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1 Introduction

In recent years, certain algebraic curves, for example elliptic curves and hyperelliptic
curves, are drawing attention in applications to cryptography. To use algebraic curves in
cryptography, we require a fast algorithm on addition in the Jacobian. In elliptic curve
cryptosystems, a point of the Jacobian can be uniquely represented by a point of the
curve. In hyperelliptic curve cryptosystems, a point of the Jacobian can be uniquely
represented by Mumford’s form, and the known algorithms on computing in the Jacobian
use Mumford’s form. S. Miura found a family of algebraic curves named Cy;, curves,
which include elliptic curves and hyperelliptic curves, and S. Arita provided an algorithm
on addition in the Jacobian of a Cy, curve.

Algebraic curves of large genus suffer efficient attacks such as function sieves and their
variants. The genus of a (34 curve is 3, and it is the smallest genus of a non-elliptic,
non-hyperelliptic C,;, curve. For this reason, we study C34 curves. Especially, we study
the addition in the Jacobian of a Cs4 curve.

In this paper, for a C34 curve defined over a perfect field, we give a unique represen-
tation on the points of the Jacobian by normal divisors. Further, we express a normal
divisor by the reduced Groebner basis with respect to the C,, order for the corresponding
ideal of K[X,Y]. Such an ideal is called a normal ideal. We give a condition of a poly-
nomial subset to be a reduced Groebner basis for a normal ideal, and we give an explicit
expression of the reduced Groebner basis for a given normal ideal. We give the reduced
Groebner basis for the normal ideal corresponding to the normal divisor which is linearly
equivalent to —D for a given normal divisor D. Finally, we study the sum of normal

divisors.

Throughout this paper, K denotes a perfect field and K denotes the algebraic closure
of K.
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2 Preliminaries

In this section, we review the Jacobian of an algebraic curve and C,;, curves.

2.1 Jacobian of an algebraic curve

Let C' be a plane curve defined over K and let K(C') denote the function field of
C'. Then the divisor group Div(C') of C is defined to be the free abelian group generated
by the points of C. Thus a divisor D € Div(C) is a formal sum D = Y pconpP with
np € Z and np = 0 for all but a finite number of P € C. The degree of a divisor
D =3 pccnpP is defined by deg D = > pconp. The divisors of degree 0 form a subgroup
Div'(C) = {D € Div(C) | deg D = 0} of Div(C). Let the Galois group Gx/x act on
Div(C) as D7 = Y pcenpP?. Then D is defined over K if and only if D7 = D for
all 0 € Gg/r. We denote by Divg(C) the group of divisors defined over K and put
Div}(C) = Div’(C) N Divg(C). A divisor D € Div(C) is principal if it has the form
D = (f) = Specordp(f)P for some f € K(C)*, where ordp(f) denotes the order of f
at P. The set of principal divisors of C' forms a subgroup of Div’(C). Two divisors D;
and D, are linearly equivalent if D — Ds is principal, and it is denoted as Dy ~ Dy. The
Jacobian group of C, denoted J(C), is the quotient group of Div’(C) by the subgroup of
principal divisors. The invariant subgroup Jx(C) of J(C) under the action of G is
called the Jacobian group of C' defined over K.

A divisor D = Y pconpP is said to be effective if each np > 0. We write > pcanpP >
S pec mpP if np > mp holds for any P. For a divisor D = 3 pconpP, DT = > npsonpl
and D~ =, o(—np)P are the zero divisor and the pole divisor of D, respectively. For

a divisor D defined over K, we set
L(D):={f e K(C)" | (f) = -D}u{0},

and we denote the dimension dimy L(D) by I(D).

2.2 (4 curves

In this subsection, we review the Cy;, curves.

Definition 2.1 Let a and b be relatively prime positive integers. Then a Cy, curve defined
over K is a nonsingular curve defined by F(X,Y) =0, where F(X,Y) has the form

FX,Y)=0ap Y +apoX'+ > ;XY € K[X,Y]
ai+bj<ab

for nonzero o4, o € K.



Since ged(a,b) = 1, we have m,n € Z such that am + bn = 1. Then, multiplying
F(X,Y) by agf‘;””"a,;gm and replacing X and Y by a@g“‘l)"a,;gX and a&ngrbn)agf‘oY,
respectively, we have a simplified equation F;(X,Y) = 0, where

HX,)Y)=Y"+X"+ > p,;X'Y7 e KIX,Y]
ai+bj<ab

Throughout this subsection, let C' be a Cy, curve defined by F(X,Y) = 0 with a
polynomial F(X,Y) € K[X,Y]. Let Rk(C) denote the coordinate ring of C'. Then
(a) C'is an absolutely irreducible algebraic curve;
(b) There exists exactly one K-rational place oo at infinity, which implies that the degree
of oo is 1. Furthermore, the pole divisors of X and Y are a - oo and b - oo, respectively;
(c) For m € Z>p, {X'Y/" mod F(X,Y) |0<4,0<j<a—1,ai +bj <m}is a basis of a

vector space L(m - 00) over K.

