A bijective CPS-translation between classical and intuitionistic proofs – Extended Abstract –

Ken-etsu Fujita

Department of Mathematics and Computer Science, Shimane University, Matsue 690-8504, Japan

fujiken@cis.shimane-u.ac.jp

Abstract. We show that the novel CPS-translation due to Hofmann- Streicher is complete for second order λμ-calculus. For this, we introduce a universe of the translation, which is closed under reduction rules, and also a context-free grammar that describes the universe. Then it is syntactically proved that the CPS-translation is complete by defining an inverse translation from the universe. The inverse translation, in fact, forms a bijection between the universe and λμ-calculus, i.e., intuitionistic and classical proofs. Moreover, this work on second order typed case reveals interesting connections to the de Morgan’s duality and also a non-trivial subsystem of the system F of Girard as a target calculus.

1 Introduction

The term CPS-translation, in general, denotes a program translation method into continuation-passing style that is the meaning of the program as a function taking the rest of the program. The method has been studied for program transformation, definitional interpreter, or denotational semantics [14].

On the other hand, according to Griffin [5], a CPS-translation corresponds to a logical embedding from classical logic into intuitionistic logic under the Formulae-as-Types correspondence [7]. Parigot [10–12] introduced the λμ-calculus from the viewpoint of classical logic, and established an extension of the Curry- Howard isomorphism [5, 8]. Semantics of λμ-calculus has been investigated recently from the viewpoint of continuations. There have been noteworthy investigations including Hofmann-Streicher [6], Streicher-Reus [16], and Selinger [15]: In terms of a category of continuations, a continuation semantics of simply typed λμ-calculus is proved to be sound and complete for any λμ-theory [6]. Under the control category, it is established that an isomorphism between call-by-name and call-by-value λμ-calculi with conjunction and disjunction types [15]. The category of negated domains is introduced as a model of type free λμ-calculus [16]. Streicher-Reus also remarked that a CPS-translation naïvely based on Plotkin [13] cannot validate (η)-rule. All of the work involve a novel CPS-translation which requires, at least, products as a primitive notion, so that the extensionality, (η)-rule can be validated by the surjective pairing, as observed in [2].

As far as we know, however, polymorphic λμ-calculus has less been studied from the viewpoint of continuations. In this paper, we show that the novel CPStranslation is complete for second order λμ-calculus that gives a proof code of second order classical logic. For this, we introduce a universe of the translation, which is closed under reduction rules, and also a context-free grammar that describes the universe. Then by defining an inverse translation from the universe, it is syntactically proved that the CPS-translation is sound and complete for second order λμ-calculus with (η)-rule. The inverse translation, in fact, forms a bijection between the universe and λμ-calculus, in other words, intuitionistic proofs and classical ones. This paper contains a non-trivial extension of the technique in [3], which proved that the CPS-translation is complete for type free λμ-calculus. Moreover, this extension to second order typed case reveals interesting connections to the de Morgan’s duality together with introductionelimination duality like in Selinger [15] or Wadler [18] and also to a non-trivial subsystem of the system F of Girard as a target calculus.

2 Second order typed λμ-calculus

We give a definition of typed λμ-calculus à la Church as second order classical logic and, in other words, explicitly typed polymorphic calculus or the system F with control operator, denoted by λ2μ, see also Parigot [10–12]. The syntax of types is defined from ⊥ (falsum) and type variables denoted by X, using ⇒ or ∀ over type variables. The syntax of λμ-terms is from individual variables denoted by x and names denoted by α, using term-applications, type-applications, named terms [α]M , λ-abstractions over individual variables or type variables, or μabstractions over names.

Definition 1 (Types).

A ::= ⊥ | X | A ⇒ A | ∀X.A ¬A ≡ A ⇒ ⊥

Definition 2 (Pseudo-terms).

Λ2μ ∋ M ::= x | λx : A.M | M M | λX.M | M A | μα : A.M | [α]M

Definition 3 (Reduction rules).

(β) (λx : A.M )M_1 → M [x := M_1] (η) λx : A.M x → M if x ∉ F V (M ) (β_t) (λX.M )A → M [X := A] (μ) (μα : (A_1 ⇒ A_2).M )M_1 → μα : A_2.M [α ⇐ M_1] (μ_t) (μα : (∀X.A).M )A_1 → μα : (A[X := A_1]).M [α ⇐ A_1] (μ_β) [β](μα : A.M ) → M [α := β] (μ_η) μα : A.[α]M → M if α ∉ F N (M ) (μ_⊥) μα : ⊥.M → M and [α]M → M if α with type ⊥

F V (M ) or F N (M ) stands for the set of free variables or names respectively in M . The term M [α ⇐ U ] where U is a term or a type denotes a term obtained by replacing each subterm of the form [α]M^′ in M with [α](M^′U ). The one step reduction relation is denoted by →_R where R is (β), (η), etc. We write →^+_R or →^∗_R to denote the transitive closure or the reflexive and transitive closure of →_R, respectively. We employ the notation =_{λμ} for the reflexive and transitive closure of the one step reduction →_{λμ} defined above.

The typing judgement of λ2μ takes the form of Γ ⊢ M : A | Δ, where Γ is a set of a declaration in the form of x : A with distinct variables as subjects, and Δ is a set of a declaration in the form of α : A with distinct names (continuation variables) as subjects and types as predicates.

