4 1 3 16 24 34720 4 1 7 48 1240 5 1 1 10 20 166656 5 1 3 4 24 34720 6 1 0 6 15 20 444416 6 1 1 4 14 24 416640 6 1 1 0 30 0 27776 6 1 3 0 12 32 17360 7 1 1 2 6 22 416640 7 1 1 0 12 18 277760 7 1 3 0 0 28 4960 7 1 0 3 9 19 2222080 7 1 0 1 15 15 444416 8 1 1 6 15 18 4444160 8 1 2 4 14 22 3333120 8 1 0 8 16 14 1666560 8 1 0 12 0 38 277760 8 2 0 4 16 20 312480 8 2 0 8 0 44 26040 8 2 2 0 14 28 59520 8 4 0 0 0 56 155 9 1 3 13 15 8888320 9 1 5 7 19 6666240 9 2 2 10 18 4999680 9 2 4 4 22 416640 9 3 1 7 21 317440 10 1 10 15 12 2666496 10 2 8 14 16 10416000 10 3 6 13 20 6666240 10 4 0 28 0 496000 10 4 4 12 24 1805440 10 6 0 10 32 13888 11 4 16 12 1666560 11 6 10 16 7027328 12 12 16 8 208320 12 16 0 32 219604

Remark 1 In forming the table major tools are (ii) and (iv) stated in Section 10.

12 A summary of known results (not exhaustive)

An illustrative table of the determination of the covering radius and the complete coset weight distribution

r\m 3 4 5 6 7 8 9 1 ρ = 2 ρ = 6 ρ = 12 ρ = 28 ρ = 56 ρ = 120 240 ≤ ρ ≤ 244 1 CWD CWD CWD CWD CWD hard hard 2 ρ = 1 ρ = 2 ρ = 6 ρ = 18 40 ≤ ρ ≤ 44 84 ≤ ρ ≤ 100 171 ≤ ρ ≤ 220 2 CWD CWD CW D p. CW D hard CW D hard CW D hard 3 ρ = 1 ρ = 2 ρ = 8 20 ≤ ρ ≤ 23 43 ≤ ρ ≤ 67 134 ≤ ρ ≤ 167 3 CWD CWD CW D p. CW D hard CW D hard CW D hard 4 ρ = 1 ρ = 2 ρ = 8 22 ≤ ρ ≤ 31 62 ≤ ρ ≤ 98 4 CWD CW D p. CW D p. CW D hard CW D hard 5 ρ = 1 ρ = 2 ρ = 10 23 ≤ ρ ≤ 41 5 CW D p. CW D hard CW D hard

ρ = ρ(r, m) : the covering radius of R(r, m) CWD : Complete coset weight distribution is determined. CWD p. : It is possible to determine the complete coset weight distribution References : [5],[32],[33],[43],[45],[51],[59],[60].

13 BCH codes

For the definitions on BCH codes one may refer [41], Chap. 3 and Chap. 9. Distribution of weights in the cosets of the BCH code of length 15

generator matrix of this code

1 0 0 0 1 0 1 1 1 0 0 0 0 0 0 0 1 0 0 0 1 0 1 1 1 0 0 0 0 0 0 0 1 0 0 0 1 0 1 1 1 0 0 0 0 0 0 0 1 0 0 0 1 0 1 1 1 0 0 0 0 0 0 0 1 0 0 0 1 0 1 1 1 0 0 0 0 0 0 0 1 0 0 0 1 0 1 1 1 0 0 0 0 0 0 0 1 0 0 0 1 0 1 1 1

Inhomogeneous Jacobi polynomials for the above code are computed below.