For a fixed monomial order on K[X, Y], the multidegree MD(f) of a polynomial f =
>0 @a XY is max{a = (a1, a3) € Z220 | aq # 0}, where the maximum is taken with
respect to the monomial order. For a polynomial f, we let LC(f), LM(f) and LT(f) denote
the leading coefficient, the leading monomial and the leading term of f, respectively. For
a nonempty subset G of K[X,Y], we let LT(G) and LM(G) denote the set of leading
terms and the set of leading monomials of elements of G, respectively.

Now, we recall the definition of Groebner bases.

Definition 2.2 Fiz a monomial order. A finite subset G = {g1,...,q:} of an ideal I
in K[X,Y] is called a Groebner basis if (LT(¢1),...,LT(g;)) = (LT(1)). In particular, a
Groebner basis satisfying

(i) LC(g) =1 for all g € G,

(ii) For g € G, any term of g is not in (LT(G — {g}))

1s called a reduced Groebner basis.

Fix a monomial order on K[X,Y] and let I # {0} be an ideal in K[X,Y]. Then I
has a unique reduced Groebner basis. Furthermore, any Groebner basis for I generates
I. On division by a Groebner basis G, the remainder is uniquely determined no matter
how the elements of GG are listed.

We introduce the monomial order named C';, order, which is of great significance in

C\p curves.

Definition 2.3 (Cy, order) Let a and b be relatively prime positive integers with a < b.
For a = (aq, as), 8 = (b1, B2) € 22, we write o > (3 if

acy + bag > afi +bBs,  or aai + bag = af + bPBy and o < (.



It is easily known that this monomial order corresponds to pole degrees of functions
in Rg(C'). We use only this monomial order in this paper.

We consider representations of Jx(C'). Let g(C') denote the genus of C'.

Definition 2.4 A divisor D = E —n - 0o € Div%(C) with an effective divisor E prime
to oo and 0 < n < g(C) is called a semi-normal divisor. In particular, a semi-normal
divisor D = E —n - 00 such that n = min{n’ | E' —n'-0o ~ D, E' > 0} is called a normal

divisor.

It is possible that a semi-normal divisor may be linearly equivalent to another semi-
normal divisor. But, every divisor D € Div% (C) has a unique normal divisor D,, such that
D,, ~ D. In fact, D,, = D+ (f) for a nonzero function f € L(D+m-o0c0) with the smallest
integer m such that [(D + m - 00) = 1. In particular, for a divisor D = DT —n - o0 €
Div}(C), the normal divisor D’ such that D’ ~ —D is —D + (f) for a nonzero function
f € L(—D +m - oco) with the smallest integer m such that (=D +m-oo) = 1. It implies
that D' = —D +(f) for a nonzero function f € Ry (C) with the smallest pole degree such
that (f)* > D™.

The Jacobian group Jx (C') is isomorphic to the ideal class group H (R (C)) of Ri(C)
by the isomorphism

o Ji(C) — H(Rk(C))
[E—degFE - 00| +—— [L(co-00— E),

where, for any class [D] in Jg(C'), we choose an effective divisor £ which satisfies that
D ~ E —degE - co. For a divisor D € Div) (C) with the pole points only at infinity, we
denote by Ip the ideal L(co - 0o — D7) of Rk (C).

Next,we consider the homomorphism

¢  K[X)Y] — Rg(C)
FIX,Y) — f(X,Y)mod F(X,Y).

It is well-known that every ideal I of Ry (C') is one-to-one correspondent to an ideal
¢ Y(I) of K[X,Y] containing ker ¢ = (F(X,Y)). For a normal divisor D € Div}(C), we
call the ideal ¢™'(Ip) of K[X,Y] a normal ideal of C.

For an ideal I of K[X,Y], we define A(I) as {X'Y7 € K[X,Y]| X'Y7 ¢ LM(I)} and
we let §(I) denote the number of elements in A(I). For a subset G = {g1,...,9gm} of
K[X,Y], we define A(G) as {X'Y7 | (i, ) € Z%, — U2, (MD(g;) + Z%,)} and we let §(G)
denote the number of elements in A(G). Then, for a subset G = {g1,...,g:} of an ideal
I satisfying (1) < oo, G is a Groebner basis for [ if and only if §(1) = 6(G).

Now, we quote the following, which plays an important role in this paper:



Proposition 2.5 For a divisor D = E —n - oo € Div}(C) with an effective divisor E

prime to oo, we have

deg B =6(1),
where I is the ideal o' (Ip) of K[X,Y].

3 (34 curves

In this section, we consider C34 curves. Throughout this section, let C' be a C34 curve
defined by
F(X,Y) =Y’ +95(X)Y +3(X) =0

with 9(X) = 59 X% + 51X + 50, 73(X) = X* + 13X3 + 1, X? + 6, X + ¢y € K[X]. Then the
genus of C' is equal to 3.