Definition 4 (Type assignment rules).

x : A ∈ Γ Γ ⊢ x : A | Δ

Γ, x : A_1 ⊢ M : A_2 | Δ Γ ⊢ λx : A_1.M : A_1 ⇒ A_2 | Δ

(⇒ I)

Γ ⊢ M_1 : A_1 ⇒ A_2 | Δ Γ ⊢ M_2 : A_1 | Δ Γ ⊢ M_1M_2 : A_2 | Δ

(⇒ E)

Γ ⊢ M : A | Δ Γ ⊢ λX.M : ∀X.A | Δ

(∀I)^∗

Γ ⊢ M : ∀X.A | Δ Γ ⊢ M A_1 : A[X := A_1] | Δ

(∀E)

Γ ⊢ M : ⊥ | α : A, Δ Γ ⊢ μα : A.M : A | Δ

(⊥E)

Γ ⊢ M : A | Δ Γ ⊢ [α]M : ⊥ | Δ, α : A

(⊥I)

where (∀I)^∗ denotes the eigenvariable condition.

The typing rule above is a formalization of classical logic, in the sense that we have x_1 : A_1, . . . , x_m : A_m ⊢_{λ2μ} M : A | α_1 : B_1, . . . , α_n : B_n for some M iff A_1, . . . , A_m; ¬B_1, . . . , ¬B_n ⊢ A is provable in second order classical logic. Under this reading, (⊥E) plays a rôle of reductio ad absurdum rule.

It is remarked that the following equation (ζ) is derivable from (η) and (μ) in the equational theory induced by →_{λμ}:

(ζ): μα : (A_1 ⇒ A_2).M = λx : A_1.μα : A_2.M [α ⇐ x] where x is a fresh variable.

This rule with a side condition is called (S_3) in [11]. In particular, the rule (μ_ζ ) in [9, 6] is derivable from (μ_⊥).

(μ_ζ ): μα : ¬A.M = λx : A.M [α ⇐^∗ x] where x is a fresh variable. Here, M [α ⇐^∗ M_1] is a term obtained by replacing each subterm [α]M^′ in M with M^′M_1.

3 Target calculus: intuitionistic logic with second order weak sum

Next we introduce our target calculus λ^∃ as second order intuitionistic logic consisting of ⇒, ∧ and second order weak sums.

Definition 5 (Types).

A ::= ⊥ | X | A ⇒ A | A ∧ A | ∃X.A

Definition 6 (Pseudo-terms).

Λ^∃ ∋ M ::= x | λx : A.M | M M | ⟨M, M ⟩ | π_1(M ) | π_2(M ) | [A, M ] | split(M, λX.λx : A.M )

Definition 7 (Reduction rules).

(β) (λx : A.M )M_1 → M [x := M_1] (η) λx : A.M x → M if x ∉ F V (M ) (π) π_i⟨M_1, M_2⟩ → M_i for i = 1, 2 (sp) ⟨π_1M, π_2M ⟩ → M (split) split([A_1, M_1], λX.λx : A.M ) → M [X := A_1, x := M_1]

We write =_λ∃ for the reflexive and transitive closure of the one step reduction →_λ∃ defined above.

Definition 8 (Type assignment rules).

x : A ∈ Γ Γ ⊢ x : A

Γ, x : A_1 ⊢ M : A_2 Γ ⊢ λx : A_1.M : A_1 ⇒ A_2

(⇒ I)

Γ ⊢ M_1 : A_1 ⇒ A_2 Γ ⊢ M_2 : A_1 Γ ⊢ M_1M_2 : A_2

(⇒ E)

Γ ⊢ M_1 : A_1 Γ ⊢ M_2 : A_2 Γ ⊢ ⟨M_1, M_2⟩ : A_1 ∧ A_2

(∧I)

Γ ⊢ M : A_1 ∧ A_2 Γ ⊢ π_iM : A_i

(∧E)

Γ ⊢ M : A[X := A_1] Γ ⊢ [A_1, M ] : ∃X.A

(∃I)

Γ ⊢ M : ∃X.A Γ, x : A ⊢ M_1 : A_1 Γ ⊢ split(M, λX.λx : A.M_1) : A_1

(∃E)^∗

where (∃E)^∗ denotes the eigenvariable condition.

4 CPS-translation and soundness

For a CPS-translation of proof terms from Λ2μ into Λ^∃, we define embedding of types, denoted by A^k and denotation of types, denoted by A^•, so that the definition of CPS-translation gives denotation of proof terms to second order classical logic, in terms of λ-terms with second order weak sums.

Definition 9 (Embedding of types).

(1) ⊥^∗ = ¬⊥ (2) X^∗ = ¬X (3) (A_1 ⇒ A_2)^∗ = (A^k_1 ∧ A^∗_2) (4) (∀X.A)^∗ = ∃X.A^∗ (5) A^k = ¬A^∗

Let A^{kol} be the well-known Kolmogorov’s negative translation of A. Then A^k is equivalent to A^{kol} in intuitionistic logic. However, if we had adopted A^{kol} instead of A^k, then the extensionality (η) could not be valid computationally [2] under the forthcoming interpretation.

Definition 10 (Denotation of types).

(1) ⊥^• = ⊥ (2) X^• = X (3) ¬((A_1 ⇒ A_2)^•) = ¬¬(A^•) ∧ ¬(B^•) (4) ¬((∀X.A)^•) = ∃X.¬(A^•)

The above definition intuitively says that (A_1 ⇒ A_2)^• is classically equivalent to ¬A^• ∨ B^•, and (∀X.A)^• to ¬∃X.¬A^•.

Lemma 1. (1) We have that ¬A^• = A^∗ and ¬¬A^• = A^k.

We have that A^•[X := A^•_1] = (A[X := A_1])^•.

(2) (A[X := A_1])^∗ = A^∗[X := A^•_1] and (A[X := A_1])^k = A^k[X := A^•_1].

Proof. (1) By induction on the structure of A.

(2) By induction on the structure of A with (1) above. �

Let id be λx : ⊥.x with type ⊥^∗.

Definition 11 (Denotation of proof terms).