(0) Jacobi polynomial of index 0 (= weight enumerator ) for this BCH

Jac(BCH_{15}, v_0|X, Z) = 1 + 18X^5 + 30X^6 + 15X^7 +15X^8 + 30X^9 + 18X^{10} + X^{15}

(1) Jacobi polynomial of index 1 for this BCH. There are 15 reference vectors of weight 1. Jac(BCH_{15}, v_1|X, Z) = 1 + X^5(6Z + 12) + X^6(12Z + 18) + X^7(7Z + 8) +X^8(8Z + 7) + X^9(18Z + 12) +X^{10}(12Z + 6) + X^{15}Z

(2) Jacobi polynomial of index 2. (2)-(i) There arise 90 this type of vectors. Jac^{(1)}(BCH_{15}, v_2|X, Z) = 1 + X^5(2Z^2 + 8Z + 8) + X^6(4Z^2 + 16Z + 10) + X^7(3Z^2 + 8Z + 4) +X^8(4Z^2 + 8Z + 3) + X^9(10Z^2 + 16Z + 4) +X^{10}(8Z^2 + 8Z + 2) + X^{15}Z^2

(2)-(ii) There arise 15 this type of vectors. Jac^{(2)}(BCH_{15}, v_2|X, Z) =

1 + X^5(12Z + 6) + X^6(6Z^2 + 12Z + 12) + X^7(3Z^2 + 8Z + 4) +X^8(4Z^2 + 8Z + 3) + X^9(12Z^2 + 12Z + 6) +X^{10}(6Z^2 + 12Z) + X^{15}Z^2

(3) Jacobi polynomial of index 3. There 4 kinds of rigid polynomials. (3)-(i) There arise 60 this type of vectors. Jac^{(1)}(BCH_{15}, v_3|X, Z) =

1 + X^5(6Z^2 + 6Z + 6) + X^6(12Z^2 + 12Z + 6) +X^7(Z^3 + 6Z^2 + 6Z + 2) + X^8(2Z^3 + 6Z^2 + 6Z + 1) +X^9(6Z^3 + 12Z^2 + 12Z) + X^{10}(6Z^3 + 6Z^2 + 6Z) + X^{15}Z^3

(3)-(ii) There arise 5 this type of vectors. Jac^{(2)}(BCH_{15}, v_3|X, Z) =

1 + X^5(6Z^2 + 6Z + 6) + X^6(2Z^3 + 6Z^2 + 18Z + 4) +X^7(3Z^3 + 12Z) + X^8(12Z^2 + 3) + X^9(4Z^3 + 18Z^2 + 6Z + 2) + X^{10}(6Z^3 + 6Z^2 + 6Z) + X^{15}Z^3

(3)-(iii) There arise 180 this type of vectors. Jac^{(3)}(BCH_{15}, v_3|X, Z) =

1 + X^5(4Z^2 + 10Z + 4) + X^6(2Z^3 + 8Z^2 + 14Z + 6) +X^7(Z^3 + 6Z^2 + 6Z + 2) + X^8(2Z^3 + 6Z^2 + 6Z + 1) +X^9(6Z^3 + 14Z^2 + 8Z + 2) + X^{10}(4Z^3 + 10Z^2 + 4Z) + X^{15}Z^3

(3)-(iv) There arise 30 this type of vectors.

Jac^{(4)}(BCH_{15}, v_3|X, Z) = 1 + X^5(18Z) + X^6(18Z^2 + 12) + X^7(3Z^3 + 12Z) +X^8(12Z^2 + 3) + X^9(12Z^3 + 18Z) + X^{10}(18Z^2) + X^{15}Z^3

The above computation leads to ,via Theorems 7 and 8, to the complete coset weight distribution below.

i 0 1 2 3 4 5 6 7 num. of coset weight diff. cosets 0 1 0 0 0 0 18 30 15 1 1 1 0 0 6 12 19 26 15 2 1 2 4 11 20 26 90 2 1 0 6 15 16 26 15 3 1 3 18 30 12 5 3 1 7 14 18 24 60 3 3 5 10 22 24 60 3 3 9 6 10 36 10

e 1 2 3 ≥ 4 covering radius 1 3 5 unknown

contributer not specified G-P-Z H-B, D, H none coset wt distrib. C-C-M, C unknown unknown

Explanations: G-P-Z [24], H-B [31], D [22], H [27], C-C-M [9], C [11].

Remark 2 Since making of our table was done around the year 1995, the present records may be out of date in some respects. Intensive readers may search updated results by using MathSci at the internet.