3.1 Normal divisors

In this subsection, we give a condition for a semi-normal divisor to be a normal divisor
of C. The pole divisors of X and Y in Rg(C) are 3- 0o and 4 - 0o, respectively. It follows
that:

Lemma 3.1 Leta,b,c be elements of K. Then the principal divisor (X +a) can be written
as (X+a) = P+ Po+ Py—3-00 with Py, Py, Py € C, and the principal divisor (Y +bX +c¢)
can be written as (Y +bX +¢) = Q1+ Q2+ Q3 + Q4 — 4 - 00 with Q1,Q2,Q3,Q4 € C.

The following proposition gives a condition for a semi-normal divisor D € Div%(C) to

be a normal divisor.

Proposition 3.2 Let D € Divh(C) be a semi-normal divisor and let n = deg D*. Then
D is a normal divisor if and only if either

(i) 0<n<2, or

(ii) n = 3 and Ip contains no function of the form X +a or Y +bX + ¢ for a,b,c € K.

Proof. The semi-normal divisor D is a normal divisor if and only if D is not linearly
equivalent to any semi-normal divisor with a pole degree which is smaller than n.

If n =0, then D = 0 is a normal divisor.

If n =1 and D is not a normal divisor, then D ~ 0. It follows that D = (f) for
some f € K(C)*. Then f isin L(1-00) — L(0-oc0). But it is a contradition because
L(1-00) — L(0-00) = 0.

If n =2 and D is not a normal divisor, then D ~ 0 or D ~ P — oo for a point P € C.
First, it is impossible that D ~ 0, since L(2 - 00) — L(1 - 00) = (). Second, suppose that



D~ P — oo for P= (z,y) € C. Then D — P 4+ oo = (f) for some f € K(C)*. Since
(f)+(X—x) = DT+ Py+P3;—4-00 for Py, Py € C such that (X —z) = P+Py+P;—3-00. It
follows that the function f-(X —z) € L(4-00) — L(3-00). This implies that (f-(X —x)) =
(Y +bX +¢) for b,c € K. Thus we have Y +bX + ¢, X — 2 € L(co - 0o — (P, + P3)).
It is a contradiction because there is only one line through with P; and P, which is the
tangent line if P, = P.

If n = 3 and D is not a normal divisor, then D ~ 0, D ~ P—oo,or D ~ Q1+ Q2—2-00
for P,Qy,Q2 € C. First, suppose that D ~ 0. Then D = (f) for some f € K(C)*. It
follows that f € L(3-00)— L(2-00). This implies that (f) = (X +a), i.e. X +a € Ip, for
a € K. Second, suppose that D ~ P —oo. Then D — P + oo = (f) for some f € K(C)*.
For P = (z,y) € C, (f)+ (X —2) = D" + P, + Py — 5 - 00 for P, Py € C such that
(X —z) = P4+ Py+ P;—3-00. It follows that f-(X —z) € L(5-00) — L(4-00) = (), which is
a contradiction. Last, suppose that D ~ Q1+ Qs —2-00. Then D — @ —Q2+2-00 = (f)
for some f € K(C)*. Let g be the defining equation of the line through with @; and Qs,
which is the tangent line if Q1 = (2. Then either g = X +afora € K or g =Y +bX +c for
b,c € K. For g =Y +bX +c¢, we can write (¢) = Q1+ Q2+ Q3+ Q4 —4-00 for Q3,Q4 € C.
Then (fg) = DT+ Q3+ Q4 —5- 00, which is a contradiction since L(5-00) — L(4-00) = ().
Thus g = X+a. Let (9) = Q1+ Q2+ Q5—3-00 for Q5 € C. Then (fg) = DT +Q5—4-0c.
It follows that fg € L(4-00)— L(3-00). Thus (fg) = (Y +b'X +),ie. Y4+ X+ € Ip,
for v/, € K. Therefore, we proved that if D is not a normal divisor, there is a function
f € Ip of the form X +a or Y +bX + ¢ for a,b,c € K.

Conversely, if n = 3 and there is a function f = X +a € Ip for a € K. Then we
have (f)* = DT, since (f)* > Dt with deg(f)™ = deg DT. It implies that (f) = D,
and D ~ 0. Thus D is not a normal divisor. If n = 3 and there is a function f =
Y +bX +ce€lpforbece K, then (f)=Dt+ P —4-00for P=(z,y) € C. It follows
that D—(f)+ (X —x) = Py+P3—2-00 for Py, Py € C such that (X —z) = P+ P+ P;—3-00.
It implies that D ~ P, + P, — 2 - 0o. Thus D is not a normal divisor. O

3.2 A Groebner basis for a normal ideal

In this subsection, we give a condition of an ideal of KX, Y] to be a normal ideal of
C', and a condition of a polynomial subset of K[X,Y] to be a reduced Groebner basis for
a normal ideal of C'. Furthermore, we give an expression of the reduced Groebner basis
for a normal divisor D = > P, — n - 0o € Div(C).