(i) [[x]] = x if Γ ⊢ x : A | Δ (ii) [[λx : A_1.M ]] = λa : (A_1 ⇒ A_2)^∗.(λx : A^k_1.[[M ]])(π_1a)(π_2a)

if Γ ⊢ λx : A_1.M : A_1 ⇒ A_2 | Δ (iii) [[M_1M_2]] = λa : A^∗.[[M_1]]⟨[[M_2]], a⟩ if Γ ⊢ M_1M_2 : A | Δ (iv) [[λX.M ]] = λa : (∀X.A)^∗.split(a, λX.λa_1 : A^∗.[[M ]]a_1)

if Γ ⊢ λX.M : ∀X.A | Δ (v) [[M A_1]] = λa : (A[X := A_1])^∗.[[M ]][A^•_1, a] if Γ ⊢ M A_1 : A[X := A_1] | Δ (vi) [[μa : A.M ]] = λa : A^∗.[[M ]]id if Γ ⊢ μa : A.M : A | Δ (vii) [[[a]M ]] = λk : ⊥^∗.[[M ]]a if Γ ⊢ [a]M : ⊥ | Δ, a : A

The definition above interprets each proof term with type A as a functional element with type A^k (space of denotations of type A), which takes, as an argument, a continuation with type A^∗. The cases of application say that continuations are in the form of a pair ⟨[[M ]], a⟩ or [A^•, a] consisting of a denotation and a continuation in this order. The cases of λ-abstraction mean that after the interpretation λ-abstraction is waiting for a first component of a continuation (i.e., a denotation of its argument), and the second component becomes a rest continuation to the result. Here, in fact, we have that (A_1 ⇒ A_2)^∗ = A^k_1 ∧A^∗_2 and (∀X.A)^∗ = ∃X.A^∗. Finally, names of λμ-calculus are simply interpreted as continuation variables. It is also remarked that (⇒ I) and (⇒ E) are respectively interpreted by (∧E) and (∧I), and (∀I) and (∀E) are respectively by (∃E) and (∃I), strictly speaking intuitionistic ones. Moreover, ⊥^∗ behaves like a singleton type à la truth. The de Morgan like duality * together with introduction-elimination duality has connections to Selinger [15] and Wadler [18].

Example 1. (1) Let xM_1 · · · M_n : A and m, n ≥ 0:

[[λx_1 : A_1 . . . λx_m : A_m.xM_1 · · · M_n]] →^+_β λa : (A^k_1 ∧ · · · ∧ A^k_m ∧ A^∗).x⟨[[M_1]], . . ., ⟨[[M_n]], π^m_2 a⟩ . . .⟩

[x_1 := π_1a, x_2 := π_1(π_2a), . . ., x_m := π_1(π^{m−1}_2 a)]

(2) An example of Peirce’s formula, ((A ⇒ B) ⇒ A) ⇒ A:

[[λy : ((A ⇒ B) ⇒ A).μa : A.[a](y(λx : A.μb:B.[a]x))]] →^+_β λa : (((A ⇒ B) ⇒ A) ⇒ A)^∗.π_1a⟨λb : (A ⇒ B)^∗.π_1b(π_2a), π_2a⟩

We need some axioms for handling ⊥^∗ as the unit type in the extensional theory of λ^∃.

Definition 12 (Axiom for id : ⊥^∗). The term id is the canonical inhabitant of the unit type ⊥^∗, i.e., id = k for any k ∈ K with type ⊥^∗ where K will be defined soon.

Lemma 2. (1) For well-typed M [α ⇐ M_1] ∈ Λ2μ, we have [[M [α ⇐ M_1]]] →^∗_β [[M ]][α := ⟨[[M_1]], α⟩].

(2) For well-typed M [α ⇐ A_1] ∈ Λ2μ, we have [[M [α ⇐ A_1]]] →^∗_β [[M ]][α := [A^•_1, α]].

Proof. By induction on the strcture of M . �

We write Γ ⊢ M_1 =_{λμ} M_2 : A | Δ for

Γ ⊢ M_1 : A | Δ, Γ ⊢ M_2 : A | Δ, and M_1 =_{λμ} M_2.

And similarly to the case of λ^∃.

Proposition 1 (Soundness). If we have Γ ⊢ M_1 =_{λμ} M_2 : A | Δ, then Γ^k, Δ^∗ ⊢ [[M_1]] =_λ∃ [[M_2]] : A^k.

Proof. If we have Γ ⊢ M : A | Δ, then Γ^k, Δ^∗ ⊢ [[M ]] : A^k by induction on the derivation together with Definition 11. We show one case of λX.M : ∀X.A. Suppose the following figure of λ2μ, where X is not free in any assumption on which A depends. M : A λX.M : ∀X.A

(∀I)^∗

Then we have the proof figure of λ^∃, where the eigenvariable condition of (∃E) can be guaranteed by that of (∀I).

[a : ∃X.A^∗]

[[M ]] : A^k [a_1 : A^∗] [[M ]]a_1 : ⊥

split(a, λX.λa_1 : A^∗.[[M ]]a_1) : ⊥

(∃E)^∗

λa : (∀X.A)^∗.split(a, λX.λa_1 : A^∗.[[M ]]a_1) : (∀X.A)^k

Next we can prove that if we have M_1 =_{λμ} M_2 then [[M_1]] =_λ∃ [[M_2]] by induction on the derivation for well-typed terms. We show one case of (β_t). Let λX.M : ∀X.A.

[[(λX.M )A_1]] = λa : (A[X := A_1])^∗.(λb : (∀X.A)^∗.split(b, λX.λc : A^∗.[[M ]]c))[A^•_1, a] →_β λa : (A[X := A_1])^∗.split([A^•_1, a], λX.λc : A^∗.[[M ]]c) →_λ∃ λa : (A[X := A_1])^∗.[[M ]][X := A^•_1]a = λa : (A[X := A_1])^∗.[[M [X := A_1]]]a from Lemma 1 (2) →_η [[M [X := A_1]]] �

5 Inverse translation and completeness

We introduce a context-free grammar to describe the image of the CPS-translation closed under the reduction rules. Definition 13 (CPS-grammar).