References

[1] E.F. Assmus,Jr. V. Pless, On the Covering Radius of Extremal Self-Dual Codes, IEEE Trans. Inform. Theory, IT-29 (1983), 359-363

[2] E. Bannai and T. Ito, Algebraic Combinatorics I: Association Schemes, Benjamin 1984

[3] E. Bannai, E. Bannai, M. Ozeki and S. Teranishi, Rings of simultaneous invariants for the MacWilliams-Gleason group , European J. Combinatorics20 (1999) 619-627

[4] E. Bannai M. Ozeki and K. Tanabe, On the structure of the ring of polynomials of two indeterminates generated by Jacobi polynomials for codes. in preparation

[5] E.R.Berlekamp and L.R. Welch, Weight Distributions of the Cosets of the (32,6) Reed- Muller Code, IEEE Trans. Inf. Th. Vol. 18 (1972) 203-207

[6] R.A. Brualdi, S. Litsyn, and V. Pless, Covering radius, in Handbook of Coding Theory V.S. Pless and W.C. Huffman (Eds.), North-Holland (1998) [7] J.H. Conway and N.J.A. Sloane, Orbit and Coset Analysis of the Golay and Related Codes, IEEE Trans. Inf. Th. Vol. 36 (1990) 1038-1050 [8] A.R. Calderbank and N.J.A. Sloane, IEEE Trans. Inf. Th. Vol. IT-33 (1987) 177-195 [9] P.Camion, B. Courteau, and A. Montpetit, Weight distribution of 2-error-correcting Binary BCH codes of Length 15,63, and 255, IEEE Trans. Inf. Th. Vol. 38 (1992) 1353-1357 [10] P.Camion, B. Courteau, and A. Montpetit, Coset weight enumerators of the extremal self-dual binary codes of length 32, in EUROCODE ’92, CISM Courses and Lectures 339 Springer=Verlag, NY (1993), 17-30 [11] P. Charpin, Weight Distributions of Cosets of Two-Error-Correcting Binary BCH Codes, Extended or Not, IEEE Trans. Inform. Theory, Vol. 40 (1994) 1425-1442 [12] G.D. Cohen, A.C. Lobstein and N.J.A. Sloane, On a cojecture concerning coverings of Hamming space, Proc. Int. Conf. Algebra, Algorithms and Codes, Toulouse, France, 1984 Lecture Notes in Computer Science No.228 79-89 [13] G.D.Cohen, Antoine C. Lobstein, and N.J.A. Sloane, Further Results on the Covering Radius of Codes, IEEE Trans. Inf. Th. Vol. 32 (1986) 680-694 [14] G.D. Cohen, M.G. Karpovsky, H.F. Mattson,Jr. and J.R. Schatz, Covering Radius− Survey and Recent Results, IEEE Trans. Inf. Th. Vol. IT-31 (1985) 328-343 [15] G. Cohen, I. Honkala, S. Listsyn and A. Lobstein, Covering codes, North=Holand, 1997 [16] J.H. Conway and N.J.A. Sloane, Fast Quantizing and Decoding Algorithms for Lattice Quantizers and Codes, IEEE Trans. Inf. Th. Vol. IT-28 (1982) 227-232 [17] J.H. Conway and V. Pless, On the enumeration of self-dual codes, J. Comb. Th. Ser. A 28 (1980) 26-53 [18] J.H. Conway and N.J.A. Sloane, Sphere Packings, Lattices and Groups, Springer-Verlag 1988.

[19] J.H. Conway, V. Pless and N.J.A. Sloane, The Binary Self-Dual Codes of Length up to 32:

A Revised Enumeration, J. Comb. Th. Ser. A 60 (1992) 183-195 [20] P. Delsarte, An algebraic approach to the association schemes of coding theory, Philips Res. Reports Supplements, No. 10 (1973) [21] P. Delsarte, Four fundamental parameters of a code and their combinatorial significance, Information and Control Vol.23, (1973) 407-438 [22] J.F. Dillon, Some 3-error correcting BCH codes have covering radius 5, IEEE Trans. Inform. Theory, Vol.IT-22 (1976) 348-349.