The following lemma, which is followed from Proposition 3.2, states a condition of a

polynomial ideal to be a normal ideal of C, i.e. ¢~ !(L(co- 00— D)) for a normal divisor
D € Div%(O).

Lemma 3.3 Let I # {0} be an ideal in K[X,Y] and let G be the reduced Groebner basis
for I. Then I is a normal ideal of C' if and only if G satisfies the following two conditions:
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(a) The remainder o of F(X,Y) on division by G is 0;
(b) Either 0 < §(G) <2, or §(G) =3 and LM(G) = {X? XY, Y?}.

It follows that a polynomial subset G # {0} of K[X, Y] is the reduced Groebner basis
for a normal ideal of C' if and only if G is the reduced Groebner basis satisfying the

conditions (a), (b) of Lemma 3.3. Thus we have:

Proposition 3.4 Let G # {0} be a polynomial subset of K[X,Y|. Let a;, b;, c; be elements
of K. Then G s a reduced Groebner basis for a normal ideal of C' if and only if G is one
of the following:

(a) G ={1};

(b) G={1(X,Y) =X +¢1,0(X,Y) =Y + o} and satisfies F(—cy, —ca) = 0;

() G={1(X,Y) = X+c1,02(X,Y) = Y2 +aY +co} and satisfies go(X,Y) | F(—c¢1,Y);
(d) G={g(X,Y) =Y + 01 X +¢1,02(X,Y) = X% + 0 X + o} and satisfies

¢@(X,Y) | F(X, -0 X — ¢1);

(e) G={g:1(X,Y),2(X,Y), g5(X,Y)} for

a(X)Y) = X? +a,Y +b0 X +cy,
(X,)Y) = XY +aY + b X + oo,
B(X,)Y) = Y2 4a3V + 03X + c3,
satisfying
1 = —a3+ asby — arbs + ajas,
C2 = agby — aqbs,
c3 = —asby — b3 + asby + bybs,
and
ar # 0 = (X, f(X)) | F(X, f(X)),
by # 0 = 929(Y),Y) [ F(g(Y),Y),

ay = b3 =0 = g1<X7Y> | F(X7_b2)7 93(X7Y) | F(_CLQ’Y)v
where f(X) = —a; (X2 + b, X +¢1) and g(Y) = —b3 (Y2 + azY + c3).

Proof. Let F denote the remainder of F (X,Y) on division by G. Then it is enough to
find a reduced Groebner basis G such that F* is equal to 0, and LM(G) is {1}, {X, Y},
{X,Y?}, {Y, X?}, or {X?% XVY,Y?} by Lemma 3.3. We wish to find a condition that
F© = 0 is satisfied by a reduced Groebner basis G with a set of leading monomials of the
above form.

(a) If G is a reduced Groebner basis with LM(G) = {1}, then G = {1}.

(b) If G is a reduced Groebner basis with LM(G) = {X, Y}, then the elements of G
are g1(X,Y) = X +¢1,02(X,Y) =Y +¢, for ¢1, ¢ € K. For the remainder FY = ro € K,
we can write

FX)Y) = q(X,Y)g1(X,)Y) + ¢2(X, V) g2 (X, Y) + 1o,
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with ¢1(X,Y),¢2(X,Y) € K[X,Y]. Thus F =0if and only if F(—¢1, —c2) = 0.
(c) If G is a reduced Groebner basis with LM(G) = {X,Y?}, then the elements of G
are g1(X,Y) = X +¢1,02(X,Y) = Y? + apY + ¢y for as,c1,co € K. For the remainder

= rY + rg, we can write
FX,)Y)=q(X,Y)gu(X,Y) + @2(X,Y)ga(X,Y) + 1Y + 1o
with ¢;(X,Y),¢2(X,Y) € K[X,Y]. Since
F(=c1,Y) = qa(—c1,Y)ga(—c1,Y) + 1Y + g,

the remainder of F'(—cy,Y) on division by ga(—c;1,Y) is mY + rg. Thus 7% = 0 if and
only if F(—c;,Y) is divisible by ga2(—¢1,Y) = go( X, Y).

