ODD GRAPHS AND SELMER GROUPS OF CERTAIN
ELLIPTIC CURVES

TAKESHI GOTO

ABSTRACT. Feng and Xiong described Selmer groups of elliptic curves con-
cerned with the congruent number problem. They used the traditional
2-descent method, and mentioned interesting relation between Selmer groups
and some graphs. In this article, we give an analogous result about w/3-
congruent number problem. For the proof, we use an early result given by the
author.

1. INTRODUCTION

A positive integer n is called a congruent number (CN) if it is the area of a right
triangle with rational sides. The congruent number problem means the question
of determining whether a given positive integer is a CN or not. Clearly, we may
assume without loss of generality that n is a squarefree natural number. It is well
known that n is congruent if and only if the Mordell-Weil rank of the following
elliptic curve E,, is positive (see Koblitz [14, chap.1] or Knapp [13, pp.52,53,88]).

E,:y* =x(z+n)(x —n).

Tunnell’s theorem ([20]) gives a simple criterion for determining whether a given
n is congruent or not. This criterion is valid if the weak form of the Birch and
Swinnerton-Dyer conjecture is true. On the other hand, many mathematicians
investigated the rank of E,, by so-called 2-descent method ([1], [6], [7], [11], [15], [17]).
We recall some details about the 2-descent method in §2. For example, the following
squarefree positive integers are non-CN’s. In this article, p,p;,q, q; denote prime
numbers and (x/x) the Legendre symbol.

n=p=3 (mod ),
n = 2p, p=5 (mod 8),
n=pq,  (p,q) =(3,3) (mod38),
n=pq, (pg)=(1,3) (mod8), (p/q)=-1,
n=2pi--ps, pi=5 (mod8), (p;j/pi)=1fori<j.
Recently, Feng and Xiong [5] described these non-CN’s using terms of graph theory.
In §3, we introduce summary of their result.
Fujiwara [3] defined the generalized concept, 0-congruent numbers by considering

triangles with rational sides and an angle 6. In this article, we focus our attention
on the case of § = 7/3.

Definition. A natural number n is called a 7/3-congruent number (m/3-CN) if
nv/3 is the area of a triangle with rational sides and an angle 7/3.
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The 7/3-congruent number problem is also connected with the following elliptic
curves:

E, x/3: y? = x(x + 3n)(x —n).
Fujiwara showed that n is 7/3-congruent if and only if n = 1 or the rank of E,, /3
is positive. Note that the regular triangle (2,2,2) has the area v/3 and the angle
7/3, however, the rank of E /3 is zero. Fujiwara [3], Kan [12], Yoshida [21] and
the author [8], [9] independently investigated the rank of E, /3 by the 2-descent
method. For example, the following squarefree positive integers are non-m/3-CN’s.

n=nmp, p=5,7,19 (mod 24),

n = 2p, p="7,13 (mod 24),

n = 3p, p=5,11,17,19 (mod 24),

n = pq, (p,q) = (7,7) (mod 24),

n=pq, (p,q)=(1,7) (mod24), (p/q)=—1.

The aim of this article is to give “w/3-analogy” of the result which is due to Feng
and Xiong. In §4, we describe and prove the main result. For the proof, we use an
early result given by the author, which is recalled in §2.

2. SELMER GROUPS

In this section, we recall the definition of the Selmer group. For details, see
[19, chap.3] and [18, chap.10]. We also recall some results about Selmer groups
given in [8], [9]. The Selmer group is usually defined by terms of Galois cohomology:

S@(E/Q) = Ker {H'(Q E[¢]) — [[ H'(@y E) ]},

however, we give simpler definition later.
Let E be an elliptic curve with a rational 2-torsion, that is a curve defined by

y? = 23 + Az? + Bu,

where A, B are integers, and the discriminant 16B2?(A? — 4B) is not zero. The
point (0,0) on this curve is a rational 2-torsion. It is difficult to compute the rank
of this elliptic curve, however, Selmer groups are computable. Selmer groups give
an upper bound of the rank by

(1) rank E(Q) < dimg, S®)(E/Q) + dimg, S¥)(E'/Q) - 2,
where E’ is the curve defined by

y? = a® — 2427 + (A® — 4B)z,
and ¢, ¢ are isogenies of degree 2 such that ¢’ o ¢ and ¢ o ¢’ are the duplication
maps. The 2-descent method means computing the Selmer groups S¥)(E/Q) and
S (E'/Q). The right hand side of (1) is often called Selmer rank. If the Selmer

rank is zero, then so is the rank.
Let & : B(Q) — Q*/Q*? be the following map:

z, if P=(z,y)# (0,0),0,
§(P)y=< B, if P=(0,0),
1, if P=0
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We call &' the connecting homomorphism. We define another homomorphism 0 :
E'(Q) — Q*/Q*? similarly. Then the rank is given by the formula:

(2) rank F(Q) = dimp, Im(d) + dimp, Im(8") — 2.