R ::= x | π_1K | (λx : A^k.R)R_1 | λa : A^∗.W K ::= a | id | π_2K | ⟨R, K⟩ | [A^•, K] W ::= RK | split(K, λX.λa : A^∗.W)

Next we give a refinement of Definition 7 for well-typed R ∈ R, K ∈ K and W ∈ W.

Definition 14. (β_x) (λx : A^k.R)R_1 → R[x := R_1] (β_a) (λa : A^∗.W )K → W [a := K] (η_a) λa : A^∗.Ra → R (∃_{R,K} ) split([A^•_1, K], λX.λa : A^∗.W ) → W [X := A^•_1, a := K] (π_{R,K}) π_1⟨R, K⟩ → R and π_2⟨R, K⟩ → K

(sp_K ) ⟨π_1K, π_2K⟩ → K

Lemma 3 (Subject reduction w.r.t. R, K and W). R, K and W are closed under the reduction rules.

Proof. Substitutions associated to the reduction rules are closed with respect to the categories R, K, and W. �

Lemma 4 (Subject reduction w.r.t. types). If we have R : A^k, K : A^∗ and W : ⊥ together with R →_λ∃ R_1, K →_λ∃ K_1 and W →_λ∃ W_1, then R_1 : A^k, K_1 : A^∗ and W_1 : ⊥.

Proof. The calculus λ^∃ has the subject reduction property for well-typed terms. � Definition 15 (Universe of the CPS-translation).

Univ_{2μ}^{def}= {P ∈ Λ^∃ | [[M ]] →^∗_λ∃ P for some Γ, Δ, A such that Γ ⊢_{λ2μ} M : A | Δ}

Proposition 2. Univ_{2μ} is generated by R.

Proof. For well typed M ∈ Λ2μ, we have [[M ]] ∈ R, and moreover the categories are closed under the restricted reduction rules by Lemma 3. �

Lemma 5. For any P ∈ Univ_{2μ}, we have some Γ, Δ and A such that Γ^k, Δ^∗ ⊢_λ∃ P : A^k.

Proof. From the definition of Univ_{2μ}, Proposition 1 and Lemma 4. �

We simply write A^k_1 ∧ · · ·∧ A^k_n ∧ A^∗_{n+1} for A^k_1 ∧ (· · ·∧ (A^k_n ∧ A^∗_{n+1}) · · ·) because of the right associativity of ⇒. It is noted that

(A_1 ⇒ A_2 ⇒ · · · ⇒ A_n ⇒ A_{n+1})^∗ = A^k_1 ∧ (A_2 ⇒ · · · ⇒ A_n ⇒ A_{n+1})^∗ = A^k_1 ∧ · · · ∧ A^k_n ∧ A^∗_{n+1}

We employ letters U , V for either a term R ∈ R or a type A^•. We write (U, K) for either ⟨U, K⟩ or [U, K], and (U_1, . . . , U_n, K) is an abbreviation of (U_1, . . ., (U_n, K) . . .) for n ≥ 0.

Following the context-free grammar, well-typed K ∈ K in projection normal form is one of the following forms:

K = (U_1, . . . , U_m, id) where id : ⊥^∗ (U_1, . . . , U_m, a) where a : ⊥^∗, a : X^∗ or a : ∃X.A^∗ (U_1, . . . , U_m, π^n_2 a) where a : A^k_1 ∧ · · · ∧ A^k_n ∧ A^∗_{n+1} with n ≥ 1

Throughout the paper, we consider projection normal forms. In addition, it is observed that types are closed under the applications of (β_a)-expansion and (sp_K )-expansion, in the following sense:

Suppose that π_1(π^i_2a) where 0 ≤ i ≤ n − 1 appears in R or U_j (1 ≤ j ≤ m), but there is no tail term π^p_2 b with b such that b ≡ a:

λa : A^∗.R(U_1, . . . , U_m, π^p_2b) ∈ K with A^∗ = A^k_1 ∧ · · · ∧ A^k_n ∧ A^∗_{n+1}

Then we can apply (β_a)-expansion to produce the well-typed and corresponding tail (π_2a) to the top λa with the same variable a:

λa : A^∗.(λc : (A^k_2 ∧ · · · ∧ A^k_n ∧ A^∗_{n+1}).R(U_1, . . . , U_m, π^p_2b))(π_2a) ∈ K

where c is a fresh continuation variable with type A^k_2 ∧ · · · ∧ A^k_n ∧ A^∗_{n+1}. Moreover, (π_2a) can be (sp_K )-expanded to ⟨π_1(π_2a), π^2a⟩ : A^k_2 ∧ · · ·∧ A^k_n ∧ A^∗_{n+1}, so that one can obtain the well-typed term ⟨π_1(π_2a), . . . , ⟨π_1(π^{n−1}_2 a), π^n_2 a⟩ . . .⟩.

Well-typed split is one of the following forms up to projections: {

  split(π^n_2 a, λX.λa_1 : A^∗.W ) with π^n_2 a : ∃X.A^∗ for n ≥ 0
split([A^•_1, K], λX.λa_1 : A^∗.W ) with [A^•_1, K] : ∃X.A^∗

We are now ready to give the definition of the inverse translation ♯ for elements in Univ_{2μ} under projections, (sp_K )-expansions and (β_a)-expansions.

Definition 16 (Inverse translation ♯ for Univ_{2μ}).