(d) If G is a reduced Groebner basis with LM(G) = {Y, X?}, then the elements of G
are ¢1(X,Y) =Y + 01X + ¢1,02(X,Y) = X2 + by X + ¢y for by, by, c1,c0 € K. For the

remainder F© = 1 X + ro, We can write
F(X,Y) =q(X,Y)q(X,,Y) + ¢2(X,Y)g2(X,Y) + 1 X + 19
with ¢;(X,Y),¢2(X,Y) € K[X,Y]. Since
F(X, =01 X —c1) = q2( X, =01 X — ¢1)go(X, =01 X — ¢1) + 11 X + 1o,

the remainder of F/(X,—b;X — ¢;) on division by go(X, —b1 X — ¢1) is 1 X + rg. Thus
F% =0 if and only if F(X, —b1 X — ¢1) is divisible by ga(X, —b1 X — ¢1) = g2(X, ).
(e) If G is a reduced Groebner basis with LM(G) = {X? XVY,Y?}, then G has the

elements

a(X)Y) = X? +a,Y +0 X +cy,
(X,)Y) = XY +aY + b X + oo,
@B(X,)Y) = Y2 4a3V + 03X + c3,
with a;,b;, ¢; € K for i = 1,2, 3 satisfying that the remainder of S-polynomial

S(g;(X,Y), gr(X,Y)) = lem(LM(g;), LM(gy)) ( g;(X,Y) g(X,Y) ) |

LT(g;(X,Y)) LT(gr(X,Y))

on division by G is equal to 0 for all 1 < j # k < 3, where lem(LM(g,), LM(gx)) denotes
the least common multiple of LM(g,(X,Y")) and LM(gx(X,Y)). It follows that

c1 = —a% + a2b1 — albg + aqas,
Ca = aghy — apbs, (2.1)
c3 = —a2b3 — b% + Clgbg + blbg.

For the remainder FO = roY + r X + rg, we can write

F(X7Y) = QI(X7Y)91(X7Y)+Q2<X’Y>g2(X7Y)+Q3(X7Y)g3(X7Y)

(2.2)
+7‘2Y + TlX + To



with QI(Xv Y)7 QQ<X7 Y)J Q3(X7 Y) S K[Xa Y]
If a; # 0, (2.2) can be written as

FX,Y)=q(X, V) (X,Y) + ¢5(X,Y)go (X, Y) + 1Y + 1 X + 19

for q1(X,Y),q4(X,Y) € K[X,Y], since g5(X,Y) = a7 ' (Y 4+ b2)g1(X,Y) —ai (X —as +
b1)g2(X,Y). If we substitute f(X) = —a; (X2 + 0, X +¢;) for Y, then

F(X, f(X)) = (X, f(X))g2(X, (X)) + raf (X) + 11X + 7o.

It follows that the remainder of F/(X, f(X)) on division by g2(X, f(X)) is rof(X) +7r X +
ro. Thus F< = 0 if and only if FI(X, f(X)) is divisible by g2(X, f(X)).
If b3 # 0, (2.2) can be written as

F(X)Y)=qy(X,Y)g2(X,Y) + q5(X,Y)g5(X,Y) + 1Y + 11X + g

for ¢4(X,Y),q4(X,Y) € K[X,Y], since g1(X,Y) = —b3 /(Y — by +a3)ga(X,Y) + b3 (X +
as)g3(X,Y). If we substitute g(Y) = —b3 (Y2 + azY + c3) for X, then

F(g(Y),Y) =q3(9(Y),Y)g2(9(Y),Y) + 7Y + 1r19(Y) + ro.

It follows that the remainder of F'(¢(Y"),Y") on division by ¢2(g(Y),Y) is oY +1r19(Y") +ro.
Thus F* = 0 if and only if F(g(Y),Y) is divisible by g2(g(Y),Y).
If ap = b3 = 0, then

a(X,)Y) = (X +a)(X —ax+by),
$(X)Y) = (X +a)(Y +by),
93(X,Y) = (Y +bo)(Y — by + a3)

by (2.1). Applying them in (2.2), we have
F(—=a2,Y) = q3(—as,Y)gs(—as,Y) + 1Y — asry + 1o

and
F(Xv —52) = (h(X, —52)91(){, —bz) + 71X — barg +19.

Thus F” = 0 if and only if 93(X,Y) | F(—ag,Y) and ¢1(X,Y) | F(X, —bo). O
The following is on the reduced Groebner basis for a given normal divisor.

Theorem 3.5 Let D = 7, P, — n - oo € Divy(C) be a normal divisor, where P; =
(xi,y;) € C fori=1,...,n. Let

(2 —2)(Y —91) — (2 — 1)(X — 1) if Pr # P

Z<X7Y) = { Fy(.T,?J)(Y _ y) + FX(x’y)(X —(1}) prl = P2 = (Qi,y),
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where Fx (resp. Fy) denotes the partial derivative of F(X,Y) with respect to X (resp.
Y). Let I be the normal ideal p~'(Ip) and let G be the reduced Groebner basis for I.
Then G satisfies the following:

(a) If D =0, then G = {1};

(b) If D =P, — oo, then G ={X —x1,Y — w1 };

(c) If D= P, + P, — 200, then

() IMO(X,Y)) = X G = {In(X, V), (V — )Y — )}

(i) LM((X,Y) =Y: G = {l.(X,Y), (X — 21)(X — 29)},

where 1,,,(X,Y) = LCI(X,Y))"H(X,Y).