Let p be a prime or the infinity. We define §, : E(Q,) — Q) /(@;2 and 9,
E'(Qp) — Q) /Qy? similarly. These are also called connecting homomorphisms.
By the canonical map Q*/Q*? — Qf/Q)?, the images Im(d)), Im(d,) can be
regarded as the subgroups of Q*/Q*2. Then the Selmer groups S¥)(E/Q) and
S (E'/Q) are given by

(3) S@(E/Q) = ﬂlm NE')Q) = ﬂlm (07).

Since Im(8) ¢ S (E/Q), Im(8') ¢ S@)(E’/Q), the equation (2) yields the in-
equality (1). It is difficult to compute Tm(d), Im(é"), however, Im(d,), Im(J;,) are
computable. An early result given in [8],[9], describes the images Tm(d,), Im(J;,)
explicitly. Hence we can easily calculate the Selmer groups by (3).

Now, we recall the result given in [8],[9]. For simplicity, we consider the curve

v? =z(x — a)(z — f),
where «, 8 are non-zero distinct rational numbers. Without loss of generality, we
can assume that «, 3 are integers and ged(«, §) is squarefree. From the locus E(R),
the images of ¢/, and o, are clearly given as follows:
o If >0 and 3> 0, then Im(d,) = R*?/R*? Im(0y) = R*/R*2.
o If « <0or 3 <0, then Im(5.,) = RX/R*?, Im(§) = R*Z/R*2.
The discriminant of the curve is
A =16023%*(a — B)*.
Therefore bad primes are classified into

odd primes which divide both « and (3,
odd primes which divide either a or 3,
odd primes which divide not o but o — (3,
e even prime 2.

Note that the prime 2 may be a good prime since the above discriminant may not
necessarily be minimal at 2. If p is a good prime, then

Im(3,) = Z; Q% /Q,%, Im(6y) = Z, Q;*/Qy*

from a general theory. The early papers [8],[9] gave the images of connecting
homomorphisms in all cases, however, we recall only required cases for the m/3-
congruent number problem. In this paper, ord,(N) = e means that p® | N and
p°t1 4 N. We denote by (¢, -, ¢,) the subgroup of Q% /Q*?2 or Q) /@;<2 generated
by ¢c1,-++ , Cn-
Lemma 2.1. Suppose that ords(a) = orda(8) = 0. Then Im(d}) = {(«, 3) except
the following three cases.

(1) If orda(a — B) = 2 and a + B = 14 (mod 16), then Im(8}) = Z5 Q52 /Q 2.

(2) Ifordy(a — B) = 3 and a = 3 (mod 4), then Tm(8h) = Z5 Q52 /Q2.

(3) Iforda(a— B) =4 and a =1 (mod ), then Im(d5) = (5).
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Lemma 2.2. Suppose that ords(«) = orda(8) = 1. Then the following holds.

(1) If orda(e — B) = 2, then Tm(d5) = QF /Q2.

(2) If orda(a — B) = 3, then Im(d5) = (a, 5).

(3) If orda(a — B) > 4, then Im(d}) = ().
Lemma 2.3. Let p be an odd prime. Suppose that ord,(a) = a > 1 and p /0.
Then the following holds.

(1) If a is even and (—fB/p) = —1, then Im(8),) = Z; Q)* Q).

(2) In the other case, Im(d),) = Q) /Q)2.
Lemma 2.4. Let p be an odd prime. If ord,(a) > 1, ord,(8) = 1, then Im(d,) =
(o, B).

The above lemmas immediately yield the following lemma.