[23] D. E. Downie and N.J.A. Sloane, IEEE Trans. Inf. Th. Vol. IT-31 (1985) 446-447

[24] D. Gorenstein, W.W. Peterson, and N. Zierler, Two-error correcting Bose-Chaudhuri codes are quasi-perfect, Inform. Contr., Vol.3 (1960) 291-294

[25] R.L. Graham and N.J.A. Sloane, On the Covering Radius of Codes, IEEE Trans. Inf. Th.

Vol. IT-31 (1985) 385-401

[26] T.Helleseth ,T. K∅ve, and J. Mykkeltveit, On the Covering Radius of Binary Codes, IEEE Trans. Inf. Th. Vol. 24 (1978) 627-628

[27] T. Helleseth, All binary 3-errors correcting BCH codes of length 2^m − 1 have covering radius 5, IEEE Trans. Inform. Theory, Vol.IT-24 (1978) 257-258

[28] T.Helleseth and H.C.A. van Tilborg, A new class of Codes meeting the Griesmerbound, IEEE Trans. Inf. Th. Vol. 27 (1981) 548-555

[29] T.Helleseth, Further classifications of Codes meeting the Griesmer bound, IEEE Trans.

Inf. Th. Vol. 30 (1984) 395-403

[30] I. S. Honkala, Modified Bounds for Covering Codes, IEEE Trans. Inf. Th. Vol. 37 (1991) 351-365

[31] J.A. Van der Horst and T. Berger, Complete decoding of triple-error-correcting binary BCH codes, IEEE Trans. Inform. Theory, Vol.IT-22 (1976) 138-147

[32] Xiang-Dong Hou, Some Results on the Covering Radii of Reed-Muller Codes, IEEE Trans.

Inf. Th. Vol. 39 (1993) 368-378

[33] Xiang-Dong Hou, Some inequalitiesabout the covering radius of Reed-Muller Codes, Designs, Codes and Cryptography, Vol. 2 (1992) 215-224

[34] H. Janwa, Some New Upper Bounds on the Covering Radius of Binary Linear Codes, IEEE Trans. Inf. Th. Vol. 35 (1989) 110-122

[35] J.G.Kalbfleisch, R.G. Stanton and J.D. Horton, On covering sets and error-correcting codes, J. Comb. Th. Vol. 11, (1971) 233-250

[36] M.Karpovsky, Weight Distribution of Translates, Covering Radius, and Perfect Codes Correcting Errors of Given Weights, IEEE Trans. Inf. Th. Vol. 27 (1981) 462-472

[37] T. Kasami, Weight distributions of Bose-Chaudhuri-Hocquenghem codes, in Combinatorial Mathematics and Its Applications, R.C. Bose and T.A. Dowling, Eds. Chapel Hill, NC: Univ. North Carolina Press, (1969) 335-357

[38] H. Koch, Unimodular lattices and self-dual codes, Proc. ICM Berkeley (1986) Vol. 1, 457- 465.

[39] H. Koch, On self-dual, doubly even codes of length 32, J. Comb. Th. Ser.A 51, (1989) 63-76

[40] H. Koch, On self-dual doubly-even extremal codes, Discrete Mathematics 83 (1990) 291- 300, North-Holland

[41] F.J. MacWilliams and N.J.A.Sloane, ”The Theory of Error-Correcting Codes”,North-Holl and, Amsterdam, 1977.

[42] H.F.Mattson,Jr., An improved bound on covering radius, Proc. Int. Conf. Algebra, Algorithms and Codes, Toulouse, France, 1984 Lecture Notes in Computer Science No.228 90-106

[43] A.M.McLoughlin, The covering radius of the (m − 3)rd-order Reed-Muller codes and a lower bound on the (m − 4)th-order Reed-Muller codes, SIAM J. Appl. Math., Vol. 37 (1979) 419-422

[44] A.M.McLoughlin, The Complexity of computing the covering radius of a code,IEEE Trans.

Inf. Th. Vol. 30 (1984) 800-804

[45] J. Mykkeltveit, The covering radius of the (128,8) Reed-Muller code is 56, IEEE Trans.

Inf. Th. Vol.IT-26 (1980) 359-362

[46] M. Ozeki, On the notion of Jacobi polynomilas for codes, Math. Proc. Cambridge Philos.