(d) If D=P,+ Py + P; —3-00, then G = {g1(X,Y), 92(X,Y), g5(X,Y)} with

gl(X,Y) = (X—xl)(X—ZEQ)-i—/Cll(X,Y),
$(X)Y) = (X —z1)(Y —y) + kl(X,Y),
B(X,Y) = (Y —=y)(Y —y2) + ks3l(X,Y),

for

(i) if 4{ P1, P2, P3s} = 2 or 3, then we can assume that Py # Py, Py and we have
ki = —l(zs,y3) 7 (23 — 1) (25 — 22),
ke = —l(xs,y3) " (23 — 21) (Y3 — v2),

ks = —Uzs,y3) " (ys — y1) (s — ¥2);

(ii) if 4{ P, P>, P3} = 1, then

]{31 = (82T2 + 3yT — S()SlTl) S 0>
ko = —(SETy + 3yTE — SoSiTh) 1 SoTh,
ks = (S2Ty+ 3yT? — SpS,Ty) T2,

So = 3y + sex® + 517 + S0,

Si = 2sx + sy,

Ty = 2soxy + s1y + 423 + 3tsx? + 2tox + 1,
Ty = 8oy + 622+ 3tzx + to,

where §{ Py, Py, P3} denotes the number of elements in { Py, Py, P3}.

Proof. For the reduced Groebner basis G for I, we have 6(G) = 6() =
(a) If D =0, then §(G) = 0. It follows that LM(G) = {1}. Thus G = {1}.
(b) If D = P, — o0, then 6(G) = 1. Thus LM(G) = {X,Y} and

G={g(X,)Y)=X4+c1,0(X,Y) =Y + o}

for ¢1,co € K. Since (g1)7, (g2)" > P, we have ¢; = —x1, ¢o = —y;1.
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(c) If D = P+ P,—2-00, then §(G) = 2. Thus LM(G) = {X,Y?} or {Y, X?}. For the
linear polynomial [(X,Y"), we have [(X,Y) € I and (X —z1)(X —x2), (Y —y1)(Y —y2) € 1.
The reduced Groebner basis G are obtained from a Groebner basis {I(X,Y), (X —z1)(X —
x9), Y —y1)(Y —ya)} for 1.

(d) If P, 4+ Py + Py — 3 - 0o, then §(G) = 3. Thus the elements of G are

gl(X,Y) = X2 +CL1Y+b1X+Cl,
92<X, Y) = XY +CL2Y + b2X + Co,
g3(X.)Y) = Y? +agY +b3X + c3

for a;,b;,¢; € K (i = 1,2,3) by Proposition 3.4. For the linear polynomial I(X,Y"), every
polynomial of the form aY +bX +cin ¢! (L(oco- 00— (P + P))) is kI(X,Y) for k € K.

(i) Since (g1)" > P, + P, we have ¢1(X,Y) — (X — 21)(X — 13) € ¢ ' (L(co - 00 —
(P, + P,))) with a leading monomial < Y. It follows that ¢1(X,Y) = (X —x1)(X —22) +
kil(X,Y) for k; € K. Further, g1(z3,y3) = 0. Since D is a normal divisor, {(x3,y3) # 0 by
Proposition 3.2. Thus k; = —I(z3,y3) (3 —1)(z3—x2). Further, go(X,Y) and g3(X,Y)
are obtained from (X — z1)(Y —y2), (Y — 1) (Y — 42) € ¢ ' (L(0o - 00 — (Py + P%))).

(ii) Since P, = Py, we have I(X,Y) = Fy(z,9)(Y —y) + Fx(z,y)(X — x).

If Fy(z,y) = So =0, then ()" = (X —xz)" > 2P. Tt follows that ¢;(X,Y) = (X —x)?
and go(X,Y) = (X —2)(Y —y). For a polynomial (Y —y)3— F(X,Y) € I, the remainder
r(X,Y) =3y(Y —y)?+ X —z on division by {g1(X,Y), g2(X,Y)} is also in I. Since D is
a normal divisor, we have y # 0 by Proposition 3.2. Thus LM(r(X,Y)) = Y?2. It follows
that g3(X,Y) = (Y —y)> + (3y) (X — ).