(i) x^♯ = x (ii) π_1(π^i_2a)^♯ = a_{i+1} with 0 ≤ i ≤ n − 1 and a : A^k_1 ∧ · · · ∧ A^k_n ∧ A^∗_{n+1}, where a_{i+1} is a fresh individual variable (iii) ((λx : A^k.R)R_1)^♯ = (λx : A.R^♯)R^♯_1 (iv) Case W of RK:

(1) Case of ⊥;

(λa : ⊥^∗.W )^♯ = W^♯ (2) Case of A ≢ ⊥;

(λa : A^∗.W )^♯ = μa : A.W^♯ (v) Case W of split: Let x be a fresh variable.

(λa : A^∗.split(K, λX.λc : C^∗.W ))^♯ = let x = λX.(λc : C^∗.W )^♯ in (λa : A^∗.xK)^♯

where W^♯ is defined for W = RK (m ≥ 0, n ≥ 1) together with (A^•)^♯ = A:

(1) Case of b : ⊥^∗;

(R(U_1, . . . , U_m, b))^♯ = R^♯U^♯_1 . . . U^♯_m (2) Case of b : X^∗ or b : ∃X.A^∗;

(R(U_1, . . . , U_m, b))^♯ = [b](R^♯U^♯_1 . . . U^♯_m) (3) Case of b : B^k_1 ∧ · · · ∧ B^k_n ∧ B^∗_{n+1};

(R(U_1, . . . , U_m, π^n_2 b))^♯ = [b](λb_1 : B_1 . . . λb_n : B_n.R^♯U^♯_1 . . . U^♯_m)

It is remarked that in the case of (v) above, let x = P in Q is an expression of a meta-language to describe a λμ-term which is obtained by replacing x in Q with P . For instance, the definition (v) says that if K = [B^•, (U_1, . . . , U_m, π^p_2b)] with b : B^k_1 ∧· · ·∧B^k_p ∧B^∗_{p+1} and W = R(V_1, . . ., V_n, π^q_2d) with d : D^k_1 ∧· · ·∧D^k_q ∧D^∗_{q+1}, then we have

(λa : A^∗.split([B^•, (U_1, . . . , U_m, π^p_2b)], λX.λc : C^∗.R(V_1, . . . , V_n, π^q_2d)))^♯ = μa : A.[b](λb_1 : B_1 . . . λb_p : B_p.

(λX.μc : C.[d](λd_1 : D_1 . . . λd_q : D_q.R^♯V^♯_1 . . . V^♯_n ))BU^♯_1 . . . U^♯_m),

where A ≢ ⊥ and C ≢ ⊥.

Example 2. The example appeared in Example 1 (2) is decompiled under (β_a)-expansion with a fresh continuation variable c, as follows:

(λa : (((A ⇒ B) ⇒ A) ⇒ A)^∗.π_1a⟨λb : (A ⇒ B)^∗.π_1b(π_2a), π_2a⟩)^♯

= (λa : (((A ⇒ B) ⇒ A) ⇒ A)^∗.π_1a⟨λb : (A ⇒ B)^∗.(λc : B^∗.π_1b(π_2a))(π_2b), π_2a⟩)^♯ = μa : (((A ⇒ B) ⇒ A) ⇒ A).[a](λa_1 : ((A ⇒ B) ⇒ A).a_1 (μb : (A ⇒ B).[b](λb_1 : A.μc : B.[a](λa_1: ((A ⇒ B) ⇒ A).b_1)))) →_{μη} μa : (((A ⇒ B) ⇒ A) ⇒ A).[a](λa_1 : ((A ⇒ B) ⇒ A).a_1 (λb_1 : A.μc : B.[a](λa_1 : ((A ⇒ B) ⇒ A).b_1))) =_{λμ} λy : ((A ⇒ B) ⇒ A).μa : A.[a](λa_1 : ((A ⇒ B) ⇒ A).a_1 (λb_1 : A.μc : B.[a](λa_1 : ((A ⇒ B) ⇒ A).b_1)))[a ⇐ y] →^+_β λy : ((A ⇒ B) ⇒ A).μa : A.[a](y(λb_1 : A.μb : B.[a]b_1))

Lemma 6. (1) Let M ∈ Λ2μ be a well-typed term. Then we have that [[M ]]^♯ →^∗_{ημη} M . (2) Let P ∈ Univ_{2μ}. Then we have that [[P^♯]]θ →^∗_{λ∃} P , where θ is a substitution for all free variables a_i in [[P^♯]] replaced by π_1(π^{i−1}_2 a).

Proof. (1) By induction on the structure of well-typed M ∈ Λ2μ. (2) By induction on the strucutre of P ∈ Univ_{2μ}. �

Proposition 3 (Completeness1). For P ∈ Univ_{2μ}, if we have Γ^k, Δ^∗ ⊢ P : A^k in λ^∃, then Γ ⊢ P^♯ : A | Δ in λ2μ.

Proof. By induction on the structure of P ∈ Univ_{2μ}, which is a well-typed term of Λ^∃.

In order to describe uniformly both ⇒ and ∀, we emply the following notation Π for types A, B_i and for either a term or a type U_i:

ΠU_i; B_i = { nil if U_i is a type, U_i : B_i otherwise.

And similarly ΠU_i; B_i.A = { ∀X_i.A if U_i is a type, B_i ⇒ A otherwise.