Lemma 2.5. For the curve E, /3, the images Im(d,) are given as follows.
(1) Im(6.) =R*/R*2,

(5), ifn="5 (mod 8),

) m)={ 5

(4) Ifp#2,3 and p| n, then

o) = { )0z,

if n==41,-5 (mod 8),
if n =2 (mod 8),
if n=—-2 (mod 8).

if n =6 (mod9),
if n 6 (mod9).

if p=1 (mod3),
if p=—1 (mod 3).

In view of the following fact, if one of the groups Im(d,,) and Im(dy) is given, the
other group is automatically given (see for example [2]).

Lemma 2.6. Let (x,*), be the Hilbert symbol. For a subgroup V C Q,/ ;2, we

define V+ = {z € Q¢ /Q)? | (z,y)p =1 for ally € V}. Then Im(3,) = Im(8})*.
From Lemmas 2.5, 2.6, we immediately have the following lemma.

Lemma 2.7. For the curve E, /3, the images Im(d,) are given as follows.

(1) Im(J.) = RX2/R¥2.

Z5 Q5% Q5%
(2) Tm(6,) = @i%
<_5>7
3) Im(63>{ &Z’z e

(4) Ifp#2,3 andp | n, then

i) = { s

if n =5 (mod8),

if n==41,-5 (mod8),
if n =2 (mod ),

if n = —2 (mod38).

if n =6 (mod9),
if n £ 6 (mod9).

if p=1 (mod 3),
if p=—1 (mod 3).

4



For a squarefree positive integer n = p; - - - p,., we define
Kn = <_]—v 27 3ap17 e 7p7’> - QX/QX2'

It is well-known that S(#) (Enx/3/Q) C K, and S(‘P,)(E;M/S/Q) C K,,. An element

d € K, belongs to S (E,, /3/Q) if and only if d € Im(6,) for all p. Lemmas 2.5,
2.7 are simplified as follows.

Lemma 2.8. Suppose that d € K,,. For the curve E,, /3, we have the following.

(1) delIm(d,).

(2) For2|d,deIm(dy) < 2|n and d=n (mod 8).

(3) For2td,d¢Im(dy) & n=>5 +2 (mod 8) and d =3 (mod 4).
(4) For3|d, d¢Im(8) < n=6 (mod 9) and (%43) = 1.

(5) For3f{d,d¢Im(dy) < n=6 (mod9) and (%) = —1.

(6) Forp|d,d¢Im(5,) < p=1 (mod3) and (“1%) = —1.

(7) Forptd, d¢#Im(5,) < p=1 (mod 3) and (g) —1.

Lemma 2.9. Suppose that d € K,,. For the curve E,, /3, we have the following.

(1) deIm(dy) & d > 0.

(2) If2|d, then d € Im(ds).

(3) For2td, d € Im(da) if and only if one of the following conditions holds.
(a) n=5 (mod ).
(b) n==41,-5 (mod 8) and (F) =1.
(¢) n=2 (mod 8) and (3) = 1.

(d) n=-2 (mod38) and (=) = 1.
(4) For3|d,deIm(dz) < n=6 (mod9) and (%) =1
(5) For3f{d,delIm(s,) < (%) =1.
(6) Forp|d, deIm(d,) < p=1 (mod 3) and(%/d):l.
(7) Forptd, de Im( p)(:)(% =1

3. ODD GRAPHS

In this section, we recall the definition of odd graphs and recall some result due
to Feng and Xiong [5].

Let V and E be finite sets, and consider a map v : E — V x V. We call the
pair (V, E 1) a directed graph. For example, the graph G = (V, E 1) given by
V= {vi, v}, E = {e1,e2,e3}, Y(er) = (vi,v1), Y(e2) = (v1,v2), ¥(es) = (v1,v2)

is regarded as the following diagram:

€1
€2

U1 V2

e3

A graph G = (V, E, ) is called simple if the following conditions hold.

e For any e € E, ¥(e) ¢ diag(V) := {(v,v) |v € V}.
e The map % is injective.
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From now on, we only consider simple directed graphs, and identify ¢ (F) with E.
We denote by vt an element (v, w) € E, and by 7w two elements (v, w), (w,v) € E.
If the condition

(v,w) € E(G) = (w,v) € E(G)
holds, then we call G a nondirected graph. For example, if V(G) = {v1,v9,v3},
E(G) = {v1v3,v303} = {(v1,v2), (v2,v1), (v, v3), (vs,v2)}, then the graph G is
regarded as the following diagram.