If Fy(z,y) = So # 0, then (I)* > 2P with LM(/(X,Y)) = Y. It follows that
(X, Y)(X —2),[(X,Y)(Y —y) € I with the leading monomials XY and Y2. For a poly-
nomial F(X,Y) — Fy(z,y)"U(X,Y)(Y —y)Y € I, the remainder r(X,Y) = S;?(SZT, +
3yTE — SpSiT1)(X — )2 +1(X,Y) on division by {I(X,Y)(X —x), (X, Y)(Y —y)} is also
in 7. Since D is a normal divisor, we have SgTy + 3yT? — SpS1Ty # 0 by Proposition
3.2. Thus LM(r(X,Y)) = X2. It implies that ¢1(X,Y) = (X — 2)2 + (S2T) + 3yT? —
SpS1Ty)~1S21(X,Y). Further, go(X,Y) and g3(X,Y’) are obtained from a Groebner basis
{1(X, Y), 1(X,Y)(X = 2), [ (X, Y)(Y = y)}- O

3.3 Inverse of a normal divisor

In this subsection, we give the inverse of normal divisors of C. Let D = F —n-o00 €
Div}(C) be a divisor with E = DT and let G be the reduced Groebner basis for ¢! (Ip).
Let D' = E' —n'- oo be the normal divisor such that D’ ~ —D and let G’ be the reduced
Groebner basis for ¢~ '(Ip/). Then D' = —D + (g;) for the element g;(X,Y) with the
smallest leading monomial but Y? in G, where (g;) denotes the divisor (¢(g1(X,Y))).
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Since E' = (g1)" — E, ¢ '(Ip/) is
{h(X,)Y) | h(X,Y)g:(X,Y) € (¢1(X,Y), F(X,Y)) for all g;(X,Y) € G}.

In particular, if D is a normal divisor, then n’ = deg (g1)™ — n and ¢;(X,Y) is also the
element with the smallest leading monomial in G'.

For example, let D = E — 3 - co be a normal divisor with
G={g:1(X.Y), (X, Y), 95(X,Y)}
such that LM(g1(X,Y)) = X2 Then D' = —D + (g;) and deg E’ = 3. Thus
G'={m(X,Y) =g (X,Y) hao(X,Y), hs(X,Y)}

Wlth hQ(X, Y) - XY+A2Y+BQX+CQ, hg(X, Y) == Y2+A3Y—|—33X—|—Cg fOI' Ai, B,L', Cz €
K (i = 2,3) such that h;(X,Y)gr(X,Y) € (¢1(X,Y), F(X,Y)) for all j, k= 2,3.

For a normal divisor D, we have the following on a normal divisor D’ such that
D'~ —D:

Theorem 3.6 Let D € DivY(C) be a normal divisor, and let G be the reduced Groebner
basis for the normal ideal ¢~ (Ip). Let D' be the normal divisor such that D' ~ —D.
Then the reduced Groebner basis G' for the normal ideal ¢~ (Ip:) is as follows:
(a) If G = {1}, then G' = {1};
b) If G ={1(X,)Y) =X +¢1,02(X,Y) =Y + &}, then
={(X,)Y) =X+, ha(X,)Y) =Y2 — 5V + o? + s9¢7 — 8101 + S0} ;
( ) IfG={g1(X,Y) =X +c1,0(X,Y) = Y? + asY + ¢u}, then
={(X,)Y)=X+c,ha(X,)Y) =Y —ay};
( ) IFG={qa(X,Y)=Y + 0 X +c1,0(X,Y) = X2+ by X + ¢}, then
={h(X,Y), hao(X,Y)} for

h(X Y) = Y+le+Cl7
h (X Y) = X2 + (-bil)’ — b2 + t3 - 6152)X
+b?b2 + b% - 3()?01 — Cy + t2 - bgtg - blSl + b1b282 — C159;

(e) IfG - {gl<X7Y)7g2(X7 Y)7g3(X7Y>} fO’F

gl(X,Y) = X2 +CL1Y+b1X+Cl,
92<X, Y) = XY +CL2Y + bQX + Co,
gg(X, Y) = Y2 +CL3Y + ng + Cs,
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then G' = {h1(X,Y), ha(X,Y), hs(X,Y)} for

MX,Y) = X?+a Y +b6X +c,
ha(X,Y) = XY+ (—ag+ b)Y + (@ —az — a;59)X

—alay + asaz — a2by — aszby + a1by — ays1 + ajassy + adts,
h3(X,Y) = Y2+ (a —by—a182)Y + (2a1by — bs + 51 — b1y — art3) X

—2&10,3 + 2@%(1,3 + 2&1@2()1 - alb% - 3&%[)2 + b% + Clgbg - b1b3 + So + Q%SQ

—a1a382 — agblsg + 2@1[)282 — Clltg -+ a1b1t3.

3.4 Addition of normal divisors

In this subsection, we consider the addition of normal divisors in C. Let D; =
E; —ny-00 and Dy = Ey — ny - 00 be normal divisors of C' with £, = D and Ey = Dy .
Let D' = E' —n’ - oo be a normal divisor such that D’ ~ —(D; + Dy) and D = E —n - o0
be a normal divisor such that D ~ Dy + D,. In this subsection, we use the following
notation:
I’ :amnormal ideal o~ !(L(c0 - 0o — E')),
I :anormal ideal p~!(L(cc - 00 — E)
G; : areduced Groebner basis for ¢™'(L(oco - 0o — Ey)),
Gy : areduced Groebner basis for ¢! (L(co - 0o — Ey)),
Gy + aset {fi(X,Y)g(X, V), F(X,Y) | i(X,Y) € G1,g;(X, ) € Ga},
G . areduced Groebner basis for I,
H : areduced Groebner basis for p~!(L(co - 0o — (E; + E»))),
hi(X,Y) : a polynomial with the smallest leading monomial in H,

);
(L
(
|

v1(X,Y) : a monic polynomial with the smallest leading monomial in I’
f : afunction ¢(f(X,Y)) for a polynomial f(X,Y).