We show one case of λa : A^∗.split([C^•_1 , K], λX.λc : C^∗.W ). Let A ≢ ⊥, K ≡ (U_1, . . . , U_m, π^p_2b), C ≢ ⊥, and W ≡ R(V_1, . . ., V_n, π^q_2d) together with b : B^∗ ≡ B^k_1 ∧ · · · ∧ B^k_p ∧ B^∗_{p+1} and d : D^∗ ≡ D^k_1 ∧ · · · ∧ D^k_q ∧ D^∗_{q+1}. Assume the following judgement of λ^∃:

Γ^k, Δ^∗ ⊢ λa : A^∗.split([B^•, K], λX.λc : C^∗.W ) : A^k Since K : C^∗[X := C^•_1 ], we have the judgements of λ^∃ for some type E_i (1 ≤ i ≤ m):

Γ^k, Δ^∗, a : A^∗ ⊢ ΠU_i; E^k_i where (C[X := C_1])^∗ ≡ (ΠU_1; E_1 . . . ΠU_m; E_m.B_{p+1})^∗. Then π_1(π^j_2b) : B^k_{j+1} in U_i can be replaced with b_{j+1} : B^k_{j+1} (0 ≤ j ≤ p − 1), whose result is denoted by U^′_i , so that we have the following judgement (2-1):

Γ^k, b_1 : B^k_1 , . . . , b_p : B^k_p , Δ^∗, a : A^∗, b : B^∗ ⊢ ΠU^′_i ; E^k_i · · · (2-1) From the assumption, we also have the following judgements for some type F_i (1 ≤ i ≤ n):

Γ^k, Δ^∗, a : A^∗, c : C^∗ ⊢ R : (ΠV_1; F_1 . . . ΠV_n; F_n.D_{q+1})^k Γ^k, Δ^∗, c : C^∗ ⊢ ΠV_i; F^k_i Then π_1(π^j_2d) : D^k_{j+1} can also be replaced with d_{j+1} : D^k_{j+1} (0 ≤ j ≤ q − 1), so that one can obtain as follows:

Γ^k, d_1 : D^k_1 , . . . , d_q : D^k_q , Δ^∗, a : A^∗, c : C^∗ ⊢ R^′ : (ΠV_1; F_1 . . . ΠV_n; F_n.D_{q+1})^k Γ^k, d_1 : D^k_1 , . . . , d_q : D^k_q , Δ^∗, a : A^∗, c : C^∗ ⊢ ΠV^′_i ; F^k_i From the induction hypotheses, we have the judgements of λ2μ as follows:

Γ, d_1 : D_1, . . . , d_q : D_q ⊢ R^♯ : (ΠV_1; F_1 . . . ΠV_n; F_n.D_{q+1}) | Δ, a : A, c :C Γ, d_1 : D_1, . . . , d_q : D_q ⊢ ΠV^♯_i ; F_i | Δ, a : A, c :C Hence the well-formed judgement of λ2μ is derived as follows (2-2):

Γ ⊢ (λX.μc : C.[d](λd_1 : D_1 . . . d_q : D_q.R^♯V^♯_1 . . . V^♯_n ))C_1 : C[X := C_1] | Δ, a : A where the eigenvariable condition of (∀I) can be justified by that of (∃E).

On the other hand, the application of the induction hypotheses to (2-1) gives the following judgement of λ2μ:

Γ, b_1 : B_1, . . . , b_p : B_p ⊢ ΠU^♯_i ; E_i | Δ, a : A, b :B Since C[X := C_1] ≡ ΠU_1; E_1 . . . ΠU_m; E_m.B_{p+1}, from (2-2) and the judgement above, we confirmed that the following judgement of λ2μ for P^♯ is well-formed: Γ ⊢ P^♯ : A | Δ where P^♯ ≡ μa : A.[b](λb_1: B_1 . . . b_p : B_p.

(λX.μc : C.[d](λd_1: D_1 . . . d_q : D_q.R^♯V^♯_1 . . . V^♯_n ))C_1U^♯_1 . . . U^♯_m) �

Lemma 7. Let R[a := (U_1, . . . , U_m, π^n_2 a)] ∈ R be a well-typed term where U_i is either a term or a type, and m, n ≥ 0.

(R[a := (U_1, . . ., U_m, π^n_2 a)])^♯[a ⇐ a_1, . . . , a_n] =_β R^♯[a ⇐ U^♯_1, . . . , U^♯_m]

[a_1 := U^♯_1, . . . , a_m := U^♯_m, a_{m+1} := a_{n+1}, a_{m+2} := a_{n+2}, . . .] provided that U_1, . . . , U_m have no free occurrences of a.

It is remarked that if U_i ≡ A^• for some 1 ≤ i ≤ m and some type A, then we can assume that there is no free occurrence of a_i in R^♯. Suppose that for all 1 ≤ j < i, U_j is not a type, i.e., U_j ≡ R_j for some term R_j ∈ R. Then a in R has type A^k_1 ∧ · · · ∧ A^k_{j−1} ∧ ∃X.A^∗_j for some types A_1, . . . , A_j. Hence, π_1(π^l_2a) is well-typed only for 0 ≤ l ≤ j − 2, so that the inverse translation gives at most a_{j−1}. We also remark that since R can be λa : A^∗.W , the above lemma holds as well for W ∈ W instead of R.

Proof. By induction on the structure of well-typed R. We show an essential case of λb : B^∗.R(π^q_2a) with B ≢ ⊥, q ≥ 0 and b ≢ a. Let θ, θ^′, Θ and Θ^′ be as follows:

θ ≡ [a := K] with K ≡ (U_1, . . . , U_m, π^n_2 a) and n ≥ 0, θ^′ ≡ [a_1 := U^♯_1 , . . ., a_m := U^♯_m, a_{m+1} := a_{n+1}, a_{m+2} := a_{n+2}, . . .], Θ ≡ [a ⇐ U^♯_1 , . . ., U^♯_m], and Θ^′ ≡ [a ⇐ a_1, . . . , a_n].

Now we show that (λb : B^∗.R(π^q_2a)θ)^♯Θ^′ =_β (λb : B^∗.R(π^q_2a))^♯Θθ^′.