Soc. Vol. 121 (1997) 15-30

[47] M. Ozeki, On covering radii and coset weight distributions of extremal binary self-dual codes of length 40, Theoretical Computer Science Vol. 235 (2000) 283-308

[48] M. Ozeki, Determination of covering radii and coset weight distributions of doubly even extremal binary self-dual codes of length 56, IEEE Trans. Inform. Theory, 46 (2000), 2359-2372

[49] M. Ozeki, On the covering radius problem for ternary self-dual codes, Theoretical Computer Science Vol. 263 (2001) 311-332

[50] M. Ozeki, Jacobi polynomials for singly even self-dual codes and the covering radius problems, IEEE Trans. Inf. Th. 48 (2002) 547-557

[51] N.J. Patterson and D.H. Wiedemann, The covering radius of the (2^{15},16) Reed-Muller code is at least 16276, IEEE Trans. Inf. Th. Vol.IT-29 (1983) 354-356

[52] V. Pless, A classification of Self-Orthogonal Codes over GF(2), Discrete Math. 3, (1972) 209-246.

[53] V. Pless, N.J.A. Sloane, On the classification and Enumeration of Self-Dual Codes, J.Comb.

Th. Ser. A 18, (1975) 313-335

[54] V. Pless, An Introduction to the Theory of Error-Correcting Codes, Wiley Interscience, New York, 1982.

[55] E.M. Rains and N.J.A.Sloane, Self-Dual Codes, in Handbook of Coding Theory V.S. Pless and W.C. Huffman (Eds.), North-Holland (1998)

[56] E.M. Rains, Shadow bounds for self-dual codes, IEEE Trans. Inform. Theory, 44 (1998), 134-139

[57] O. Rothaus, On bent functions, J. Comb. Th. Ser.A, Vol. 20 (1976) 300-305

[58] G.C. Shephard and J.A. Todd, Finite unitary reflection groups , Canad J. Math. 5 (1953), 364-383

[59] J.R.Schatz, On the weight distributions of cosets of a linear code, Amer. Math. Month.

vol. 87 , (1980) 548-551

[60] J.Schatz, The Second Order Reed-Muller Code of Length 64 Has Covering Radius 18, IEEE Trans. Inf. Th. Vol. 27 (1981) 529-530

[61] N.J.A. Sloane, A new approach to the covering radius of codes, J. Comb. Th. Ser.A Vol.

42, (1986) 61-86

[62] N.J.A. Sloane, Self-dual codes and lattices,in ”Relations between Combinatorics and Other Parts of Mathematics”, Proc. Symp. in Pure Math., no.34 (1979) 273-308.

[63] M.Sugino, Y. Ienaga, N. Tokura, and T. Kasami, Weight distribution of (128,64) Reed- Muller code, IEEE Trans. Inf. Th. Vol.IT-17 (1971) 627-628

[64] J.A. Van der Horst and T. Berger, Complete decoding of triple-error-correcting binary BCH codes, IEEE Trans. Inform. Theory, Vol.IT-22 (1976) 138-147

[65] G.J.M. Van Wee, Improved sphere bounds on the covering radius of codes, IEEE Trans.

Inf. Th. Vol. 34 (1988) 237-244

[66] G.J.M. van Wee, G.D. Cohen, and S.N. Litsyn, A note on Perfect multiple coverings of the Hamming Space, IEEE Trans. Inf. Th. Vol. 37 (1991) 678-682

[67] T. Verhoeff, An Updated Table of Minimum-Distance Bounds for Binary Linear Codes, IEEE Trans. Inf. Th. Vol. IT-33 (1987) 665-680

[68] J.H. Weber, C.de Vroedt, and D.E.Boecke, Bounds and constructions for binary codes of length less than 24 and asymmetric distance less than 6, IEEE Trans. Inf. Th. Vol. 34 (1988) 1321-1331

[69] Zhen Zhang, Linear Inequalities for Covering Codes : Part I − Pair Covering Inequalities, IEEE Trans. Inf. Th. Vol. 37 (1991) 573-582

[70] Zhen Zhang, Linear Inequalities for Covering Codes : Part II − Triple Covering Inequalities, IEEE Trans. Inf. Th. Vol. 38 (1992) 1648-1662