The final purpose of this subsection is to find G for the given G; and Gs.

Since G, generates ¢ ' (L(co - 00 — (Ey + E3))), H is obtained by the algorithm due
to Buchberger for computing a Groebner basis using S-polynomials. H satisfies that
A(H) C A(Gy) with 6(H) = ny +ne. Since hy € L(m - 0o — (Dy + D5)) with the smallest
integer m such that [(m-oco—(D1+Ds)) = 1, we have ny +ns < deg (h1)" = ny+ng+m <
ny + ng + 3. For the polynomial hy(X,Y), we have D' = —(D; + D3) + (h1) and

I'={u(X,Y) | v(X,Y)h(X,Y) € (h(X,Y), F(X,Y)) for all hy(X,Y) € H}.

If LM(H) is obtained, LM(v;(X,Y)) is determined by n’ = deg (h;)™ — (n1 + ny) and
LM(v1(X,Y)h;(X,Y)) € LM((hi(X,Y), F(X,Y))) for all h;(X,Y) € H. Further, LM(G)
is determined with LM(v;(X,Y)) and n’ by Theorem 3.6. Thus, LM(G) is determined
by LM(H) when GGy and G5 are given. As a result, we have the following on the relation
between LM(H ) and LM(G) for the given G; and Ga:
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no. | LM(G1) LM(G,) LM(H) LM(G)
I [{x, v} {(X,Y} (i) {X,Y?} (X, Y%}
(i) {Y, X} {y. X?}
I 1 {x,v} {X,v?} (i) {X,Y°} {1}
(i) {X2, XY, Y%} (X2, XY, Y2}
I | {x,v} {v, X?} (i) {y, X7} {X,v?}
(i) {X2, XY, Y2} (X2 XY, Y%}
vV | {X, Y} (X2 XY, Y2} | (i) {X% XY,V?)} (X, v}
(i) {x?,v?} {Y, X}
(iif) {XV,Y?2, X3} (X2, XY, Y%}
Vo {X, v (X, Y%} (i) {X2, XY, Y3} {(X,V}
(i) {X* ¥} {Y, X2}
VI | {X,Y?} {v, X%} (i) {X2 XY, Y3} {(X,Y}
(i) {XY, Y2 X3} (X2, XY, Y2}
VII | {Y, X2} {v, X%} (i) {y, X'} {1}
(i) {x?,v?} {Y, X}
(i) {XV,Y?, X3} {X2 XY, V%)
VIII | {X,V?} (X2, XY, Y2} | () {X2, XV2 Y3} (X, V%)
(i) {XY, X°,V?} {Y, X?}
(iif) {Y2, X3, X2V} (X2, XY, Y2}
IX | {y, X%} (X2 XY, Y2} | (i) {X2, XV2 Y3} (X, V%)
(i) {XY, Y2 X%} {(X,V}
(ii) {XV, X3, Y3} {v, X%}
(iv) {Y2, X3, X2V} (X2, XY, Y2}
X [ {X2 XY, V2 | {X2, XY, Y2} | (i) {X% Y3} {1}
(i) {XY, X* v3} (X, Y%}
(iif) {Y2, X°} (X,Y}
(iv) {Y? X?Y, X"} {Y, X?}
(v) {X3, X%, XY2 Y3} | {X% XY, Y?}

Since v1 (X, Y)hi(X,Y) € (h(X,Y), F(X,Y)), we can write

v (X, V) h(X,Y) = qui(X, V) (X, Y) + goi(X, V) F(X,Y)

with ¢1:(X,Y),q:(X,Y) € K[X,Y]. It follows that (v1) + (h;) = (q1:) + (h1). Thus
(i)™ = (n1)* + (h))t — (h1)*. Since (h;)™ > E; + E,, we have ¢1; € L(oco - 00 —
E). Thus ¢;(X,Y) € I. Conversely, if f(X,Y) € I, then (f)* > E. For H =
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{h(X,Y),..., (X, Y)}, it follows that

(/)T > Ev+Ey— ()T +(n)"

= min{(q ;)" |i=1,---,t}.
It implies that the function ¢(f(X,Y)) € (¢11,---,q1+). Thus
f<X7 Y) € <QI,1(Xa Y)v Tt an,t(X7 Y)v F(Xa Y)>

As a result,

I = <CI1,1(X’ Y)""aQLt(X’ Y)aF(X7Y)>
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