Case 1. Every U_i (1 ≤ i ≤ m) is a term:

Let a : A^k_1 ∧· · ·∧A^k_m ∧A^∗_{m+1}. Then the right-hand side is rewritten as follows:

(λb : B^∗.R(π^q_2a))^♯Θθ^′ = (μb : B.[a](λa_1 : A_1 . . . λa_q : A_q.R^♯))Θθ^′ = μb : B.[a](λa_1 : A_1 . . . λa_q : A_q.R^♯Θ)U^♯_1 · · · U^♯_mθ^′ Case 1-1. q + 1 ≤ m:

μb : B.[a](λa_1 : A_1 . . . λa_q : A_q.R^♯Θ)U^♯_1 · · · U^♯_mθ^′ →^+_β μb : B.[a](R^♯Θ[a_1 := U^♯_1, . . . , a_q := U^♯_q ]U^♯_{q+1} · · · U^♯_mθ^′) = μb : B.[a](R^♯Θθ^′U^♯_{q+1} · · · U^♯_m)

since U_i has no occurrences of a and no free variables a_j (j > q) appear =_β μb : B.[a]((Rθ)^♯Θ^′U^♯_{q+1} · · · U^♯_m)

by induction hypothesis

=_β (μb : B.[a](λa_1 : A_1 . . . λa_n : A_n.(Rθ)^♯U^♯_{q+1} · · · U^♯_m))Θ^′ = (λb : B^∗.Rθ(U_{q+1}, · · · , U_m, π^n_2 a))^♯Θ^′ = (λb : B^∗.Rθ(π^q_2(U_1, · · · , U_m, π^n_2 a)))^♯Θ^′ = (λb : B^∗.R(π^q_2a)θ)^♯Θ^′

Case 1-2. q + 1 > m:

μb : B.[a](λa_1 : A_1 . . . λa_q : A_q.R^♯Θ)U^♯_1 · · · U^♯_mθ^′ →^+_β μb : B.[a](λa_{m+1} : A_{m+1} . . . λa_q : A_q.R^♯Θ[a_1 := U^♯_1, . . . , a_m := U^♯_m]θ^′) = μb : B.[a](λa_{n+1} : A_{n+1} . . . λa_{q−m+n} : A_{q−m+n}.R^♯Θθ^′)

since U_i has no occurrences of a and no free variables a_j (j ≥ n + 1) appear =_β μb : B.[a](λa_{n+1} : A_{n+1} . . . λa_{q−m+n} : A_{q−m+n}.(Rθ)^♯Θ^′) by induction hypothesis =_β (μb : B.[a](λa_1 : A_1 . . . λa_{q−m+n} : A_{q−m+n}.(Rθ)^♯))Θ^′ = (λb : B^∗.Rθ(π^{q−m+n}_2 a))^♯Θ^′ = (λb : B^∗.Rθ(π^q_2(U_1, · · · , U_m, π^n_2 a)))^♯Θ^′ = (λb : B^∗.R(π^q_2a)θ)^♯Θ^′

Case 2. U_j is a type for some 1 ≤ j ≤ m and every U_i (i < j) is a term:

We can assume that a : A^k_1 ∧· · ·∧A^k_{j−1}∧∃X.A^∗_j and q = j−1 for π^q_2a : ∃X.A^∗_j . Then the equation to be proved becomes as follows:

(λb : B^∗.R(π^{j−1}_2 a)θ)^♯Θ^′ =_β (λb : B^∗.R(π^{j−1}_2 a))^♯Θθ^′

This case can be confirmed following the similar pattern to the above case 1-1 because of j ≤ m. �

Proposition 4 (Completeness2). Let P, Q ∈ Univ_{2μ}.

(1) If P →_{βx} Q then P^♯ →_β Q^♯. (2) If P →_{βa} Q then P^♯ =_{λμ} Q^♯. (3) If P →_{ηa} Q then P^♯ →^+_{ημη} Q^♯. (4) If P →_{πR,K} Q then P^♯ ≡ Q^♯. (5) If P →_{∃R,K} Q then P^♯ =_{λμ} Q^♯. (6) If P →_{spK} Q then P^♯ →^∗_η Q^♯.

Proof. By induction on the derivations together with the previous substitution lemma for the case (2). We show an outline for this case. Let K be (U_1, . . ., U_m, π^n_2 d) with m, n ≥ 0. Now we prove the case P of λb : B^∗.(λa : A^∗.R(π^q_2c))K with A, B ≢ ⊥ and c : C^k_1 ∧ · · · ∧ C^k_q ∧ C^∗_{q+1} where C_{q+1} ≢ ⊥.

Case 1. Every U_i (1 ≤ i ≤ m) is a term:

Assume that d : D^k_1 ∧ · · · ∧ D^k_n ∧ D^∗_{n+1} where D_{n+1} ≢ ⊥, and then we have the following to be proved:

(λb : B^∗.(λa : A^∗.R(π^q_2c))K)^♯

= μb : B.[d](λd_1: D_1 . . . λd_n : D_n.(μa : A.[c](λc_1: C_1 . . . λc_q : C_q.R^♯))U^♯_1 . . . U^♯_m) =_{λμ} (λb : B^∗.R(π^q_2c)[a := K])^♯

The last line above can be verified following the same pattern as given by the proof of Proposition 5 in [3], with case analysis of a ≡ c or not; q +1 ≤ m or not; or b ≡ d or not.

Case 2. U_j is a type for some 1 ≤ j ≤ m and every U_i (i < j) is a term:

We can assume that d : D^k_1 ∧ · · · ∧ D^k_{j−1} ∧ ∃X.D^∗_j and n = j − 1. This case can also be confirmed by the similar pattern to the case 1 above.

The case of (5) can be proved by the use of the case (2). �

Theorem 1. (i) Let M_1, M_2 ∈ Λ2μ.

Γ ⊢ M_1 =_{λμ} M_2 : A | Δ if and only if Γ^k, Δ^∗ ⊢ [[M_1]] =_λ∃ [[M_2]] : A^k. (ii) Let P_1, P_2 ∈ Univ_{2μ}.