U1 (%] VU3

Definition. Let G = (V, E) be a simple directed graph.

o IfV1UV, =V and V; NV, = ¢, then we call {Vi,Va2} a partition of V.

e A partition {Vq,V52} is said to be trivial if Vi = ¢ or Vo = ¢.

A partition {V;, V2 } is called odd if there exists v € V; such that #{v — Va}
is odd, or there exists v € V4 such that #{v — V1} is odd.

Otherwise, {V1, Va} is called even.

The graph G is called odd if any nontrivial partition is odd.

Otherwise, GG is called even.

We call G a semi-odd graph if there exists only one nontrivial even parti-
tion.

Clearly, a non-connected graph is even. For example, the following graphs are
odd (cf. [5]).

e A directed cycle: V = {vy, -+ ,0m}, E = {0103,0203,"** , Um—10Um, Um 01 }.
e A non-directed cycle with |V odd:
V= {Uh ce 7Um}, E= {U1U2,U2U3, 5y Um—1Um, Umvl}~

e A complete graph with |V| odd.

e A tree.
i i - N even partition
odd

even

Figure 1: Non-directed cycles.

Oddness of graphs can be translated into terms of linear algebra. Let G be a
directed graph with V(G) = {v1, - ,v} and A(G) the adjacency matrix of G
defined by A(G) = (aij)1<i,j<m, where

[, if v;0; € E(G),
dij = 0, otherwise.

Furthermore, let d; be the outdegree of the vertex v;, namely

m
diz E Qg
j=1

The Laplace matriz L(G) is defined by
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By the definition, the sum of each row of L(G) is zero, hence rankz(L(G)) < m—1.

Proposition 3.1 ([4],[5]). Let G be a directed graph, m = |V(G)| and r =
rankg, L(G). Then the number of even partitions of V(G) is 2™~"~1. In par-
ticular, G is odd if and only if r = m — 1. Furthermore, G is semi-odd if and only
ifr=m—2.

Feng and Xiong [5] noted one more interesting fact. Suppose that G is non-
directed graph. A subgraph H of G is called a spanning tree if H is a tree and
V(G) = V(H). The above proposition and the Kirchhoff theorem (see [10, §1.2.4])
immediately yield the following.

Proposition 3.2 ([5]). Suppose that G is non-directed graph. Then G is odd if
and only if the number of spanning trees of G is odd.

For example, the non-directed cycle G with |V(G)| = 4 is even, therefore the
number of spanning trees is even.

X NI

Figure 2: Spanning trees.

Now, we recall one of the results given in [5].

Definition. For an odd integer n = p; - - - p;, we define the directed graph G(n) by

(1’2‘)1 (131‘%]’9)}'

Theorem 3.3 ([5]). Suppose that n = 3 (mod 8) and n = py---p;. The Selmer
rank of E, is zero if and only if the following two conditions hold.

(1) p1 =3 (mod 4) and p; =1 (mod 4) fori > 2.

(2) G(n) is odd.

VG) = {1, e}, E(G) = {ﬁ’

Remark. The Selmer rank of E, is even if and only if n = 1,2 or 3 (mod 8)
(see [1],[16]). Feng and Xiong [5] proved similar facts for the cases that n = 1 and
2 (mod 8).

4. MAIN RESULTS

In this section, we prove a 7/3-analogy of Theorem 3.3.

Definition. For an odd integer n = p;---p;, we define the directed graphs
g9(n), g'(n) by




Note that the partition V4 = {—1, (1)}, Va = V(¢'(n))\V1 of V(¢'(n)) is always
even.

Theorem 4.1. Suppose that n = 1,7 or 19 (mod 24). The Selmer rank of E,, /3
is zero if and only if the following three conditions hold.

(1) Vp|n, p=1 (mod 3).
(2) g(n) is odd.
(3) ¢'(n) is semi-odd.
Remark. The Selmer rank of E,, /3 is even if and only if

n=1,2,3,5"7914,15 or 19 (mod 24).