Γ^k, Δ^∗ ⊢ P_1 =_λ∃ P_2 if and only if Γ ⊢ P^♯_1 =_{λμ} P^♯_2 : A | Δ.

Proof. (i) From Propositions 1, 3 and 4 and Lemma 6 (1).

(ii) From Propositions 1, 3 and 4 and Lemma 6 (2). �

6 Concluding remarks and related work

We have shown that the CPS-translation is sound and complete for second order λμ-calculus with (η)-rule. In particular, the inverse translation forms a bijection between the universe Univ_{2μ} and λ2μ, i.e., intuitionistic and classical proofs. In order to prove the completeness, we deeply apply the extensionality (η) of the source calculus. The extensionality at a term-level can be valid in the target calculus with surjective pairing (sp), and ∀X-types can be validated with second order weak sums under the duality between ∀ and ∃ like in [15, 18]. Similarly, extensionality at a type-level: λX.M X → M if X ∉ F V (M ) could be valid with strong sums. However, in this case the target calculus becomes impredicative, which leads to a contradiction as proved by Coquand [17]. This is the reason why the target calculus has weak sums rather than strong ones.

Another important observation on the target calculus is that λ^∃ can be regarded as a subsystem of the system F of Girard, in the sense that ⊥, ∧, ∃ can be coded in F [4]. A refinement of Proposition 1 (Soundness) means that the strong normalization property of λ^∃ implies that of the system F, since one step reduction relation of F can be interpreted as the transitive closure of one step of λ^∃ via the CPS-translation. This remark leads to yet another proof of the strong normalization of F^1.

1 Th. Coquand kindly commented on the target calculus λ^∃.

The idea of the novel CPS-translation itself is given by Hofmann-Streicher [6] in the simply typed case, and this is followed by Streicher-Reus [16] and Selinger [15]. The same idea has also appeared in Filinski [1] as a context of a function application, such that a function f : A → B is viewed as a function closure accepting the pair consisting of an A-typed value (an argument value) and a Baccepting continuation (a rest continuation to the final result). Our contribution in this paper is the definition of the inverse translation for the CPS-translation, which is derived from the CPS-grammar and an analysis on the forms of terms in the universe Univ_{2μ}. From this we have been able to prove the completeness that is the first result, to our knowledge, in the second order typed case.

Acknowledgements I am grateful to Peter Dybjer and Thierry Coquand for helpful discussions. This research has been supported by Grants-in-Aid for Scientific Research (C)(2)14540119, Japan Society for the Promotion of Science and by the Kayamori Foundation of Informational Science Advancement.

References

1. A. Filinski: Decarative Continuations: an Investigation of Duality in Programming Language Semantics, Lecture Notes in Computer Science 389, pp. 224–249, 1989.

2. K. Fujita: Simple Models of Type Free λμ-Calculus, Computer Software, Japan Society for Software Science and Technology, Vol. 20, No. 3, pp. 73–79, 2003.

3. K. Fujita: A sound and complete CSP-translation for λμ-Calculus, Lecture Notes in Computer Science 2701, pp. 120–134, 2003.

4. J-Y. Girard, P. Taylor, and Y. Lafont: Proofs and Types, Cambridge University Press, 1989.

5. T. G. Griffin: A Formulae-as-Types Notion of Control, Proc. the 17th Annual ACM Symposium on Principles of Programming Languages, pp. 47–58, 1990.

6. M. Hofmann and T. Streicher: Continuation models are universal for λμ-calculus, Proc. the 12th Annual IEEE Symposium on Logic in Computer Science, pp. 387– 395, 1997.

7. W. Howard: The Formulae-as-Types Notion of Constructions, in: To H.B.Curry:

Essays on combinatory logic, lambda-calculus, and formalism, Academic Press, pp. 479–490, 1980.

8. C. R. Murthy: An Evaluation Semantics for Classical Proofs, Proc. the 6th Annual IEEE Symposium on Logic in Computer Science, pp. 96–107, 1991.

9. C. -H. L. Ong: A semantic view of classical proofs: type-theoretic, categorical, and denotational characterizations, Proc. the 11th Annual IEEE Symposium on Logic in Computer Science, pp. 230–241, 1996.

10. M. Parigot: λμ-Calculus: An Algorithmic Interpretation of Classical Natural Deduction, Lecture Notes in Computer Science 624, pp. 190–201, 1992.

11. M. Parigot: Classical Proofs as Programs, Lecture Notes in Computer Science 713, pp. 263–276, 1993.

12. M. Parigot: Proofs of Strong Normalization for Second Order Classical Natural Deduction, J. Symbolic Logic, Vol. 62, No. 4, pp. 1461–1479, 1997.

13. G. Plotkin: Call-by-Name, Call-by-Value and the λ-Calculus, Theoretical Computer Science, Vol. 1, pp. 125–159, 1975.

14. J. C. Reynolds: The discoveries of continuation, Lisp and Symbolic Computation, Vol. 6, pp. 233–247, 1993.

15. P. Selinger: Control Categories and Duality: on the Categorical Semantics of the Lambda-Mu Calculus, Math. Struct. in Compu. Science, Vol. 11, pp. 207–260, 2001.

16. T. Streicher and B. Reus: Classical Logic, Continuation Semantics and Abstract Machines, J. Functional Programming, Vol. 8, No. 6, pp. 543–572, 1998.

17. Th. Coquand: An analysis of Girard’s paradox, Proc. the Annual IEEE Symposium on Logic in Computer Science, pp. 227–236, 1986.

18. Ph. Wadler: Call-by-value is dual to call-by-name, International Conference on Functional Programming, August, Uppsala, 2003.

Current Address: Ken-etsu Fujita Department of Computer Science Gunma University Kiryu 376-8515, Japan

fujita@cs.gunma-u.ac.jp