We see this fact by investigating the “root number”, namely the sign which appears
in the functional equation of the Hasse-Weil L-function of £, , /5 (cf. [14], [16], [21]).
We can have similar facts for the cases that n = 2,3,5,9,14 and 15 (mod 24) by
using Lemmas 2.8, 2.9

For simplicity, we denote by S,, (resp. S!) the Selmer group S(“")(E,M/g/(@)
(resp. S(“’/)(E;L /3/@Q)). Then the Selmer rank of E, /3 is dimg, Sy, +dimg, Sl —2.
It is clear that {1,n, —3n,—3} C S..
Definition. For an odd integer n = py ---piq1 - - - g5 with p; =1 (mod 3), ¢; = —1
(mod 3), we define the directed graphs h'(n) by

V(K (n) ={=1,(=1),p1, - q1, - +qs}
st = (s | (Z)=-1a<izi<n}

U{Eq? <f>:—1(1<¢<t,1<j<s)}

?

{59 () -r0s1s0)

u{m (;):—1 (1§i§t)}.

Lemma 4.2. Suppose thatn =1,7 or 19 (mod 24). Then S, = {1,n,—3n,—3} if
and only if the graph h'(n) is semi-odd.

Proof. Suppose that h'(n) is semi-odd. Then any partition {Vi,Va} of V(h/(n))
with V1, Vo # ¢, {—1,(—1)'} is odd. Put d = [[ V4. Note that d # 1,n. Since the
partition is odd, we have
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e there exist p; € V; such that #{p; — V2} is odd, hence ("T{d) =-1,
or

e there exist p; € V; such that #{p; — Vi } is odd, hence (%) =—1.

In both cases, d ¢ Im(¢,) from Lemma 2.8 (6),(7). We have proved that any
de(—1,p1, - ,pt;q1, " ,qs) does not belong to S!,. From Lemma 2.8 (2) and the
fact —3 € S}, we have S/, = {1,n, —3n, —3}.

Suppose that the graph h’'(n) is not semi-odd. Then there is an even partition
{V1,Va} of V(KW' (n)) with Vi,Va # ¢,{—1,(-1)'}. Put d = [[V4i. Note that
d # 1,n. From Lemma 2.8 (1),(3),(5),(6),(7), we have d € Im(d.,), Im(d5), Im(d3),
Im(dy, ). Since the partition is even, we have

e for any p; € Vi, #{p; — Va} is even, hence (nT{d) =1,
and
o for any p; € Vo, #{p; — Vi } is even, hence (%) =1.
Therefore, d € Im(d,, ), and it follows that d € Sj,. O

In fact, we have proved the following fact:

rankp, S), =t + s + 2 — rankg, L(R/(n)).

n

If s > 2, then at least 4 rows of L(h/(n)) are zero, hence the Selmer rank is positive.
If s =1, then n = 2 (mod 3), a contradiction. Therefore, we need consider only the
case of s = 0. In this case, we have h'(n) = ¢’(n), so we have proven the following.

Lemma 4.3. Suppose that n = 1,7 or 19 (mod 24) and S, = {1,n,—3n,—3}.
Then all prime divisors p of n satisfy p =1 (mod 3), and the graph ¢'(n) is semi-
odd.

In order to prove Theorem 4.1, we need one more lemma.

Lemma 4.4. Suppose that n = 1,7 or 19 (mod 24) and n = py---p; with p; = 1
(mod 3). Then S, = {1} if and only if the graph g(n) is odd.

Proof. From Lemma 2.9 (1),(2),(4), it follows that S,, C (p1,--- ,pt)-

Suppose that g(n) is odd. Then any nontrivial partition {Vi,V2} of V(g(n))
is odd. Without loss of generality, we may assume that —1 ¢ V;, —1 € V5. Put
d =[] Vi1. Note that d # 1. Since the partition is odd, we have

e there exist p; € Vi such that #{p; — V2} is odd, hence (%/d) =—1,

e there exist p; € V5 such that #{p; — V4} is odd, hence (%) = -1,
or

e #{—1— V1} is odd, hence () = —1.

From Lemma 2.9 (3),(6),(7), d € Im(6,) or d € Im(d2). In both cases, we have
d & Sy.

Suppose that g(n) is even. Then there exists a nontrivial even partition {V;, Va}
of V(g(n)). Without loss of generality, we may assume that —1 ¢ V;, —1 € V5. Put
d =[] V1. Note that d # 1. From Lemma 2.9 (1), d € Im(do). Since the partition
is even, we have d € Im(d2), Im(6,,) for any 4, from the similar argument. Since
pi =1 (mod 3), we have d =1 (mod 3) and d € Im(d3). Hence d € S,,. O

Lemmas 4.3, 4.4 immediately yield Theorem 4.1.
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